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1 Introduction

Recently, based on the smooth model of decision making under ambiguity suggested by the
Klibanoff, Marinacci, and Mukerji (2005), Wakai (2018) extended a factor pricing model
suggested by Fama and French (1996) to the case where investors face ambiguity. However,
to apply his model, econometricians need to estimate variables that are based on the agent’s
subjective belief.

To overcome this difficulty, in this note, based on a dynamic version of the Klibanoff,
Marinacci, and Mukerji (2009), we propose the method in which we can identify the asset
whose regression constant from the factor regression captures a premium associated with
ambiguity aversion. This method does not require the estimation of variables that are based
on the agent’s subjective belief, and it can be used to construct a portfolio that captures

ambiguity premium.

2 Setting

We consider a two-period portfolio choice problem with time ¢ varying over {0,1}. Let
(Q, F, P) be a probability space. The filtration {;} is given and represents the information
structure, where Fy is trivial and F; is F. At each time and state, a single perishable
consumption good defined on R, is available. There is the single representative agent in this
economy, who is endowed with the positive and bounded consumption process {e;} adapted
to the filtration {F;}. There are a finite number K + 1 of assets that pay a nonnegative
amount of time-1 consumption good as a dividend. The payoffs of the first K assets are not
deterministic, while the (K + 1)th asset is the risk-free asset that pays one unit of time-1
consumption good. All of assets have net zero supply.

We model ambiguity as follows: The representative agent believes that there are a fi-

nite number L of possible regimes in this economy and that he is unsure which regime he



faces. Each regime [ specifies the probability of state realization, denoted by an absolutely
continuous (); with respect to P, and investor’s belief of possible regimes is expressed by
his subjective prior p defined over L regimes. Let (L, P(L), ) be a probability space that
describes the agent belief, where P(L) is the power set defined on L.

For a random variable x measurable with respect to F;, we denote by Eg[z] a random
variable measurable with respect to P(L), where for each [, Egz |l] is the expectation of
x under the probability measure );. We also denote by E,[a] the expectation of a random
variable a measurable with respect to P(L) under the probability measure p. Furthermore,
following Maccheroni et. all. (2013), we define the probability measure P on Fi, called the
reduction of pu on §2, by

P(A) = u(1)Q1(A) + ... + u(L)QL(A) for all A € F;.

Let E5[z] be the expectation of a random variable x measurable with respect to F; under
the reduction P.

We assume that at time 0, the representative agent can trade assets without transaction
cost and can short and borrow without restrictions. Let ¢ = {¢;} be a feasible consumption

process, which satisfies the following budget constraints: At time 0,

co+0-qo = e, (1)

where 6 = (', ...,05%1) is the vector of the asset holdings and qy = (qg,...,¢¢ ™) is the

vector of assets’ prices, each element of which is a random variable measurable with respect
to Fp. At time 1,
61:€1+6'd1, (2)

where d; = (d?, ..., d¥1) is the vector of assets’ dividends, each element of which is a bounded
random variable measurable with respect to F.

The representative agent’s preferences follow the smooth model of decision making under



ambiguity as introduced by Klibanoff et al. (2005, 2009)

Va(e) = ulco) + v~ (Eu[v (Eq [u(er)])]) (3)

where both v and u are strictly increasing and strictly concave on the respective domain.
The representative agent decides his asset holdings € so as to maximize the representation

(3). Appendix A shows that the equilibrium price g, satisfies
% =E, |:(U_1)/ x v x Eg[m X dk}] , (4)

—_1\/ - . . .
where (v™1)" is constant, v is P(L)-measurable, and m is Fj-measurable random variables

that stand for
(v

We also introduce a few more notations. Let R; be the gross return of kth risky asset,

pu’ (e1)

w'(eg)

(07" (Bulv (Bq [u(en)])])"s o' = (Bg[u(er)) , and m =

(5)

and let Ry be the gross return of the risk-free asset. We denote by Covs [z, y] the covariance
between Fj-measurable z and y under P. A variance of ;-measurable z under P, Var 5 [z],

is similarly defined.

3 Identification of Ambiguity Premium

3.1 Risk Premium

In empirical studies of asset returns, we often assume a factor pricing formula

I
Ep[Ry — Ry] = ZBk,iEP[RRFi — Ryl (6)

i=1
where a set of gross portfolio returns and the risk-free return, { Rgr,, Rrp, ..., Rrry, Ry}, is
assumed to be linearly independent. The model is based on the expected utility by imposing

a particular assumption on m, where the factor return Rrp, captures the variation of m that
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is relevant for asset pricing. Because risk aversion determines the variation of m, the factor
risk premium Ep[Rgrp, — Ry| represents a risk premium associated with factor returns.

To identify the effect associated with ambiguity aversion, we first want to identify the
part of returns associated with the variation of m. We follow the approach used to derive
(6) by imposing a spanning condition on m. For this purpose, let g, be the price of asset k,

where the representative agent is assumed to be ambiguity neutral. This implies that

Let m be the projection of m onto the asset span {fil, .I-AEQ7 e EK, }A%f} under the probability

measure ]3, where }/%k is the vector of asset k’s gross return based on ¢;. By definition,
Qe = Es[m x dy]. (8)

Now, for a finite I < K, consider a set of gross portfolio returns and the risk-free return
{ERFU ﬁmr27 ey ﬁRFp Ef}, which is assumed to be linearly independent. We then impose
the following.

Assumption 1: (Spanning Condition on m)
I

(1) m= aoﬁf + ZaifiRFi
=1

As shown in Appendix B, Assumption 1 is a well-known condition that leads to the following

form of a factor pricing model.
5lRk — Ryl = Zﬁk iEp|Rrr, — Ry, (9)

where B;” is obtained as a coefficient of <§RF1‘ — }A%f> by the regression of the excess return

(ﬁk - }A%f> on excess factor returns <}A%RF1 - }A%f, s szFI - }A%f> under P.!

! Theoretically, these coefficients must be identical to those obtained from the regression that includes the

constant term, where the coefficient of the constant term turns out to be zero.



3.2 Derivation of Regression Alpha

In this note, we want to identify the effect of ambiguity based on the factor regression. For
this purpose, we introduce an assumption that links the agent’s belief and the objective

probability.

Assumption 2: (Rational Belief)
(i) P = P.

This assumption is a version of rational expectation hypothesis adopted to the smooth
model of decision making under ambiguity, and it corresponds to a similar assumption
adopted to the subjective expected utility model. Given Assumption 2, the agent has the
reduction, that is the belief on state realization, which is consistent with the frequency of
data. The agent simply does not know how this frequency is generated so that he assumes
regimes that seemingly consistent with data. This assumption also contributes to the sepa-
ration of ambiguity aversion from risk aversion because if the agent is ambiguity neutral, (4)
reduces to (7), which is the pricing under the subjective expected utility model with rational
expectations.

To identify the effect of ambiguity aversion, we want to introduce a measure y that relates
the price under the ambiguity neutral representative agent and the price under the ambiguity
averse representative agent. This measure is defined asset by asset as follows: for each k,

e = g\—: (10)
For simplicity, we use vy instead of yx4i. If the ambiguity aversion decreases the price of
asset, the vy is less than one, and vice versa. Thus, in this note, 7, summarizes the effect
of ambiguity aversion on asset k’s price, which is used to investigate a premium associated

with ambiguity aversion. The relation (10) also implies the following relation

1 ~
R, = —Ry. (11)
Yk
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Given (9), the following proposition shows that the regression based on excess factor
returns (Rgp, — Ry, ..., Rrr, — Ry) generates a constant term that may capture a premium

associated to ambiguity aversion (see Appendix C).

Proposition 1:
Suppose that Assumptions 1 and 2 hold. For each k, the gross return of asset k satisfies the

factor pricing formula

I
Ep[Ry — Ryl = ax + Y _BriEp[Rrr, — Ryl (12)

i=1

where for each i, By ; is a regression coefficient for Rrp, — Ry. Furthermore, oy, satisfies

I I
’y ~
=Ry (> Bri—1)— LR (D Bri—1]. (13)
i=1 Tk i=1
Moreover, if the representative agent is ambiguity neutral, cy s zero.

For each i, we call Ep[Rpr, — Ry| the factor risk premium. Appendix C also shows that B;“
in (9) and B, in (12) are related by

"Y o~
Bri = i Bre.i- (14)
Yk

3.3 Interpretation of Regression Alpha

Proposition 1 shows that once a factor regression that captures risk premia is correctly
specified, the regression constant oy may captures a component of returns associated with
ambiguity aversion. However, a sign of aj does not necessarily correspond to a sign of the
premium associated with ambiguity aversion. For example, assume that v is more than
one. Suppose that all of v, and -, are similar and they are significantly less than one.
Then «y is negative, even for the case where 4 is less than all of Yar,- The last assumption
implies that asset k is disliked more than any risk factors but such a discount in its price is

not captured by ay.



This non-monotonic relation between «j and ambiguity premium is caused by the fact
that factor returns and associated coefficients are also affected by ambiguity aversion. Thus,
we want to identify the case where a positive ay implies a positive premium associated
with ambiguity aversion and a negative ay implies that a negative premium associated with

ambiguity aversion. The following summarizes such cases.

Proposition 2:
Suppose that Assumptions 1 and 2 hold. For each k, consider (12). Suppose that s is more
than . Then,

1

1. If Zﬁk:i > 1, a positive ay, captures a positive premium associated with ambiguity
i=1
aVErsion.

I

2. If g Bri < 1, a negative oy, captures a negative premium associated with ambiguity
i=1
aversion

The key feature of Proposition 2 is that we can identify a premium associated with
ambiguity aversion without directly estimating 7. For the first case, (13) implies that oy is

positive if and only if
I I
S B 1) > 2 (3 Bi—1]. (15)
i=1 T =

I
Because the assumptions in Proposition 2 leads to it > 1, Zﬁk:i > 1 and (15) imply

il i=1

I I
Zﬁk,i > Z//B\k:l (16)
=1 =1

Given (14), (16) shows that on a risk-adjusted average, asset k’s price decreases more than
those of risk factors. Thus, oy captures the ambiguity effect net of those embedded in factor

returns, which is the left-over premium caused by ambiguity aversion.
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Similarly, for the second case, (13) implies that «y is negative if and only if

I I
(Zﬁlm — 1> < % (ZB]{’L — 1) . (17)

I
Because the assumptions in Proposition 2 leads to s > 1, Zﬁk’i < 1 and (17) imply
Yk =1
I I
Zﬁk,i < Zﬁm (18)
i=1 i=1

Given (14), (18) shows that on a risk-adjusted average, asset k’s price decreases less than
those of risk factors. Thus, ay captures the ambiguity effect net of those embedded in factor
returns, which is the reduction in premium in returns due to net hedging demand by the
ambiguity averse agent.

The validity of assumptions is a key for Proposition 2. For the risk-free asset, most of
simulation studies confirms that v; > 1 (For example, see Ju and Miao (2012)). Also, a
risky asset whose dividends are positively correlated with an aggregate endowment should

subject to ambiguity. Thus, 7, <1 and 7,, <1 should hold in general.

Appendix A: The Derivation of Equation (4)

The investor maximizes (3) with the constraints (1) and (2), where the constraint (2) is

automatically satisfied. The first order condition with respect to cq leads to
UI(CO) = )‘7 (19)

where A is the Lagrange multiplier corresponding to the constraint (1). Similarly, the first

order condition with respect to 8 leads to

B (™) x By [v x Eq[u' (c1) dil] = Mg (20)



Thus, (19) and (20) imply that at the equilibrium,

qr. = E,u |:(’Ufl)/ x v % EQ [m X dk}] s (21)
which is (4), where
-1\ — (-1 [ A _ ﬁu/ (61)
(v ) = (v (Euv(Eqg[u (61)])])) LU =0 (Eglu(er)]), and m = wlen)
[
Appendix B: The Derivation of Equation (9)
Equation (8) implies that for the risk-free asset,
1
g == = Ez[m]. 22
f R, P [m] (22)
Furthermore, (8) is rewritten as
1=E; [m X ﬁk} . (23)
By applying the standard statistical relation, (23) leads to
1 = Coup [m, fik] + B i) B [fik] . (24)
Thus, (22) and (24) imply
Eﬁ[ﬁk - ﬁf] = —ﬁfCOUﬁ [m,ﬁk} . (25)
By Assumption 1, for each 1,
I
E}S[RRFi - Rf} = Z - RfCLjCOUﬁ |:RRFJ-; RRF,:| . (26)

j=1
Let A be the I x 1 matrix having the ith element of Eﬁ[}A%RFi - }/%f], let V be the I x I
matrix having the (4, j)th element of Covp [ERFNIEERFJ}, and let B be the I x 1 matrix

having the ith element of —R ra;. Then (26) is written in the matrix form of



By assumption, V' is invertible, so that

o9y
I
3>
|
N

(27)

Moreover, (25) implies that for each k,
I
B[Ry — Ry) = Z RpaiCovp | Rar, By (28)

Let C*k be the I x 1 matrix having the ith element of Covp [ERFZ.,I%C] Because V is
symmetric, given (27), (28) implies that

EsRy — Ryl = B"C, = (A)T(V)'Cy = (A5, (29)

where 3 = (V)~1C}, the ith element of which is denoted by ﬁk ;- Then (29) is rewritten as
5[Rk — Ry] = Zﬁm s[Rer, — Ry, (30)

which is (9). Note that B;“ is the coefficient of (ERFZ. — }/%f) by the regression of the excess
return (ﬁk — }A%f> on excess factor returns <}A%RF1 — }A%f, - }A%RFI — }A%f> under P. [ |

Appendix C: The Proof of Proposition 1
Given (11), the variance-covariance matrix V' of Rgp, is
AVA, (31)

where ithe diagonal element of A is

and an off diagonal element of A is zero. Also, the

IYRFi
covariance vector between Rj, and Rrp, becomes
1 ~
—AC,,. (32)
Yk
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Let Bk; be the coefficient of (Rgrr, — Ry) by the regression of the excess return (R, — Ry)

on excess factor returns (Rrp — Ry, ..., Rrr, — Ry) under P. By the standard argument,

~N-1/1 =~
= (AVA —AC, 33
’ ( ) <’Yk k) (33)
1 N1
= (a7a) (A
_ 1 -1 /i1 -1 ~
= (7)) (ad)
Ly )G = B,
Yk Yk
where the ith element of 3 is fi;. Then (33) implies that
YrE, 5
Bri = —Br- (34)
Yk
Now,
Ep[Ry — Ry = wEp[Re — By — Ry (77 — W) (35)
and
1 I R
Zﬁk,iEﬁ [Rrr, — Z {’YRF BriEpRrr, — Ry] — Bri Ry (’Yf - ’YRFi> } (36)
i=1 i=1

3 (s - - s (=)}

Then by (35) and (36), (30) becomes

I
1~
WEp[Rk — Ryl = Ry (v =) = w) {@e,z‘Eﬁ[RRFi — Ry] - %ﬁk,in <’Yf - ’VRF) } ,
i=1
which is ,
Ep[Ry — Ry] = o + Zﬁkz plRRrE, — Ryl (37)
=1

where
I

1 I
ok = By (=) = %Zﬁkﬂ'Rf (W - 7RFz‘)

=1

I I
= Ry (Zﬁlm — 1) — %Rf <Zﬁkz — 1) ;
i1 i=1

12



which is (13). Note that (37) defines «aj as the regression constant because [, is the

regression coefficient.ll
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