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Abstract

We examine the compatibility of efficiency and strategy-proofness in a pack-
age assignment model with transfers where preferences may not be quasi-linear.
A preference relation is essentially quasi-linear if it is quasi-linear over the set
of (consumption) bundles that are at least as desirable as receiving no object
and paying nothing, and at which payments are nonnegative. We show that if
a domain contains the essentially quasi-linear domain, then no mechanism is
efficient and strategy-proof. We also show that if there is a mechanism that
satisfies efficiency, strategy-proofness, individual rationality, and no subsidy for
losers on a domain, the domain must be contained in the essentially quasi-linear
domain. Our results demonstrate that the quasi-linearity of preferences is es-
sential for the design of an efficient and strategy-proof mechanism. Our results

also have implications for the public goods model with transfers.
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1 Introduction

In many object allocation problems with monetary transfers, agents obtain a package
of objects. Examples include spectrum license auctions, treasury bill auctions, and
the allocation of emission rights, among others.! The primary goal in many object
allocation problems is to achieve efficiency. For instance, the Federal Communications
Commission (FCC), which has conducted spectrum license auctions intensively over
the past three decades, states that “[t|he auction approach is intended to award the
licenses to those who will use them most effectively.”? In many package assignment
problems in practice, agents obtain packages at very high prices. As discussed in
Section 1.1, high payments may generate income effects, and hence preferences may
not be quasi-linear. While there is a substantial literature on object allocation with
transfers, many existing studies assume the quasi-linearity of preferences. Without the
quasi-linearity assumption, when is it possible to achieve an efficient allocation? Our
answer is that quasi-linearity is essential for ensuring the compatibility of efficiency
and incentive compatibility.

Formally, we consider a package assignment model with transfers where there are
multiple objects and each agent obtains a package of them. Our model is general in
the sense that it covers the case where objects are identical, the case where objects
are all distinct, and the cases where there are several object types and each object
has several copies.®> A (consumption) bundle consists of a package of objects and a
payment.

Each agent has preferences over the consumption bundles. Preferences need not
be quasi-linear. A set of preferences is called a domain. Many papers in the litera-
ture restrict attention to settings in which objects are either all substitutes for each

agent or complements for each agent.? In contrast, in real-world environments, the

!Bikhchandani and Mamer (1997) and Ausubel (2006) discuss other examples of package assign-
ment problems.

2See https://www.fcc.gov/auctions/about-auctions.

3For example, in the spectrum license auction in the UK in 2018, licenses in the 2.3 and 3.4
GHz spectrum bands were allocated. Each spectrum band was divided into small blocks and a
license corresponds to a block in one of the spectrum bands. Blocks in the same spectrum band are
considered to be identical. Thus, in this auction, there are two types of objects, each of which has
several copies.

4Examples include Gul and Stacchetti (1999), Ausubel (2004), Ausubel (2006), Baisa (2020),


https://www.fcc.gov/auctions/about-auctions

substitutability or complementarity of objects often varies across agents, with some
agents perceiving objects as substitutes and others perceiving them as complements.
For example, in the case of spectrum licenses, incumbents who have already invested
in spectrum infrastructure may view spectrum licenses as substitutes, whereas new
entrants, who must invest in spectrum infrastructure, may regard them as comple-
ments.” Moreover, even for a given agent, some objects may be substitutes while
others are complements.® For this reason, we consider domains that contain the set
of all quasi-linear preferences, which allows objects to be substitutes, complements,
or mixtures thereof depending on the agent.

A (direct) mechanism is a mapping from the set of preference profiles to the set
of allocations. FEfficiency in this paper means that no other allocation makes an
agent better off without making any agent worse off or reducing the revenue of the
planner. Strategy-proofness (dominant strategy incentive compatibility) means that
it is a weakly dominant strategy to report her true preferences. For some results,
we also impose individual rationality and no subsidy for losers. Individual rationality
requires that no agent should be worse off than she would be if she had received no
object and paid nothing. No subsidy for losers means that the payment of an agent
who does not receive any object is nonnegative.”

In auction contexts, payments are typically assumed to be nonnegative. This
assumption is natural when objects are owned by a seller, as payments collected
from agents constitute the seller’'s revenue. However, there are object allocation
problems in which objects are not owned by anyone or in which property rights
are difficult to specify. Examples include the allocation of emission rights across
countries, inherited estates among family members, and fishing rights among fishers.
In such environments, monetary transfers do not generate surplus, as there is no

natural recipient. Transfers are therefore introduced primarily to achieve efficiency

among others.

°In U.S. spectrum license auctions, regional carriers may treat licenses for different areas as
substitutes, while nationwide carriers typically view licenses across regions as complements due to
their need for broad geographic coverage.

SFor example, in fisheries, catch rights for different offshore species can be complements due to
shared fixed costs and joint production, while offshore and coastal catch rights may be substitutes.

“Some papers consider a stronger condition called no subsidy. It requires that the payment of
each agent is always nonnegative.



and provide incentives, and from the perspective of agents’ welfare it is desirable
to keep total payments small. In particular, allowing for negative payments can be
natural, as agents who fail to receive objects may need to be compensated by those
who do.® These considerations highlight the importance of analyzing mechanisms
based solely on efficiency and strategy-proofness.

We investigate the domains on which efficiency and strategy-proofness are com-
patible. It turns out that the class of preferences introduced by Ma et al. (2018) plays
an important role. The relevant consumption set consists of bundles that are at least
as desirable as receiving no object and paying nothing, and at which payments are
nonnegative. A preference relation is essentially quasi-linear if it is quasi-linear on
the relevant consumption set. Bundles in the relevant consumption set correspond to
the consumption bundles agents receive in standard auctions used in practice. Ac-
cordingly, essential quasi-linearity can be interpreted as meaning that income effects
do not arise in standard auction environments.

Our main result depends on the number of agents. For two agents, the essentially
quasi-linear domain (the set of essentially quasi-linear preferences) is a mazimal do-
main for efficiency and strategy-proofness (Theorem 1 (ii)). Thus, there is an efficient
and strategy-proof mechanism on the essentially quasi-linear domain, while no such
mechanism exists on any larger domain. Moreover, on the essentially quasi-linear do-
main, generalized Vickrey mechanisms (a generalization of the Vickrey mechanism to
non-quasi-linear domains) are the only efficient and strategy-proof mechanisms (The-
orem 1 (i)). By contrast, when there are more than two agents, we show that there is
no efficient and strategy-proof mechanism on any domain containing the essentially
quasi-linear domain (Theorem 2).

Our results can be further strengthened by imposing individual rationality and no
subsidy for losers. We show that if there is a mechanism on a domain that satisfies

efficiency, strategy-proofness, individual rationality, and no subsidy for losers, then

8Moreover, individual rationality may not always be compelling in real-world allocation prob-
lems, as participation is effectively mandatory in some environments. For example, in international
allocation problems—such as the division of transboundary resources or internationally negotiated
quotas—political considerations or linkages with other agreements may prevent a country from de-
clining the outcome even if it is worse than its outside option. Similarly, in the division of inherited
estates, family members may face legal, social, or relational constraints that make withdrawal from
the allocation process unrealistic.



the domain must be a subset of the essentially quasi-linear domain (Theorem 3). This
result implies that for two agents, the essentially quasi-linear domain is the unique
maximal domain for the four properties. Thus, the quasi-linearity is essential to
achieve an efficient allocation in auction contexts.

Our results indicate that an efficient allocation may fail to be achieved when
objects are highly valuable. As we will discuss in Section 1.1, income effects arise when
payment levels vary substantially. When objects are highly valuable, the relevant
consumption set becomes large, allowing payments to vary widely within that set.
As a result, income effects may arise even on the relevant consumption set. Our
results therefore suggest that efficiency and strategy-proofness are incompatible in
such environments.

Our results have implications for various domains of interest. For example, we
obtain impossibility results if preferences exhibit specific income effects (Corollary 2)
or when agents may face borrowing costs (Corollary 3). Our results also have impli-
cations for the public goods model with transfers. Specifically, our results imply that
in the public goods model with transfers, if there are at least three agents and six al-
ternatives, no mechanism satisfies efficiency and strategy-proofness on the essentially

quasi-linear domain (Corollary 4).

1.1 Related literature

The quasi-linearity has been a fundamental assumption in auction theory. However,
agents typically have income effects in many real-life environment, especially those
in which payments are high. As Morimoto and Serizawa (2015) argues, “[e]xcessive
payments for the auctioned objects may damage bidders’ budgets to purchase com-
plements for effective uses of the objects and thus, may influence the benefits from the
objects” (Morimoto and Serizawa, 2015, p.447). Another source that makes prefer-
ences non-quasi-linear is the existence of distortionary frictions (Saitoh and Serizawa,
2008; Fleiner et al., 2019). An agent may have to borrow money at some interest rate
when the payment exceeds her income, which makes preferences non-quasi-linear even
if the original one is quasi-linear. These issues are especially relevant when the ob-
jects are highly valuable, since the associated payments can vary drastically between

substantial and minor amounts.



The existence of income effects changes the results dramatically. When prefer-
ences are quasi-linear, a mechanism is efficient and strategy-proof if and only if it is a
Groves mechanism (Holmstrom, 1979). Moreover, a mechanism additionally satisfies
individual rationality and no subsidy for losers if and only if it is a Vickrey mecha-
nism (Holmstrom, 1979; Chew and Serizawa, 2007). However, when preferences can
be non-quasi-linear, these results no longer hold. Indeed, Vickrey mechanisms are
in general inefficient and do not satisfy strategy-proofness. When agents are unit-
demand, minimum price Walrasian mechanisms are the only mechanisms that satisty
the above mentioned four properties (Morimoto and Serizawa, 2015; Zhou and Ser-
izawa, 2018; Wakabayashi et al., 2025).° In contrast, as we show in this paper, no
mechanism satisfies efficiency and strategy-proofness when agents are multi-demand
and the domain contains various non-quasi-linear preferences.!®

Similar impossibility results to ours have been obtained by Kazumura and Serizawa
(2016); Baisa (2020); Malik and Mishra (2021); Shinozaki et al. (2025) However,
there are two main differences between our paper and those papers. First, these
four papers impose individual rationality and a no subsidy condition in addition to
efficiency and strategy-proofness. In contrast, our main results (Theorems 1 and
2) impose only efficiency and strategy-proofness. As previously discussed, there are
many environments where individual rationality and no subsidy may not be suitable,
and their results do not cover such environments.*!

Second, those four papers and ours focus on different economic environments.
Kazumura and Serizawa (2016) and Malik and Mishra (2021) consider specific envi-
ronments which do not intersect with our model. Baisa (2020) and Shinozaki et al.

(2025) consider similar environments to ours. These papers focus on the cases in

YWhen agents are multi-demand, a Walrasian equilibrium may not exist. Many papers in the
literature provide conditions that guarantee the existence of a Walrasian equilibrium. For example,
see Kelso and Crawford (1982), Sun and Yang (2006), Teytelboym (2014), Baldwin and Klemperer
(2019), Baldwin et al. (2023), and Nguyen and Vohra (2024).

0Essig Aberg and Baisa (2025) measure inefficiency of Vickrey and uniform price mechanisms.
Shinozaki and Serizawa (2025) weaken efficiency and characterize a mechanism called the bundling
unit-demand minimum price Walrasian mechanism by constrained efficiency, strategy-proofness, and
other auxiliary properties.

UTechnically, individual rationality and no subsidy (for losers) imply that the payment of losers
must be zero. While those papers exploit this fact to establish their results, we develop a proof
strategy to overcome this difficulty.



which preferences are submodular and have positive/negative income effects. This
means that objects are all substitutes, and either they are all normal goods or infe-
rior goods. However, as we have discussed, many real-life environments contain both
substitutes and complements. Moreover, it is reasonable to consider environments in
which some objects are normal while others are inferior.!? We provide a new notion
of income effects that covers such cases and show that our result can be applied to
such preferences (Corollary 2).

More technically, it is also worth noting that the domains studied in Baisa (2020)
and Shinozaki et al. (2025) are not necessarily subsets of the domains we consider.
They require the domain to contain submodular preferences with income effects.
While we require the domain to contain the set of quasi-linear preferences, our results
can also be applied to domains that do not contain submodular preferences with in-
come effects. Thus, their impossibility results do not imply our result that impose
individual rationality and no subsidy for losers (Theorem 3).

There are papers that study the case where agents have quasi-linear preferences
but face hard budget (Che and Gale, 1998, 2000; Pai and Vohra, 2014). Due to the
hard budget, the induced preferences are non-quasi-linear. In this setting, there is
no mechanism that satisfies efficiency, strategy-proofness, individual rationality, and
a no subsidy condition (Dobzinski et al., 2012; Lavi and May, 2012). Preferences
in this model are close to quasi-linear preferences with borrowing cost in our model
(see Section 6.1). The major difference between preferences in this model and quasi-
linear preferences with borrowing cost is that in this model, the budget is hard, i.e.,
payments cannot exceed the budget. On the other hand, since we allow agents to
borrow money, payments can exceed the budget. Moreover, technically, preferences
in this model violate continuity whereas we focus only on continuous preferences.
Thus, there is no logical relation between the impossibility results by Dobzinski et al.

(2012) and Lavi and May (2012) and our results. Moreover, we impose only efficiency

12Tn some cases, spectrum licenses for the current generation and the next generation are auctioned
simultaneously (e.g., the UK spectrum license auction in 2018). Because the use of next-generation
licenses requires additional fixed investments, the valuation for them typically increases as the pay-
ment decreases. By contrast, since the investments for the current-generation licenses are largely
sunk, a higher payment raises their relative value. Therefore, next-generation licenses can be viewed
as normal goods, while current-generation licenses can be viewed as inferior goods in this environ-
ment.



and strategy-proofness in our main results, while those papers impose not only these
properties but also individual rationality and a no subsidy condition.

The essentially quasi-linearity is first introduced in the public goods model with
transfers by Ma et al. (2018). They show that if the domain is larger than the es-
sentially quasi-linear domain, fixed price dictatorships are the only mechanisms that
satisfy strategy-proofness, ontoness, individual rationality, and no subsidy, where on-
toness is a weak efficiency notion that requires each alternative to be selected at some
preference profile. Since fixed price dictatorships violate efficiency, their result implies
that if the domain is larger than the essentially quasi-linear domain, no mechanism
satisfies efficiency, strategy-proofness, individual rationality, and no subsidy. Com-
pared with this result, our result (Corollary 4) shows a stronger impossibility result in
a restricted environment. Indeed, we impose only efficiency and strategy-proofness,
whereas Ma et al. (2018) impose individual rationality and no subsidy as well. On the
other hand, we assume that there are at least three agents and at least six alternatives,
while Ma et al. (2018) do not make such an assumption.

Finally, non-quasi-linearity of preferences is recently introduced in various models.
Examples include house allocation model with transfers (Andersson and Svensson,
2014; Andersson et al., 2016; Andersson and Svensson, 2016), matching model with
transfers (Garratt and Pycia, 2023; Morimoto, 2025), school choice model (Phan
et al., 2024), and trading network model (Fleiner et al., 2019; Schlegel, 2022). A
general mechanism design model is studied by Kazumura et al. (2020), and they give
a necessary and sufficient condition for strategy-proofness when preferences can be

non-quasi-linear.

2 The model and definitions

There are n > 2 agents and m > 1 types of objects. We denote the set of agents by
N ={1,...,n} and the set of object types by M = {1,...,m}. Each object a € M
has z, € N copies. Thus, T = (Z,)sen is the social endowment. If m = 1, there are
only identical objects. If , = 1 for each a € M, then there are only distinct objects.
We assume Y, Z, > 1."* Denote 0 = (0,0,...,0) € R™. A package is a vector

13See Saitoh and Serizawa (2008) and Sakai (2008) for results in the single object case.



T = (Z4)aen € Z™ such that 0 < z < 7.1 Let X be the set of packages. Each agent
receives a package and pays some amount of money. Thus, the consumption set is
X xR, and a typical (consumption) bundle for an agent is a pair z = (z,t) € X xR,
where t is interpreted as the amount paid by the agent.

Each agent 7 has a complete and transitive preference relation R; over X x R. Let
P; and I; be the strict and indifference relations associated with R;, respectively. The
generic notation for a class of admissible preferences is denoted by R and we call it a

domain. The following are standard conditions for a preference relation R;.

e Money monotonicity: For each x € X and each pair t,s € R with t < s,
(z,1) Pi (z,5).

e Possibility of compensation: For each (z,t) € X xR and each y € X, there are
s,s" € R such that (z,t) R; (y,s) and (y,s') R; (z,1).

e Continuity: For each z € X x R, the upper contour set at z, UC;(z) = {7 €
X xRz R; z}, and the lower contour set at z, LC;(z) = {2’ € XxR: z R; 2'},

are both closed.

e Object monotonicity: For each (z,f) € X x R and each y € X with y > z,
(y: 1) Pi (2, 1).

We denote the set of preferences that satisfy the above four conditions by R,
and call it the object monotonic domain. Throughout the paper, we assume that
preferences satisfy the above four conditions. Thus, whenever we take a domain R,
it satisfies R C RO.

A standard class of preferences studied in the literature is the class of quasi-linear

preferences.

Definition 1. A preference relation R; is quasi-linear if for each pair (z,t), (y,s) €
X xR and each 6 € R, (z,t) I; (y,s) implies (x,t+0) I; (y,s+ 9).

Let R9 be the class of quasi-linear preferences and we call it the quasi-linear

domain. For each R, € RY, there is a valuation function v; : X — R, such that

4 Given a pair of vectors x,y € Z™, we write 2 > y to mean z, > vy, for each a € M. Similarly,
we write x > y to mean x, > y, for each a € M and x;, > ¥, for some b € M.



Better

Payment

(0,0)

Figure 1: An illustration of the consumption set for M = {1,2} and = = (1, 1).

v;(0) = 0, and for each pair (z,t),(y,s) € X xR, (z,t) R; (y,s) if and only if
vi(x) —t > vi(y) — s.

We now extend the notion of valuation to non-quasi-linear preferences. Given a
preference relation R;, 2 € X x R, and y € X, there is a payment s € R such that
2 I; (y,5).' We call this payment level the (compensated) valuation of y at z for R,
and denote it by V% (y, 2). There are two remarks on the notion of valuation that we

often use in the rest of the paper.

Remark 1. Given a preference relation R; and a pair (z,t), (y,s) € X x R, we have
(z,t) R; (y,s) if and only if VEi(y, (z,t)) < s.

Remark 2. For each R; € R, each (r,t) € X xR, and eachy € X, VEi(y, (z,t))—t =
vi(y) — vi(x).

Figure 1 is an illustration of the consumption set for M = {1,2} and z = (1,1).
In this diagram, each of the four horizontal lines represents the set of real numbers,
and each point on the lines represents a payment for the package specified on the left
side of the line. The vertical dotted line in this diagram connects the points where
the payment is zero. Then, the consumption set in this example consists of these four

horizontal lines. For example, the point z corresponds to the consumption bundle

15The existence of such a payment is guaranteed by money monotonicity, possibility of compen-
sation and continuity. For the formal proof of the existence, see Kazumura and Serizawa (2016).

10



((1,0),1).

One way to describe a preference relation in the diagram is to draw “indifference
curves.” A typical indifference curve is illustrated in Figure 1. The indifference curve
passes through z and 2. This means that z and 2’ are indifferent for a preference
relation R;. To specify which preference relation an indifference curve belongs to,
we sometimes write the notation for the preference relation next to the indifference
curve as in Figure 1. By money monotonicity, bundles to the left (resp. right) of an
indifference curve are better (resp. worse) than the bundles on the indifference curve.
The valuation of a package at a bundle corresponds to the payment at the point that
is indifferent to the bundle. Thus, for example, the valuation of (0, 1) at z is equal to
the payment at z’.

A package allocation is an n-tuple (z;);ey € X" such that >,y a; < 7. We
denote the set of package allocations by A. A (feasible) allocation is an n-tuple
(i, t:))ien € (X x R)™ such that (z;);eny € A. We denote the set of allocations by
Z. A preference profile is an n-tuple R = (Ry,...,R,) € R". Given R € R" and
i,j € N,let R_; = (Rp)ren\fiy and R_; j = (Ri)ken\{ij}-

A mechanism on R" is a function f : R" — Z. Given a mechanism f and
R € R", we denote the bundle assigned to agent i by f;(R) and we write f;(R) =
(z/(R),t/(R)), where z/(R) is the package that agent i receives and ¢/ (R) is her
payment.

We introduce four properties of mechanisms. An allocation ((z;,t;))ieny € Z is
(Pareto) efficient for R € R™ if there is no allocation ((v;, s;))ieny € Z such that (i)
for each i € N, (yi,s:) Ri (x;,t;), (i) for some j € N, (y;,s;) P; (x;,t;), and (iii)
dien Si = Doien ti-'® Thus, if an allocation is efficient, it is impossible to make an
agent better off without harming other agents or reducing the revenue of the planner.
One interpretation of the efficiency notion is that it incorporates the planner’s prefer-
ences, assuming that she is interested only in total revenue. Under this interpretation,

the notion coincides with standard Pareto efficiency.!”

16There are other ways to define efficiency. We employ one of the weakest notions of efficiency.
For a comparison with other efficiency notions, see Kazumura and Serizawa (2016).

17An alternative interpretation is in terms of reallocation among agents. Given an allocation, if
there exists a reallocation of objects and transfers among agents, without introducing money from
outside the economy, that makes at least one agent strictly better off without making any agent

11



By object monotonicity, if an allocation ((z;,%;))ien € Z is efficient for R € R",

then no object remains unassigned, i.e., Y ..\ z; = Z.

Remark 3. An allocation ((x;,t;))ien € Z is efficient for R € R" if and only if there
is no allocation ((y;, s;))ien € Z such that (i) for each i € N, (vy;, ;) I; (z4,%;), and

(i) Djen 8 > Dien b
The efficiency of a mechanism requires that for each preference profile, an efficient

allocation should be selected.
Efficiency: For each R € R", f(R) is efficient for R.

The next property requires that no agent should benefit from misrepresenting her

preferences.

Strategy-proofness: For each R € R", each i € N, and each R, € R, fi(R) R;
fi( R}, R-y).

The following property requires that an agent should be never assigned a bundle
that makes her worse off than she would be if she had received no object and paid

nothing.
Individual rationality: For each R € R™ and each i € N, f;(R) R; (0,0).

The last property requires that the payment of losers (the agents who receive no

object) should be nonnegative.

No subsidy for losers: For each R € R™ and each i € N, if 2/ (R) = 0, t/(R) > 0.

3 Generalized Vickrey mechanisms

Groves and Vickrey mechanisms are defined on the quasi-linear domain, because
they are defined by means of valuation functions. In this section, we define these

mechanisms and extend Vickrey mechanisms to larger domains.

worse off, then the original allocation would be considered undesirable. Our efficiency is equivalent
to the non-existence of such reallocation. In this sense, our efficiency is also appropriate even when
there is no natural recipient of payments.

18This result follows from money monotonicity.

12



Giveni € N, R_; € R" !, and z € X, let
oi(R_ix) =max{ »  V%(x;(0,0): (x)jen € A z; = x}.
JeN\{i}
Thus, o;(R_;;x) is the maximum sum of valuations at (0,0) that the agents other

than agent ¢ can achieve when agent i obtains z. Now we define Groves and Vickrey

mechanisms on the quasi-linear domain.

Definition 2. A mechanism f on (R%)" is a Groves mechanism if for each R € (R%)",
(fE{(R))ieN € argmax ;). ca Z vi(7;),
ieN
and for each i € N, there is h; : (R9)"' — R such that t/(R) = hi(R_;) —
oi(R_i;x (R)). A mechanism f on (R?)" is a Vickrey mechanism if it is a Groves

mechanism and for each i € N, h;(-) = 0;(-; 0).

We now generalize Vickrey mechanisms to larger domains. We do so by means of

compensated valuations.

Definition 3. Let R be an arbitrary domain. A mechanism f on R" is a generalized

Vickrey mechanism if for each R € R",

(x{(R))zEN € argmax(wi)ieNeA Z VRi (wia (0, O)),
ieN
and for each i € N, t/(R) = 0;,(R_;;0) — 0:(R_;; 2 (R)).
A generalized Vickrey mechanism is defined in the same manner as a Vickrey
mechanism except that compensated valuations at (0,0) are used instead of valuation

functions.

4 [Essentially quasi-linear preferences

In this section, we define a class of non-quasi-linear preferences. Given a preference

relation R;, the relevant consumption set for R; is defined as
X(R;) ={(x,t) € X xR : (z,t) R; (0,0) and ¢t > 0}.

In words, the relevant consumption set consists of individually rational bundles

13



Payment

(0,7)

Figure 2: An illustration of the relevant consumption set and an essentially quasi-linear
preference relation.

with a nonnegative payment. Figure 2 illustrates the relevant consumption set for a
preference relation R; when z = (1,1). The relevant consumption set for R; consists
of the bundle (0,0) and the bundles on the three thick red lines.

There are auctions that are widely used in practice or studied in the literature,
such as the first or second price auction, the Vickrey auction, the simultaneous as-
cending or descending auction, core-selecting auctions. Here, we refer to such auctions
as standard auctions. In such auctions, individual rationality is typically satisfied.
Moreover, it is unlikely that a bidder can obtain a positive monetary transfer. Thus,
the relevant consumption set can be interpreted as the set of bundles that arise in

standard auctions.

Definition 4. A preference relation R; is essentially quasi-linear if for each (z,t) €
X(R;) and each y € X with Vi (y, (z,t)) > 0,

VRi<y7 (IL‘,t)) —t= VRi(ya (07 O)) - VRi("m (O’ 0))

Remark 4. A preference relation R; is essentially quasi-linear if and only if for each
(z,t) € X(R;), VTi(z, (z,t)) —t = VEi(z,(0,0)) — VEi(x, (0,0)).

Let RE be the class of essentially quasi-linear preferences, and call it the essentially
quasi-linear domain.

The essential quasi-linearity requires that the preference relation be quasi-linear

14



when the consumption set is restricted to the relevant consumption set. Thus, essen-
tially quasi-linear preferences exhibit no income effects within the relevant consump-
tion set. Since the relevant consumption set corresponds to bundles that an agent
may receive in standard auctions, the essential quasi-linearity requires that the agent
has no income effect as long as she participates in a standard auction.

Quasi-linear preferences are, of course, essentially quasi-linear. Thus, R? C RF.
An essentially quasi-linear preference relation is illustrated in Figure 2. Since this
preference relation is quasi-linear in the relevant consumption set, indifference curves
are parallel within the relevant consumption set. However, essential quasi-linearity
does not require indifference curves to be parallel if one of them passes through a
bundle outside of the relevant consumption set. Thus, for instance, the indifference
curve between z and 2’ in Figure 2 must be parallel to that between Z and Z’. In
contrast, it need not be parallel to the indifference curve between Z and Z’, since Z is

not in the relevant consumption set.

5 Main results

It is well known that on the quasi-linear domain, Groves mechanisms are the only
mechanisms that are efficient and strategy-proof, and that Vickrey mechanisms are
the only mechanisms that additionally satisfy individual rationality and no subsidy

for losers.

Fact 1 (Holmstrom (1979); Chew and Serizawa (2007)). Groves mechanisms are the
only mechanisms that satisfy efficiency and strategy-proofness on (RP)". Vickrey
mechanisms are the only mechanisms that satisfy efficiency, strategy-proofness, indi-

vidual rationality, and no subsidy for losers.

We investigate the possibility of designing an efficient and strategy-proof mecha-
nism when agents may have non-quasi-linear preferences. More specifically, we study
how far the domain can be expanded beyond the quasi-linear domain while guaran-
teeing the existence of an efficient and strategy-proof mechanism. Our results depend
on the number of agents.

Before stating our results, we define the notion of a maximal domain.

Definition 5. A domain R is a maximal domain for a list of properties if
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(i) there is a mechanism on R" that satisfies the properties, and

(ii) for each R’ 2 R, no mechanism on (R')" satisfies the properties.
Remark 5. A maximal domain for a list of properties may not be unique.

The following theorem shows that in the two-agent case, generalized Vickrey mech-
anisms are the only mechanisms that satisfy efficiency and strategy-proofness on the
essentially quasi-linear domain, and moreover, that this domain is maximal for effi-

ciency and strategy-proofness.

Theorem 1. Let n = 2.
(i) On (R¥)2, a mechanism satisfies efficiency and strategy-proofness if and only if
it is a generalized Vickrey mechanism.

(ii) R¥ is a mazimal domain for efficiency and strategy-proofness.

Notice that Theorem 1 (i) is not a straightforward extension of Fact 1. First,
Theorem 1 (i) applies only to the two-agent case, whereas Fact 1 holds for an arbi-
trary number of agents. Indeed, the proof of Theorem 1 (i) relies on the two-agent
assumption. Second, generalized Vickrey mechanisms are characterized using only
efficiency and strategy-proofness. In contrast, on the quasi-linear domain, the class
of efficient and strategy-proof mechanisms is the class of Groves mechanisms, which
is much larger than the class of (generalized) Vickrey mechanisms.

Theorem 1 (ii) implies that no mechanism satisfies efficiency and strategy-proofness
on any domain larger than the essentially quasi-linear domain. However, Theo-
rem 1 (ii) does not rule out the possibility that there exist maximal domains for
efficiency and strategy-proofness other than the essentially quasi-linear domain. As
we see in Section 5.1, we can pin down the class of maximal domains once individual
rationality and no subsidy for losers are imposed.

In contrast to the case of n = 2, when n > 3, efficiency and strategy-proofness are

incompatible even on the essentially quasi-linear domain.

Theorem 2. Let n > 3. No mechanism on (RF)" satisfies efficiency and strategy-

proofness.

As in Theorem 1 (ii), Theorem 2 implies that no mechanism satisfies efficiency

and strategy-proofness on any domain larger than the essentially quasi-linear domain.
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Moreover, Theorem 2 implies that a maximal domain for efficiency and strategy-
proofness lies between the quasi-linear domain and the essentially quasi-linear do-

main."

5.1 Individual rationality and no subsidy for losers

We have shown that preferences should be essentially quasi-linear for the existence
of an efficient and strategy-proof mechanism. However, there exist domains that are
neither subsets or supersets of the essentially quasi-linear domain, and on which an
efficient and strategy-proof mechanism may exist. By imposing individual rational-
ity and no subsidy for losers, however, the results in the previous section can be
strengthened.

Before stating the main results of this subsection, we present a technical result

that we use to derive them.

Proposition 1. Let R be such that R® C R € RE. Then, there is no efficient and
strategy-proof mechanism on R"™ that coincides with a (generalized) Vickrey mecha-

nism on (R9)".
By Fact 1 and Proposition 1, we obtain the following result.

Theorem 3. Let R be such that R O RY.

(i) Let n = 2. R is a mazimal domain for efficiency, strategy-proofness, individual
rationality and no subsidy for losers if and only if R = RF.

(ii) Let n > 3. If there is a mechanism on R™ that satisfies efficiency, strategy-

proofness, individual rationality and no subsidy for losers, then R C RE.

Theorem 3 states that the domain must be a subset of the essentially quasi-
linear domain for the existence of a mechanism that satisfies efficiency, strategy-
proofness, individual rationality, and no subsidy for losers. Moreover, Theorem 3 (i)

states that in the two-agent case, the essentially quasi-linear domain is the unique

9 An efficient and strategy-proof mechanism exists on a domain that is close to the essentially
quasi-linear domain. In addition to the requirement of the essential quasi-linearity, suppose that a
preference relation R; satisfies the following condition: For each (x,t) € X (R;) and each y € X with
VEi(y, (x,t) <0, t—VEi(y, (2,t) > VEi(z,(0,0)) — VEi(y,(0,0)). If R is the set of preferences
that satisfy this condition, then generalized Vickrey mechanisms are efficient and strategy-proof on
R™.
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maximal domain for the four properties among the domains that contain the quasi-

linear domain.

6 Applications
6.1 Implications for various domains

Our results are useful to verify whether there is a mechanism that satisfies efficiency
and strategy-proofness (and individual rationality and no subsidy for losers) on var-
ious domains of interest. In this section, we show that our results can be applied to
several domains studied in the literature.

The object monotonic domain contains the essentially quasi-linear domain as well
as preferences that are not essentially quasi-linear. Thus, no efficient and strategy-

proof mechanism exists on the object monotonic domain.
Corollary 1. No mechanism on (RO)" satisfies efficiency and strategy-proofness.

Some papers such as Saitoh and Serizawa (2008), Baisa (2020), and Shinozaki

et al. (2025) consider preferences with income effects.

Definition 6. A preference relation R; exhibits positive income effects (resp. negative
income effects) for x € X if for each pair ¢t,s € R, (z,t) I; (0,s) implies that, for
each d e Ry, (z,t—9) P; (0,5 —6) (resp. (0,5 —0) P; (x,t—9)).

Although income is not modeled explicitly, zero payment can be interpreted as the
endowed income. Thus, a decrease in payment by ¢ > 0 corresponds to an increase
in income by 0. Then, (z,t —0) P; (0,s —0) (resp. (0,s —0) P; (z,t —0)) implies
that x becomes more preferred (resp. less preferred) when the income is increased by
. In other words, z is a normal (resp. inferior) package for R;.

The notion of income effects here is more general than that in other papers such as
Saitoh and Serizawa (2008), Baisa (2020), and Shinozaki et al. (2025). They consider
preferences that exhibit either positive income effects for every package or negative
income effects for every package. In contrast, we allow preferences to exhibit positive
income effects for some packages and negative income effects for other packages.

It is clear that if a preference relation exhibits positive or negative income effects

for some x € X \ {0}, then it is not essentially quasi-linear. Thus, by Theorem 3,
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no mechanism satisfies efficiency, strategy-proofness, individual rationality, and no
subsidy for losers if the domain contains even a single preference relation that exhibits

positive or negative income effects for some package.

Corollary 2. Let R; be a preference relation that exhibits positive or negative income
effects for some x € X\{0}. Let R be such that RSU{R;} C R. Then no mechanism
on R"™ satisfies efficiency, strategy-proofness, individual rationality, and no subsidy

for losers.

Another class of preferences studied in the literature is the class of quasi-linear
preferences with borrowing cost (Saitoh and Serizawa, 2008; Fleiner et al., 2019).
Here, income is modeled explicitly. Suppose that each agent must borrow money at
some interest rate when the payment for a package exceeds her income. For each
1€ N, let w; € Ry and r; € R, be agent ¢’s income level and the interest rate that
she faces, respectively. When the payment for a package is t € R, agent i’s actual
cost is given by a function ¢(-; w;, r;) : R — R defined as

t if t < w;,
c(t,wi,r;) =
w; + (147t —w) ift>w,.
That is, if the payment does not exceed her income, the agent pays the amount
directly; if it exceeds her income, she borrows the difference at the interest rate r;.

We call this function the borrowing cost function.

Definition 7. A preference relation R; is quasi-linear with borrowing cost if there
exist a valuation function v; : X — R, with v;(0) = 0, an income level w; € R, U
{+o0}, and an interest rate r; € Ry such that for each pair (z,t),(y,s) € X x R,
(x,t) R; (y,s) if and only if v;(z) — c(t; wi, ri) > vi(y) — c(s; w;, 14).

Let R9E be the class of quasi-linear preferences with borrowing cost. We as-
sume that each agent’s income level and interest rate are her private information. An
extreme case is w; = 400, in which case the agent never needs to borrow and her
preference relation is quasi-linear. Thus, RY C R?Z. Moreover, there exist prefer-

ence relations in R??F that are not essentially quasi-linear.?’ Thus, by Theorem 3,

20For example, consider a preference relation R; € R9P with a valuation function v; and an
income level w; such that for some z € X, w; < v;(z). Such a preference relation is not essentially
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we obtain the following result.

Corollary 3. Let R = RPB. No mechanism on R™ satisfies efficiency, strategy-

proofness, individual rationality, and no subsidy for losers.

6.2 Implications for the public goods model with transfers

Our results have implications for the public goods model with transfers studied by
Ma et al. (2018). The formal model is introduced in Appendix F. Ma et al. (2018)
introduce the notion of essential quasi-linearity in the public goods model with trans-
fers.?! Their main result implies that, in the public goods model with transfers, if
the domain is larger than the essentially quasi-linear domain, no mechanism satisfies
efficiency, strategy-proofness, individual rationality, and no subsidy. As a corollary
of Theorem 2, we obtain a stronger impossibility result under additional assumptions

on the number of agents and alternatives.

Corollary 4. In the public goods model with transfers, if there are at least three agents
and at least six alternatives, no mechanism satisfies efficiency and strategy-proofness

on the essentially quasi-linear domain.

A formal statement of this corollary, its proof, and a comparison with the results
of Ma et al. (2018) are provided in Appendix F.

The key idea underling this result is that the package assignment model can be em-
bedded into the public goods model with transfers. Consider the package assignment
model with three agents and two identical objects. The set of package allocations (in

which all objects are allocated) is given by
(0,1,1),(0,2,0),(0,0,2),(1,1,0),(1,0,1), and (2,0,0).

If there are six alternatives in the public goods model, we can associate each alter-
native with one of these package allocations. Then, for each preference relation in
the package assignment model, we can construct a corresponding preference relation
in the public goods model. Theorem 2 then implies that no mechanism satisfies effi-

ciency and strategy-proofness on the set of preferences in the public goods model that

quasi-linear.
21The essentially quasi-linear domain is called the parallel domain in Ma et al. (2018).
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corresponds to the essentially quasi-linear domain in the package assignment model.
Since this set of preferences is contained in the essentially quasi-linear domain of the

public goods model, the impossibility result follows.

Appendix

A Preliminaries

This section has two parts. First, we define several classes of preferences and state
lemmas that guarantee the existence of some preferences that we pick in the proofs.
Second, we provide lemmas used in the proofs. We relegate the proofs of all the
lemmas to Appendix E.

We introduce some notations we use in the proofs. For each z € X, let m(x) =
Y wem Ta- That is, m(z) is the number of objects in the package x. Let X = {(z,y) €

X x X : x>y} Let t = (t,).ex be our generic notation for a vector in R,

A.1 Preferences

We introduce three types of preferences.

Definition 8. A preference relation R; is bounded if there is a pair 5,s € R, such
that for each (z,y) € X and each t € R, s < Vi(x, (y,t)) —t <5.

Note that quasi-linear preferences are bounded. Next, we define a quasi-linear
preference relation whose valuation function is “negligibly” small compared with that

of another preference relation.

Definition 9. Given a preference relation R;, R; € R? is negligible with respect to
R; if for each z € X \ {7}, v;(z) < inf,nex, er VF(y, (v, 1)) — t, and v;(z) <
inf;cp V2 (7, (0,t)) — t.

Remark 6. In Definition 9, if R; is quasi-linear, the inequalities are simplified as
follows: for each x € X \ {7}, v;(x) < ming, yyex vi(y) — vi(y') and v;(Z) < v;(Z).

Given a preference relation R;, let R9(R;) be the class of preferences that are

negligible with respect to R;.%?

22The right-hand side of the two inequalities in Definition 9 might be zero for some preference
relation. For such a preference relation R;, R9(R;) = 0.
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Lemma 1. For each R; € R and each R; € R9(R;), R2(R)) C RO(R;).

Lemma 2. Let i € N and j € N\ {i}. Let R € R" be such that R; € R? and
R_;; € (RO(R;))" 2 For eachx € X, 0;(R_i;x) = vj(T — ).

Definition 10. Given a vector t € Rl and z € X, a preference relation R; is a

monotonic transformation of t at x if for each y € X with y # z, VFi(y, (2,t,)) < t,.

In this figure, the vector t consists of the points on the dotted kinked line. Defi-
nition 10 requires that the bundles that are indifferent to (z,t,) should be to the left
of the dotted kinked line. Given a vector t € R* and z € X, let R} be the set of
preferences that are monotonic transformations of t at x.

A vector t € R¥I is object monotonic if for each (z,y) € X, t, > t,. In some
proofs, we pick an essentially quasi-linear preference relation that is a monotonic
transformation of two object monotonic vectors. The following three lemmas give

sufficient conditions for the existence of such preferences.

Lemma 3. Letx € X. Lett,s € RXT pe object monotonic vectors such that 0 <t, <

sy and so > 0. Then, for each y € X \ {x}, there is a bounded preference relation
R; € R¥ such that R; € R%T N R%T.

Lemma 4. Let x € X. Let t,s € RXI pe object monotonic vectors such that t, < s,
and t, < 0. Then, for each y € X \ {z}, there is a bounded preference relation
R; € RY such that R; € R%T N R%T.

Lemma 5. Let t,s € RIXI pe object monotonic vectors such that tz; < sz and sg < 0.
Then, there is R; € R” such that R; € R N R

A.2 TImplications of properties of mechanisms

First we state three lemmas related to efficiency.

Lemma 6. Let f be an efficient mechanism on R™. Let R € R™ and N' C N. Let
(:)iens € XV be such that 3", i i < Sienr ] (R). Then, S ,ens V(i fi(R)) <
et (R).

The next lemma states that assigning an object to a negligible agent is inefficient.

Lemma 7. Let f be an efficient mechanism on R". Let R € R" and i € N. If
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R; € RO(R;) for some j € N\ {i}, then z!(R) = 0.

We introduce the notion of option set. Given a mechanism f, 7 € N and R_; €

R™L, the option set of agent i under f for R_; is defined as

o/ (RL)={ze X xR:3R; € Rst. fi(Ri,R_;) =z},

and let X/(R_,)) = {# € X : 3R, € R s.t. ! (R;, R_;) = x}. That is, of (R_;) is
the set of bundles available to agent ¢ under f when the other agents report R_;.
Similarly, Xif (R_;) is the set of packages available to agent ¢ under f when the other
agents report R_;.

The following lemma states that any package is available to an agent under an
efficient mechanism if the domain contains the quasi-linear domain and the preferences

of the other agents are bounded.

Lemma 8. Let R be such that R O R and f be an efficient mechanism on R™. Let
i € N and R_; € R"! be such that for each j € N\ {i}, R; is bounded. Then,
X/(R_) =X.

Next, we state a fact and lemmas related to strategy-proofness. We begin with

the notion of monotonicity.

Definition 11. A mechanism f on R" is monotonic if for each i € N, each pair R;, R} €
R, andeach R_; € R™, VI (a] (R, R-y), fi(Ri, R-)) < V(2] (R, R-y), fi( Ry, R-0)).

Remark 7. If R; and R} are quasi-linear, the inequality in Definition 11 is equivalent
to vi(a! (R}, R_)) — viw! (Ri, R—y)) < vj(x] (R}, R=3)) — vi(a! (Ri, R_)).

Monotonicity is known to be a necessary condition for strategy-proofness.
Fact 2. (Kazumura et al., 2020) Each strategy-proof mechanism is monotonic.

Given a strategy-proof mechanism f, i € N, and R_; € R"!, for each pair
(x,t), (y,s) € O{(R_i), x =y implies t = s. Thus, for a strategy-proof mechanism f,
we can define a mapping t/ (R_;,-) : X/(R_;) — R such that for each z € X/ (R_,),
(z,t] (R_;,x)) € of (R_;). Given a strategy-proof mechanism f and z € X/ (R_;), let
I (R_i,z) = (2, t] (R, 2)).

)

Lemma 9. Let f be a strategy-proof mechanism on R™. Leti € N and R_; € R 1
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be such that X! (R_;) = X. Then, the vector (t{(R_;;x))sex is object monotonic.

Lemma 10. Let f be a strategy-proof mechanism on R"™. Leti € N and R_; € R !
be such that X! (R_;) = X. Denote t = (t/ (R_;,2))pex. Let x € X and R; € RYT.
Then, ! (R;, R_;) = x.

Finally we provide a fact and a lemma derived from efficiency and strategy-
proofness. If R O R°, then by Fact 1, an efficient and strategy-proof mechanism

on R" coincides with a Groves mechanism on the quasi-linear domain.

Fact 3. Let R be such that R O R and f be an efficient and strategy-proof mecha-
nism on R"™. For each i € N, there is h; : (R2)"1 — R such that for each R € R"
with R_; € (RO)" ', t/(R) = hy(R_;) — 0;(R_;; 2! (R)).

The following lemma states that in some specific situations, efficiency and strategy-

proofness give a range of the payment of an agent who receives no object.

Lemma 11. Let R = R¥ and f be an efficient and strategy-proof mechanism on R".
(i) Assume n=2. Leti € N, j € N\ {i}, and R; € R9. Then, t/(R;;0) = 0.

(ii) Assumen > 3. Leti € N, j € N\ {i}, and R_; € R"™" be such that R; € R?
and R_; ; € (RQ(Rj))””. Denote

= max{ Z D(T)ken € (XN {2})" ka < 7}

keN\{i,j} keN
Then, —s* < t{(R_i; 0) <0.

Lemma 11 (i) states that when n = 2 and the domain is the essentially quasi-linear
domain, the payment of a loser is zero as long as the other agent’s preference relation
is quasi-linear. The s* in Lemma 11 (ii) is the maximum of the sum of valuations that
the agents other than the agents ¢ and j can achieve under the assumption that no
agent receives all the objects. Lemma 11 (ii) states that when n > 3 and the domain
is the essentially quasi-linear domain, the payment of a loser is at least —s* and at

most zero at preference profiles that satisfy the conditions specified in Lemma 11 (ii).
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B Proof of Theorem 1

We prove only Theorem 1 (i) because Theorem 1 (ii) is immediate from Theorem 1 (i)
and Proposition 1. In the proof of Theorem 1 (i), whenever we take an agent ¢, the

other agent is denoted by j.

Proof of Theorem 1 (i). The proof consists of two parts.
If part. Let R = R” and f be a generalized Vickrey mechanism on R?. First, we

show the following claim.
Claim 1. Let RER", i € N, and x € X. If VEi(x, fi(R)) > 0, then VEi(x, fi(R)) —
H(R) = Vi (x,(0,0) = V(2] (R), (0,0)).
Proof. By the definition of f, t{ (R) > 0. We also have
VE (] (R), (0,0)) =t (R) = V(2!(R), (0,0)) = (0:(R;0) — oi(R_i; 2] (R)))
=Y VA(2](R),(0,0)) = 0,(R-;; 0).

jEN
Thus, by (¢](R))en € argmax(,,) 4V (x;,(0,0)), VFi(z/(R),(0,0)) — t](R) >
0, implying f;(R) R; (0,0). Thus, fi(R) € X(R;). Hence, by R; € R¥ and

Strategy-proofness. Without loss of generality, we focus only on agent 1. Let R € R"
and R| € R, and denote R’ = (R}, R_,). We show f,(R) Ry fi(R'). Since t{(R') >0
by the definition of f, if V1 (zf(R'), fi(R)) < 0, then clearly fi(R) Ry fi(R'). Thus,
suppose VI («] (). i(R)) > 0. By (a!(R)ien € amgmas(y,_eaV" (1, (0.0)),

Vi (2{(R),(0,0)) + o1(R_1;2{(R)) > V™ (2{(R)),(0,0)) + o1(R_1;2{(R)) (1)
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By this inequality and Claim 1,

VA (@] (R), f1(R))

= t{(R) + V" (2{(R)),(0,0)) = V™ («{(R), (0,0)) (by Claim 1)
< t{(R) + o1(R_y;2{(R)) — o1(R_y; ] (R)) (by (1))
= 01(R-1;0) — 01(R_1;21(R)) + o1(R_1; 2{(R)) — o1 (R_y; 2{ (R'))
ZUl(R 10) — o1 (R_y;2{ (R))

= t/(R)). (by the definition of f)

This implies fi(R) Ry fi(R).

Efficiency. Assume for contradiction that f(R) is not efficient for some R € R%. By
Remark 3, there is ((y1, $1), (y2, $2)) € Z such that

(yi, 1) I; fi(R) for each i € {1,2} and s; + s5 > t{(R) + tJ(R). (2)

Note that for each i € {1,2}, s; = VEi(y;, fi(R)). Since f is a generalized Vickrey
mechanism, for each i € {1,2}, /(R) > 0. Thus, by (2), either s; > 0 or s, > 0.

Without loss of generality, assume s; > 0. There are two cases.

Case 1. s, > 0. By (2/(R))ien € argmax .. 4V (z;,(0,0)) and Claim 1,

t1(R) +ta(R)
= 51+ V(2{(R),(0,0)) =V (y1,(0,0)) + 52 + V2 (2f(R), (0,0)) = V' (1, (0,0))
> 51+ 82,

contradicting (2).

Case 2. s, < 0. By the definition of f, tJ(R) = V1 (z,(0,0)) — VE (2! (R), (0,0)).
Thus, by s; > 0 and Claim 1,

t{(R) +t5(R)
=51+ VT (2{(R),(0,0)) = V™ (y1,(0,0)) + V7 (z,(0,0)) = V(2] (R), (0,0))
= 51+ V(Z,(0,0)) = V™ (y1,(0,0))
> 81+ Sa,

where the last inequality follows from s, < 0 and V#1(z,(0,0)) > Vi (y, (0,0)).
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This inequality contradicts (2).

Only if part. Let R = R” and let f be a mechanism on R? that satisfies efficiency
and strategy-proofness. We do the proof in five steps.

Step 1. Leti € N and R; € R%. Then, for eachz € X, t/ (R;; x) = v;(%)—v;(T—x).%

Proof. Without loss of generality, assume i = 1. By Fact 3 and R, € R?, there exists
hy : R? — R such that for each € X, ¢ (Ry; 2) = hy(Ry) — 01(Ra; x). Note that for
each z € X, 01(Ro;z) = va(ZT — x). Further, since Ry is bounded, Lemma 8 implies
0 € X/ (R,). Thus, by Lemma 11 (i), hy(Rs) — v2(Z) = t{ (R,;0) = 0, which implies
hi(R2) = v9(Z). Hence, we obtain the desired result. [ |

Step 2. Leti € {1,2} and R € R? be such that R; € R?. Then, (!

%

(R),z](R)) €

7]
argmax(%m)eAVRi(xi, (0,0)) + vj(z;).
Proof. Without loss of generality, assume i = 1. By Step 1 and R, € R%, (0,0) €
o] (R,). Thus, by the strategy-proofuness of f, fi(R) R; (0,0). Further, by Step 1 and
Ry € R9, t{(R) = v5(2) — va(25(R)) > 0. Thus, fi(R) € X(Ry).

Let (y1,12) € A. Weshow V7 (z{(R), (0,0))+vs(24(R)) > Vi (yy, (0,0)—va(ys).

Case 1. V™ (y;, fi(R)) > 0. By Step 1 and the strategy-proofness of f, fi(R) R;
(y1, v2(Z) — v2(y2)), which implies V1 (y;, f1(R)) < v9(Z) — vo(y2). By this inequality
and t{(R) = v2(Z) — va(2§(R)), VI (y1, /1(R)) = t]{(R) < va(af(R)) — va().
By fi(R) € X(Ry), Vi (y1, fi(R)) > 0,and Ry € RF, Vi (y, (0,0))—V (2{(R), (0,0)) =
VRI(QM fi(R)) — t{(R)-
Therefore, VE (2 (R), (0,0)) + va(x} (R)) > VE (y1, (0,0)) — va(ys).
Case 2. V1 (y;, fi(R)) < 0. By the object monotonicity of Ry, (y1,0) € X(R;). By
Vi (yy, fi(R)) < 0, fi(R) P, (y1,0). This implies V(] (R), (1,0)) > t{(R) > 0.
Thus, by Ry € RE, VR (2{(R), (0,0)) =V (y1, (0,0)) = V(] (R), (11, 0)) > t{(R).
By t{(R) = vs(2) — va(x4(R)) and vy(Z) — va(y) > 0, va(wh(R)) — va(ys) =
—(v2(2) = va(23(R))) + v2(T) — va(y) < t{(R).
Therefore, VE (21 (R), (0,0)) + va(zf(R)) > VE (y1, (0,0)) + va(ys). [

23t is guaranteed by Lemma 8 that Xif(Rj) =X.

27



Remark 8. By Step 2, for each ¢ € N, each R; € R, and each x € X, thereis R; € RC
such that =/ (R;, R;) = x. Hence, for each i € N and each R; € R, X/(R;) = X
Step 3. Leti € {1,2} and R € R%. Then, t/(R) = V% (z,(0,0))-V?%(z/(R),(0,0))+
t/(R;;0).
Proof. Without loss of generality, assume i = 1 and #{ (R) # 0. Further, by Remark 8,
we can assume R; € R without loss of generality. Assume for contradiction that
t{(R) # VR (z,(0,0)) — V2(z{(R), (0,0)) + t{(Ry; 0).
Let
Suin = min{t] (R) — ] (R; 0), V/2(z,(0,0)) — V(23(R), (0,0))}, and
Omax = max{t! (R) — t{ (R,;0), V2(z, (0,0)) — V(21 (R), (0,0))}.
Clearly, Omin < Omax. By 2 (R) # 0 and X{ (Ry) = X, t/(R) > t{(R,; 0).2* By object
monotonicity, V2 (z, (0,0)) — VF2(z](R), (0,0)) > 0. Thus, 6y > 0. Let d € Ry
be such that i, < d < dmax-
Let (€;)zex € R'jﬂ be an object monotonic vector that is sufficiently close to 0.2

Note that since (€;)zcx is object monotonic, for each z € X \ {0}, ¢, > 0. Let
R} € R? be such that for each x € X \ {0},

. d+e, ifz>zl(R),
vy(z) = )
€ otherwise.

Since (€;)zex is object monotonic, R} is object monotonic. Denote R’ = (R}, Ra).
Claim 1. z{(R') = 0.
Proof. Assume for contradiction that -/ (R') # 0. We have three cases.

Case 1. z{(R') = z{(R). By strategy-proofness, fi(R') = fi(R). Since d < Omax
and €, p is sufficiently close to 0, Vi (z](R)) = d + €f(r) < Omax- If Omax = tH(R) —
H(Ry:0), then v (¢! (R)) — t](R) < —t!{(Ry;0)). This implies { (Rs; 0) P{ fi(R) =

24By X/ (Ry) = X, there is R} € R such that #f (R}, Ry) = 0. If t{ (R) < t{ (Ry;0), then by the
object monotonicity of R}, fi(R) P| (O,t{ (R2;0)) = f1(R}, R2), contradicting strategy-proofness.
Thus, t{ (R) > t{ (R2;0).

2For example, take (€;)zex that satisfies ¢ = 0 and €z < min{dyax — d, ming ,ex v1(v) —
v1(y), ming ,ex V72 (2, (0,0)) — VF2(y, (0,0))}. Then the proof of Step 3 works with this (€;)zex-
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f1(R'), contradicting strategy-proofness. If dpay = V2(Z, (0,0))— V2 (2] (R), (0,0)),
then v (0)+V (%, (0,0)) > v} («] (R)+V ™ (24 (R). (0,0)) = v} (] (R))+V " (23(R), (0,0)),
contradicting Step 2.

Case 2. 2] (R') > 2/ (R). Since € of () a0d €1 ) are sufficiently close to 0, v (2] (R'))—
v (2] (R)) = €y~ €l m) < vi (2] (R))) — vy («] (R)). This contradicts Fact 2.

Case 3. z/(R) £ «!(R). By z{(R) # 0, 2}(R') # &. Thus, since € (r) 18 suffi-
ciently small, o/ (z] (R')) = €t () < VB (z,(0,0)) — VE(z](R'), (0,0)). This implies

v1(0) + V(2. (0,0)) > vj(z] (R )) + VR (25 (R),(0,0)), contradicting Step 2. [

k’m—-

We derive a contradiction for each of the following two cases.

Case 1. 6, = t](R) — t{(R»;0). By d > Spin, 4w >0, and Claim 1, v} (2! (R)) —
H(R) = d+ ¢ () — 1 (R) > in — t{(R) = =t{(R5;0) = vj(w{(R)) — #{(R'). This

inequality implies fi(R) Pj fi(R'), which contradicts strategy-proofness.

Case 2. Omm = V(% (0,0)) — VR2(24(R),(0,0)). By Claim 1, z}(R) = z.
Since vj(¢{(R)) > d > G = V'™(2,(0,0)) — V™(23(R),(0,0)), vi(z{(R)) +
VE (2](R), (0,0)) > v} (zf (R)) + VE(z(R'), (0,0)). This contradicts Step 2. M

Step 4. Leti € {1,2} and R € R%. Then, t{(R) = V(z,(0,0)) -V (2! (R), (0,0)).

Proof. Without loss of generality, assume ¢ = 1. By Step 3, it suffices to show
t/(R,;0) = 0. Assume for contradiction that / (Ry;0) # 0.

Claim 1. There is a bounded R € R such that t}(R};0) # 0.

Proof. Let € € R, be such that e < [t](R,;0)|. Let R, € R? be such that for each
r € X \ {0}, vi(z) = VE(z,(0,0)) + €

Let t,s € R¥I be such that for each z € X, t, = ¢! (Ry; x) and s, = ¢/ (R; ). By
Remark 8, they are well-defined, and by Lemma 9, are object monotonic.

By Step 1 and R, € R?, so = 0 and s; = v4(Z). If tg < 0, then ty < s, and thus,
t and s satisfy the condition of Lemma 4 for 0. On the other hand, if g > 0, then by
Step 3, € < to, and sz = v4(Z), tz = VF2(7,(0,0)) +to > V(Z,(0,0)) + € = v4(z) =
sz. Hence, in this case, t and s satlsfy the condition of Lemma 3 for z.

Therefore, by Lemmas 3 and 4, there is a bounded R} € R” such that R} € R{g N
RYT. By Lemma 10, 2! (R}, Ry) = 0 and ! (R}, R,) = z. Therefore, 2 (R}, Ry) =
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z and =} (R, R,) = 0.

Now, we show t}(R];0) # 0. Assume for contradiction that t](R;0) = 0. By
23(R}, R,) = 0, fo(R}, R,) = (0,0). However, by the definition of R}, VF2(z, (0,0)) <
v (). By fo(R}, R}) = (0,0) and 24 (R!, Ry) = Z, this inequality contradicts Fact 2. O

Since R} is bounded by Claim 1, there are 5, s € R, such that for each (z,y) € X
and each t € R, s < V¥ (x, (y,t)) —t < 5. Let t € RI¥I be such that for each z € X,
ty = t3 (R}, z). By Remark 8, t is well-defined, and by Lemma 9, is object monotonic.

There are two cases.

Case 1. ty < 0. Let R} € R% be such that for each z € X \ {0}, v/(z) > 5. Let
s € RI¥I be such that for each z € X, s, = tJ(R!; z). By Remark 8, s is well-defined,
and by Lemma 9, is object monotonic.

By Step 1 and R} € R%, so = 0 > to. Thus, t and s satisfy the condition of
Lemma 4 for 0. Therefore, by Lemma 4, there is By € R” such that R} € R{g N
RYMT. By Lemma 10, 2§(R}, RY) = 0 and 2}(RY, Ry) = &. Therefore, z{(R;, Ry) =
z and xf (R!, RY}) = 0. However, Vi (z, f1(R!,RY)) — t{ (R!,R}) <5 < o}(z). This

contradicts Fact 2.

Case 2. to > 0. Let R} € R? be such that for each x € X \ {0}, v{(z) < s. Let
s € RIXI be such that for each z € X, s, = t;(R’l’; x). By Remark 8, s is well-defined,
and by Lemma 9, is object monotonic.

By Step 1 and R} € RY, so = 0 < to. Thus, the pair ¢, s satisfy the condition of
Lemma 3 for 0. Therefore, by Lemma 3, there is Ry € R” such that Rf € R N
RYG . By Lemma 10, 23 (R, RY) = & and 2 (R/, RY) = 0. Therefore, z! (R}, R)) =
0 and =] (R!, RY) = z. However, Vi (z, fi(R}, RY))) — t/ (R}, RY) > s > v/(Z). This
contradicts Fact 2. |

Step 5. Completing the proof.

Using Step 4 and following the proof of Step 2, we can show that for each R € R2,
Vi (2{(R),(0,0))+V (2] (R), (0,0)) = max(s, apea VI (21, (0,0))+V (22, (0,0)).
Hence, by Step 4, we obtain the desired result. [ |
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C Proof of Theorem 2

Let R = R¥. Assume for contradiction that there is a mechanism f on R" that
satisfies efficiency and strategy-proofness.

We first define three vectors that will be used in the proof. Let (€;)zex, (€))zsex, (€2)zex €
]R'f' be object monotonic vectors that are sufficiently close to 0 and satisfy the fol-
lowing: For each z € X and each (y,y') € X,*¢

€, <€, —€yand €, <€, — €, (3)
We do the proof in seven steps.
Step 1. Construction of a preference profile..

Let 27 € X \ {0,z} and x5 = 7 — x}. For each i € {1,2}, we define a preference
relation R; as follows. For each ¢t € R and each z € X \ {0}, let
o8 +42 4+t if v =z,
8a+22+¢€,+t ifxf <x#z,

VHEi(z,(0,1) =
58ar + 22 +1 it v = a7,

€ +1 otherwise,
\

where « is defined by a = med{0, + 2,1}.?" Note that a € [0,1].%®

Figure 3 illustrates R; for i € {1,2}. Note that for each t € R with —2 <t < —1,
VEi(..(0,t)) is a convex combination of V% (., (0,—2)) and V(- (0,—1)). By the
constructions of Ry and Ry, R; and Ry are bounded and object monotonic. Moreover,

as shown in the following claim, R; and R, are essentially quasi-linear.
Claim 1. R, R, € R”.

Proof. We prove only that R, € RY, since Ry € R¥ can be shown in the same
manner. Let (x,t) € X(R;). By Remark 4, it suffices to show that VI (z, (x,t))—t =
Vii(z,(0,0)) — VI (z, (z,0)).

26For example, let g = € = €y = 0, and for each z € X \ {0}, let ¢, = m) € m(z)

tm(z)?> and

8]~

€= n(:z((?))?»' The proof works with these €, ¢, and ¢”.

2"We denote by med{0,¢ + 2,1} the median of three numbers, 0, ¢ 4 2, and 1.
2Ift < -2, then a =0, if t > —1, then a = 1, and if —2 <t < —1, then a =t +2 € [0, 1].
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Payment

-1 (0,0)

Figure 3: An illustration of R; for i € {1,2}.

Without loss of generality, assume z # 0. If x > 27, then it follows directly from
the definition of Ry that Vi (z, (z,t)) —t = VF1(7,(0,0)) — Vi (x,(Z,0)).

Suppose * % z;. Let s = VI (0, (z,t)). If s < —1, then since ¢, is sufficiently
close to 0, t = V1 (z,(0,s)) < Vi (z,(0,—1)) =€, —1 < 0. Thus, by (z,t) € X(Ry),
s > —1. This implies V1 (z,(0,s)) = 100 + s. Therefore, V1 (Z, (z,t)) —t =
VE(z,(0,5)) — VEi(z,(0,5)) = 100 — ¢, = VF1(z,(0,0)) — Vi (z,(7,0)). Hence,
R, € RE. O

Let Ry € R¥ be such that for each z € X \ {0},
e, ifx#z,
60 if x =z.

v3(r) =

For each i € N\ {1,2,3}, let R; € R? be such that for each z € X \ {0}, v;(z) = €.
Denote R = (Ry,..., R,).

We conclude this step by stating several properties of R. Some of these properties
are immediate and therefore omitted. The first property gives an upper bound for the

sum of the valuations that the agents other than agents 1 and 2 can achieve under the
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assumption that no agent receives z. This fact will be used in later steps to decide

the payments of agents 1 and 2 at some preference profiles.

Property 1. Let (z;)ieny € (X\{Z})" be such that 3 -,y xi < T. Then, 3 oz 19y VilTi) <
1.

Proof. By 3 # ¥, v3(x3) = €,,,. For each i € N\ {1,2,3}, vi(x;) = €. Since (€} )zex
and (€;).ex are sufficiently close to 0, 7y 119y VilTi) < 1. O

By (3), for each i € N\ {1,2,3}, R; is negligible with respect to Rj.

Property 2. For eachi € N\ {1,2,3}, R; € R9(R3).
By Property 2 and Lemma 7, we obtain the following.

Property 3. For each (R}, R,) € R? and eachi € N\{1,2,3}, 2/ (R,, R}, R_15) = 0.
The following property is immediate from the definitions of (€/),cx and Rs.

Property 4. Let v € [0,50] and R, € R? be such that for each v € X \ {0,z},
vi(1) = v + €, and v}(Z) > 60. Then Rz € R9(R}).

The final property characterizes the packages that agent 3 can obtain.
Property 5. Leti € {1,2} and R, € R. Then, x4 (R}, R_;) = 0 or Z.
Proof. Without loss of generality, assume ¢ = 1 and denote R’ = (R}, R_1). Assume
for contradiction that z4(R') € X \ {0,Z}. Let « = 2} (R') + z(R'). By z(R') # 0,
z > a3 (R). Thus, VR (z, fo(R)) - h(R) > &, — €4

Therefore,

(R’

VI (2, fo(R') + V0, f5(R)) = ex = €1y + th(R) + t{(R') — v3(a}(R))
=€~ €y T B R) 5 (R) =y
> t(R) + (R,

where the equality follows from the definition of R3 and the last inequality follows

from (3). This inequality contradicts Lemma 6. O

Step 2. Either =i (R) = &, or 2{(R) = 2% and 23 (R) = 3.
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Proof. Assume for contradiction that z3(R) # Z, and that either =] (R) # =¥ or

23(R) # x%. By Property 5, z}(R) = 0. By Property 3, for each i € N \ {1,2,3},

2/(R) = 0. Thus, z{(R) = & — 2 (R). This implies 2 (R) # 2% and 23 (R) # 3.
Denote s; = V#1(0, f1(R)) and s, = V72(0, fo(R)). There are three cases.

Case 1. z!(R) = z or 2} (R) = z. Without loss of generality, we assume 2/ (R) = z.
By the definition of Ry, VF (2%, f1(R)) = t{ (R)—20. By 23 (R) = 0 and the definition
of Ry, VE2(z%, fo(R)) > t5(R)+22. Thus, VE (2%, fi(R))+ V2 (23, fo(R)) > t{ (R) +
tJ(R), contradicting Lemma 6.

Case 2. z{(R) # x% and =} (R) # 3. For each i € {1,2},
V(7 fi(R)) = t](R) = V(a7 (0,5,)) = V(2] (R), (0,5,)) > 22+ s — (€, + i) >0,

where the last inequality follows since €, 5, is sufficiently close to 0. Thus, Vi (21, f1(R))+
VE (235, fo(R)) > t{ (R) + ] (R), which contradicts Lemma 6.

f

Case 3. z{(R) > 2% or =} (R) > x%. Without loss of generality, assume 2/ (R) > 7.

By Case 1, we can also assume z] (R) # & without loss of generality. By the definition
of Ry, VI (a3, fu(R)) — () = VA (af, (0, 51)) — VI (2l (R), (0, 1)) = —,1
By ! (R) > z*, z}(R) # 3. Thus, as we have shown in Case 2, V2 (z3, fo(R)) —
tH(R) > 22—€ s (R Since € f(R) and €, 5, are sufficiently close to 0, Vi (21, f1(R))+
VE (23, fo(R)) > t{ (R) + t{(R), which contradicts Lemma 6. |

Step 3. 2/ (R) = «* and z3(R) = x%.

Proof. Assume for contradiction that xf(R) # x% or x(R) # 3. By Step 2,
23(R) = z, and thus, 2 (R) = 23 (R) = 0. First, we show the following claim.

Claim 1. t/(R) < —1 for some i € {1,2}.

Proof. Assume for contradiction that ¢/ (R) > —1 and t}(R) > —1. By the defini-
tions of Ry and Ry, Vi (z%, fi(R)) — t{(R) = VR (23, fo(R)) — t4(R) = 80. By the
definition of Rs, VF3(0, f3(R)) = t(R) — vs(Z) = t(R) — 60. Thus, V™ (2%, fi(R)) +
VB2 (x5, f2(R)) 4+ VE3(0, fs(R)) > t](R) + t§(R) + t}(R), contradicting Lemma 6. [J

—~

Without loss of generality, we assume t{ (R) < —1. Let R} € R? be such that for
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each z € X \ {0},
e, ifx#7z,
100 if z ==.

Let t,s € R be such that for each z € X, t, = tJ(R_;;x) and s, = t] (R}, R_1.9; 7).
By the boundedness of R}, Ry, Rs, ..., R, and Lemma 8, t and s are well-defined and
by Lemma 9, are object monotonic.

By Property 4, Ry € RP(R}). Further, by Property 2 and Lemma 1, for each
i€ N\{1,2,3}, R; € RYR3) C RP(R,). Thus, by Lemma 11 and Property 1,
—1 < 59 < 0. By to = t{(R) and Claim 1, to < s < 0.

Thus, t and s satisfy the condition of Lemma 4 for 0. Therefore, by Lemma 4,
there is R} € R” such that Ry € R{y' N Rg% By Lemma 10, 2] (R}, R_;) =
0 and 2 (R}, R}, R_1,) = 7. For each i € N\ {1,2}, since R; € R9(R}), Lemma 7
implies z! (R}, R,, R_15) = 0. Thus, 23 (R}, R}, R_1,) = x}.

By Property 3 and z/ (R}, R_1) = 0, 2} (R}, R_;) = & — 2}(R), R_1). Note that
by Property 5 @4 (R}, R_1) = 0 or . Therefore, 24 (R}, R_1) = 0 or Z.

Case 1. 23 (R),R_,) = 0. Since €ox is sufficiently close to 0, V(a3 fo(R}, R_1)) >
tJ(R), R_y) + €oy = th(R}, R_y) + vi(x3) = VB2 (a3, fo(R!, R_y)), which contradicts
Fact 2.

Case 2. z}(R,,R_,) = Z. By z}(R}, R), R_15) = x} and the definitions of R, and
R/27 VRQ(:Ev fQ(R/D R/27 R—L?)) = tg(Rllv R/27 R—L?) +20 < tg(Rllv R/27 R—1,2) + Ué(a_:) -
vy(as) = VI (z, fo(R,, Ry, R_12)), which contradicts Fact 2. |

Step 4. t/(R) > 20 for some i € {1,2}.

Proof. Assume for contradiction that ¢/(R) < 20 and tJ(R) < 20. By Step 3,
2/(R) = #} and z{(R) = x%. Note that for each i € {1,2} and each t € R
with ¢ > —2, VEi(z? (0,¢)) > 20. This implies that V1 (0, fi(R)) < —2 and
V(0, f,(R)) < —2. Thus, by the definitions of Ry and Ry, t] (R) — V1(0, f(R)) =
t3(R) = VI2(0, fo(R)) = 22.

Therefore, VE (0, f1(R)) + VE2(0, fo(R)) + Vs (z, f3(R)) = t{ (R) — 22 + t}(R) —
22 + t§(R) + 60 > t{ (R) + t](R) + t{(R), which contradicts Lemma 6. [
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Without loss of generality, we assume t{ (R) > 20. Let (8,)zex € R'jrxl be an object

monotonic and additive vector that is sufficiently close to 0 and satisfies the following;:
For each z € X \ {0}, 6, < €,.293° Let R} € R? be such that for each x € X \ {0},

20+ 0, ifzx; <zLrz,
vi(®) =404 6,; ifz =z,

Oy otherwise.

Since d,+ is sufficiently close to 0 and tH(R) > 20, we have v/ (z%) < t{ (R).
Step 5. Either =} (R, R_y) = %, or x](R}|, R_1) = 2} and }(R}, R_,) = 3.

Proof. Assume for contradiction that (R}, R_y) # &, and z](R|,R_y) # x*
or xé(R’l,R_l) # x3. By Property 5, xg(R’l,R_l) = 0. Thus, by Property 3,
z!(R|,R_y) = T —x} (R}, R_y). This implies 2 (R}, R_1) # «% and z3(R}, R_,) # 3.
For simplicity, denote R’ = (R}, R_1) in this step. There are three cases.

Case 1. z/(R)) = 0. By z{(R') = 0 and the definition of R}, Vi (z*, fi(R))) =
(R + v (x%) > t{(R) +20. By 2/ (R) = — 2(R), x}(R') = Z. Thus, by the defi-
nition of Ry, VE2 (x5, fo(R')) = t](R) —20. Thus, Vi (z7, fi(R))+VE2 (235, fo(R)) >
t1(R") 4+ t}(R'). This contradicts Lemma 6.

Case 2. zJ (R') = Z. By 4 (R’) = 0 and the definition of d;, we have V1 (0, f1(R')) +
VEs(z, fa(R')) = H{(R)) = v}(2) + t4(R') + v3(%) = t{(R') — 40 — &5 + t5(R') + 60 >
tI(R) + t{(R'). This contradicts Lemma 6.

Case 3. 2% < 21 (R') # Z. By the definition of R}, Vi (z%, fi(R')) = t] (R') +v|(2%) —
V(2! (R)) = t](R)) + 20 + 0oy — 20 = 0,1y = (R — 0,f (Rry—yz» Where the last
equality follows since (0,).cx is additive.

By z}(R|,R_1) = 0, 2/(R) — 2* > 0, and the definition of Rs, V(2! (R') —
v, fo(R) = () + vs(ay (R) — a}) = th(R) + €y

VR, A(R)) + VE (2] (R) — a7, f5(R)) >

/
Therefore, by 536{(3,),:,3; < ol (R) =

A vector t € RIXI is additive if for each pair z,y € X, tyy, =ty +t,.

30For example, take any 0’ € Ry, such that & < min{1,#/ (R) — 20}, and let (8,;)zex € RLXJFl be
such that §p = 0 and for each z € X \ {0}, §, = %. Then our proof works with this (d;).cx,
and (€;)zex, (€))zex, and (€)cx defined in footnote 26.
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tI(R) + t{(R'). This contradicts Lemma 6.

Case 4. 27 £ x!(R') # 0. By the definition of R}, V& (0, fi(R)) = t{(R) —

V(2] (R)) =t (R) — 0,1 (- By the definition of Ry, Vs (z] (R, fs(R)) = §(R') +

vl (R) = () + ¢y
Therefore, by 8,1 (g < €y . VE(0, fi(R)) + VEs (2l (R), f3(R)) > t(R) +

1

tJ(R'). This contradicts Lemma 6. |

Step 6. 2/ (R|,R_1) = % and 2 (R}, R_,) = 3.

Proof. Assume for contradiction that ={ (R}, R_,) # %} or z(R!,R_)) # z}. B

Step 5, #} (R}, R_1) = z, and hence, 2J (R}, R_,) = 2} (R}, R_;) = 0.

Claim 1. tJ(R|,R_,) < —1.

Proof. Assume for contradiction that t}(R}|, R_;) > —1. Then, by z}(R}|, R_1) = 0

and the definition of Ry, V2 (a3, fo(R}, R_1))—t5(R,, R_,) = 80. By 24 (R}, R_)) = =

and the definition of Rs, V5(0, f3(R:, R_)) = t](R}, R_1)—vs(Z) = t§(R}, R_1)—60.

Thus, V2 (x5, fo(R, R-1)) + VR(0, f3(Ri, R-1)) > t5(R}, R_1) + t5(R}, R_y). This

contradicts Lemma 6. O

Let R € R? be such that for each z € X \ {0},

e, ifx#z,
100 if x = Z.

vi(x) =

Let t,s € RIX! be such that for each = € X, t, = t§(R,, R_15;z) and s, =
tg(R’l’, R_; 5;x). By the boundedness of R}, R, Rs, ..., R, and Lemma 8, t and s are
well-defined, and by Lemma 9, are object monotonic.

By Property 4, Ry € RP(R}). Further, by Property 2 and Lemma 1, for each
i€ N\{1,2,3}, R, € ReR3) € RYR/). Thus, by Lemma 11 and Property 1,
—1 < 59 < 0. Since to = t§(R!, R_;) < —1 by Claim 1, o < so < 0.

Thus, t and s satisfy the condition of Lemma 4 for 0. Therefore, by Lemma 4, there
is Ry € RY such that Ry € Ry NRy;. For simplicity, denote R' = (R}, Ry, R-1)
and R" = (R/, R}, R_y ) in this step. By Lemma 10, z}(R’) = 0 and z}(R") = 3.

For each i € N\ {1,2}, since R; € R®(R!) , Lemma 7 implies 2/ (R") = 0. Thus,
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2! (R") = x*. There are three cases.

Case 1. z](R) € X\ {0,z}. By z{(R) §é {0,z} and the definitions of R,
VIS (R =)+ 4(0) = () 2 )+ 206 =g

By Property 3 and z}(R) = 0, 2/(R) = z — 2§(R). By 2J(R) ¢ {0,z},
z3(R') ¢ {0, z}. Thus by the definition of Rs, VR3( f3(R)) = th(R) —vs(24(R)) =
B(R) = €.,

Since (8, )zex and (€)),ex are sufficiently close to 0, V(z, fi(R'))+V (0, f3(R')) >
tI(R) + t{(R'). This contradicts Lemma 6.

Case 2. zJ(R) = 0. By the definition of R}, VFi(zt, fi(R)) = t](R) + v|(z}) =
t{(R') + 20 + d,: By the definition of R{, VA (z}, fi(R)) = tH(R) + vl(x3) =
t{(R') + €.

Since e, is sufficiently close to 0, VE (zt, f1(R)) > VR (2%, f1(R))). By 2](R") =
x7, contradicting Fact 2.
Case 3. z!(R') = z. By 2J(R") = 2% and the definition of R}, V& (z, fy(R")) =
tH(R") + v} (z) — Vi(a}) = t(R") + 20. By «f(R") = 2% and the definition of R/,
VRL(z, fiI(R") = H(R") + v{(Z) = v{(2]) > t]{(R") + 20. Thus, VFi(z, fi(R")) <
VI (z, fi(R")), contradicting Fact 2. |
Step 7. Completing the proof.

By Step 6, = (R,,R_y) = 2% and z}(R,,R_,) = x5. By Step 3, zJ(R) = z7.

Thus, by strategy-proofness, fi(R}, R_1) = fi(R). Let R, € R% be such that for
each x € X \ {0},

50+¢€, ifx #z,
65 ifx =12.

Let t,s € RX be such that for each z € X, t, = t/ (R_y;x) and s, = t] (R}, R_1.9; 7).
By the boundedness of R}, Ry, ..., R, and Lemma 8, t and s are well-defined, and by
Lemma 9, are object monotonic.

By Property 4, Ry € R9(R,). Further, by Property 2 and Lemma 1, for each
i€ N\{1,2,3}, Ri € R(R3) C RQ(R') Thus, by Lemma 11, so < 0. By strategy-
proofness, fi(Ry, R-1) Ry z{(R-1;0) = (0 to). Thus, by fi(Ry, B1) = fi(R) =
(1.t (R)), to = VIi(0, fi(Ry, R )) t{(R) — vi(z}) = {(R) = (20 + 65) > 0
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where the inequality follows since t{ (R) > 20 by Step 4 and d,+ is sufficiently close to
0.

If so < 0, then t and s satisfy the condition of Lemma 4 for 0. If s = 0, then
t and s satisfy the condition of Lemma 3 for 0. Thus, by Lemmas 3 and 4, there
is R{ € R¥ such that R{ € RN RY. By Lemma 10, #{(R{, R_1) = x} and
2] (R! R}y, R_15) = 0.

For each i € N\ {1,2}, by R; € R9(R)) and Lemma 7, z/ (R}, R,, R_15) = 0.
Thus, 23 (R/, Ry, R_15) = Z. Further, by Properties 3 and 5, =} (R?, R_y) = x%.

By the definition of Ry, VE2(z, fo(R/, R_,)) = t}(RY, R_1) 4 20. By the definition
of Ry, VI2(z, fo(R{, R_1)) = tJ(RY{, R_y) + v}(Z) — vh(w3) < t§(R}, R_y) + 20. Thus,
VE(z, fo(RY, R_1)) > VT2 (z, fo(R!, R_)). This contradicts Fact 2. |

D Proof of Proposition 1

Assume for contradiction that there is an efficient and strategy-proof mechanism f
on R"™ such that it is a (generalized) Vickrey mechanism on (R%)". We do the proof

in four steps.
Step 1. Constructing a preference profile.

By R € RE, there is R, € R such that R; ¢ RY. By Remark 4, there is
(z*,t) € X(R) such that VI (z, (z*,t)) —t # V*1(z,(0,0)) — VE(2*,(0,0)).

By the continuity of R;, we can assume 0 < ¢ < V(2% (0,0)) without loss
of generality. Also by the continuity of R;, there is s € R such that 0 < s <
VE (2% (0,0)) and VI (z, (2, ) —t £ VI (Z, (2%, 5)) —s. Without loss of generality,

VR (2%, 1)) —t > VYT, (2%, 5)) — s. (4)

Let (€;)zex € ]RLXl be an object monotonic vector that is sufficiently close to 0

and satisfies ¢g = 0.3!

31Formally, the proof works if we take (€;)zcx € R‘fl that is object monotonic and satisfies
the following: €o = 0, and for each (z,y) € X, 0 < €, + ¢, < min{min ,ex V7 (2/, (2%,1)) —
VEL(y (2*,1)), mings yyex V(2 (2%, 5)) = V(Y (2%, 5), VI (Z, (2,1) -t — (VT (z, (2%, 5)) —
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Figure 5: An illustration of R5.

Let Ry € R? be such that for each x € X \ {0},
vy(z) = VEY(Z, (2%, 1)) — max{VF(z — z, (2",1)),0} — €z
Let R, € R? be such that for each x € X \ {0},
VE(z, (2%, 8)) — max{VE(z — z, (2*,3)),0} + ez if v € {z — a*, 7},

vh(r) =
’ VE(z, (2%, 8)) — max{VE(z — z, (2*,5)),0} — €z_, otherwise.
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Figures 4 and 5 illustrate Ry and RY, respectively. The following claims show Ry and

R, are object monotonic, and hence Ry, R, € R€.
Claim 1. R, is object monotonic.

Proof. Let (z,y) € X. If y = 0, then since ¢, is sufficiently close to 0 and Ry is object
monotonic, ve(z) > 0.

Suppose y # 0. By x >y, T —x < T —y. Since R; is object monotonic, V1 (z —
z, (z*,1)) < VE(Z —y, (2,1)) and €;_, < €z—,. Thus, va(z) = VI (z, (z%,¢)) —
max{ V¥ (z — z,(2*,1)),0} — ez, > VI (Z, (2" 1)) — max{VF (T — y, (2*,1)),0} —
€5—y = U2(Y). O

Claim 2. R is object monotonic.

Proof. Let (z,y) € X. If y = 0, then since ¢, is sufficiently close to 0 and R; is object
monotonic, vh(x) > 0. Suppose y # 0. By x >y, T — 2z < £ —y. There are two cases.

Case 1. VI (z —y (2%,5)) > 0. By T —2 < T —y, and VE(z — y, (2*,s)) > 0,
max{V (7 — x, (z%,5)),0} < VBT —y, (2%, 5)) = max{V*(z — y, (2*,5)),0}. By
this inequality and since (e,/)cx is sufficiently close to 0, max{V ' (z—z, (x*,s)),0}+
€z—o < max{VE (7 —y, (2% 5)),0} — €z

Therefore, vh(x) > VE(Z, (2%, s))—max{VF (z—x, (2%, 5)),0} —ez_, > VFI(Z, (2%,
max{V ™ (z —y, (z*,5)),0} + €z > v}(y).

Case 2. VIi(z —y (2*,8)) <0. By xz >y, y # z. By Vi(a* (2 5)) = s > 0,
y # T —z*. Thus, vh(y) = VE(Z, (2% ) — max{V(z — y, (2%, 5)),0} — €z, =
VR (z, (2*,5)) — €z—y, where the last equality follows from V1 (z — y, (z%,5)) < 0.
Byz—uz<z—vy, VBT —ux(2%s)) < V(T —y, (2% 5)) < 0. Thus, vh(x) >
VE(z, (2%, s)) — max{VF(z — x,(2%,5)),0} — ez, = VIE(Z, (2 5)) — €z_,. Since

(€x)arex 18 Object monotonic, vh(x) > vh(y). 0

Finally we define preferences of the other agents. For each i € N \ {1,2}, let
R; € R be such that R; € R?(R,) and R; € RP(R}).*? Denote R = (Ry, Ry, ..., Ry,)

32We can pick such preferences from R since R C R.
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and R’ = (R, R}, ..., R,). Since f is efficient and Ry, R}, R3, ..., R, € R%, Lemma 8
implies X/ (R_,) = X{(R",) = X.

Since f coincides with a Vickrey mechanism on (R%)" and Ry, Ry, Rs,..., R, €
RY, the option sets of agent 1 under f for R_; and R’ ; coincide with the ones under
a Vickrey mechanism, respectively. Further, by Rs,..., R, € RY(Ry) N RP(RY),
Lemma 2 implies that for each x € X, 01(R_1;2) = vo(Z — x) and o0y(R ;) =
vi(z — x). Hence, for each € X, t{(R_1;x) = v2(Z) — va(Z — ) and (R y;2) =
vh(z) — vh(T — x).

Step 2. For each x € X \ {z}, 2/ (R_1,%) P, ] (R_, 2).

Proof. First note that by t < Vi (2*, (0,0)), vo(z) = VI (z, (z%,1)) < VF1(z,(0,0)).
This implies 2/ (R_1,Z) = (Z,v2(Z)) P; (0,0).

Next, let ¥ € X\{Z,0}. Then, vo(Z)—vq(z—2) = Vi (Z, (2%, 1)) —(VF(Z, (z*,1))—
max{ V¥ (x, (z%,1)),0} — €) > max{VF(x, (z%,1)),0} > Vi (x, (2% t)). This im-
plies (x*,1) Py (x,v5(Z) — vy(x)) = 2/ (R_1;z). Therefore, z{ (R_1;: %) = (Z,14(Z)) =
(z, VE(z, (2%, 1)) I, (z*,t) P, 2/ (R_y;2). |

Step 3. For each = € X \ {2*}, 2/ (R, 2*) P, 2/ (R |, 2).

Proof. Note that t] (R ;%) = vy(Z)—vh(Z—a*) = VBT, (2%, 5))+ez—(VF(Z, (z*,5))—

VE (27 (2%,8)) + €z) = s

By s < VEi(z*(0,0)), 2/ (R, ,2*) = (25, 5) P, (0,0). Also, since v}(z) >
VR, (2%,5)), 21 (RLy,2%) = (2%,) P1 (7,04(7)) = 2{ (RL,, 7).

Now let x € X \ {0,2*,Z}. Then, z — x # & — 2*. Thus,

V() — vp(T — 2) = VT, (27, 5)) + & — (VI (T, (27, 5)) — max{V (=, (27, 5)),0} —
= max{V (z, (2*,5)),0} + € + €
> Vi (x, (2%, 5)).

This implies 2/ (R_;2*) = (z*,5) Py (2,04(%) — v4(z — z)) = 2 (R'_,; 2). |
Step 4. Completing the proof.

By Steps 2 and 3 and strategy-proofuess, 2} (R) = z and 2 (R') = z*. For each

i€ N\ {2,3}, since R; € R9(Ry) NRO(R,), Lemma 7 implies 2/ (R) = «/ (R') = 0.

Therefore, z3(R) = 0 and 23(R') = Z — 2*. However, by (4) and since (&,)qex is
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sufficiently close to 0, vo(Z —2*) = VI (T, (2*,1)) =t —€pr > V(T (2, 5)) —s+€; =
vy(z — x*). This contradicts Fact 2. |

E Proofs of Lemmas

We give proofs of Lemmas. Since Lemmas 1 and 10 are straightforward, their proofs

are omitted.

Proof of Lemma 2. Let © € X and (zg)ren € A be such that z; = x and 0;(R_;;z) =
> ken\(iy Vk(2k). Assume for contradiction that there is & € N\ {i,j} such that
x> 0.

Let (yo)een € A be such that y; = x;, y; = x; + z%, ypx = 0, and for each
e N\Ai,j.k}, yo = . By 0i(Royix) = Y peng V(Tr)s Dpen gy Ve(ve) <
ZkeN\{i} vk (k).

However, by Ry € R9(R;) and z;, > 0, vj(x;) + vg(zx) < vj(z; + z). Thus,
2 vemgiy Velye) = 05+ 2k) + D ien gi gy 0e(T) > D penn gy Vi (k). This is a con-
tradiction. [ |
Proof of Lemma 3. Let Xy = {y € X : t, > 0}. Let t* € R be such that for each
yeX,

. fmingt, s} ifye X\ o),

0 otherwise.

~
<

Figure 6 illustrates t, s, and t*. Since t and s are object monotonic, for each

/ . / * * / * * 33
(y,y) € X with y,9 € X, t; > ti,. Further, for each (y,y') € &, t; > 3.7 Let
€,¢ € Ry, be sufficiently close to 0 and satisfy € > ¢.3*

Fix y € X \ {z}. We prove that there is R; € R¥ such that R; € R nRYT.

We do the proof in three steps.

Step 1. Construction of a preference relation.

33Note that by sp > 0 and the object monotonicity of s, for each y € X \ {0}, s, > 0.
34For example, the proof works if € > € > 0 and 2(€ + ¢) < min{s, —

. * . s * *
by mMingrex, th, MiN(e ynex Sar — Sy, Mil(er yryex arex, L — Lo}
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Figure 6: An illustration of t, s, t*, and R;.

We define a preference relation R; as follows: For each 2’ € X \ {0}, let®
tr+e ifa =ux,
V(! (0,tg) = qtr, —e  ifa’ € X, \ {a},

7;((”;; € otherwise.

Let

MaXyrex\ X, %g if X\ X, #0,

(o)
Il

0 otherwise.
Note that by € > €, € > 4.
For each t' € [ty — 6,t§] and each 2’ € X, let

V(! (0,1)) = Vi (2, (0, 13)) — (tg — ).

Let v = Vi(z,(0,t5)). Note that if z # 0, then v = ¢* + ¢ and if z = 0, then

35Note that if + = 0, the first condition of the definition of V®i(2’ (0,tg)) is redundant since
' € X\ {0}.
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v =t§. Note also that by € > §, v — € < VEi(z,(0,t5 — 9)).3® For each 2’ € X, let?”

VR(2!(0,t5)) — € if o/ € X, U {z},

VR (2,0 — &) =
min{t,, V7 (', (0,t5 — 6))} — € otherwise.

For each t' € [V (0, (z,v — €)),t; — d] and each 2’/ € X, let
VE((0,1) = a- V(2 (2,0 — &) + (1 —a)VF(2, (0,5 — 6)),

where a € [0, 1] is such that ¢ = o - V% (0, (z,v — €)) — (1 — a)(ty — 9).
For each 2’ € X \ {y}, let
1
VI (g,5,)) = 50— 3¢

Note that since € and € are sufficiently close to 0, for each 2/ € X, V& (2, (y,s,)) >
V(2! (0,4)).%
For each t € [t§, V®(0, (y,s,))] and each 2/ € X, let

V(2 (0,8)) = a - V(' (0,15)) + (1 = )V (', (y, 5,)),

where a € [0,1] is such that t = a - t§ + (1 — a)VF(0, (y, s,)).
Finally, for each ¢ € R\ [V#(0, (z,v — €)), VT(0, (y, s,))] and each 2’ € X, let

VE(2 (z,0—€) — (VE(O, (x,v —€)) —t) ift' < VTi(0,(z,v—¢)),

VRZ' .T/, ’ Y —
. 0.6) VA (y,5,)) + 1 — VF(0, (y,5,)) 4> VO, (y:50)).

Figure 6 illustrates R;.

Note that by the construction of R;, R; is bounded. It is also clear that R; €
RYT. Further, we also have R; € R'. To see this, let o/ € X \ {z}. First,
suppose x = 0. By to > 0 and the object monotonicity of t, £,» > 0 and thus
' € X, \ {z}. Therefore, VFi(a/ (z,t,)) = VF(2',(0,t5) = t:, — € < t,, which

36Formally, V& (x, (0,5 — §)) = VEi(z,(0,t5)) —6=v—6 >v—¢

37If x = 0, then by ¢, > 0 and the object monotonicity of t, Xy 2 X \ {0}. Thus, in this case,
for each 2’ € X \ {0}, VEi(2/, (z,v —€)) = VEi(2/,(0,t)) — €.

38To see this, let ' € X. If 2/ = z, then by ¢, < s, and since € and ¢ are sufficiently close
to 0, VFi(z,(y,s,)) = s — 3¢ > 5 + & = VF(z,(0,t5)). Suppose 2/ € X \ {z}. Then, by
Sor > 5, VE(D, (y,8) = sor — 1€ > 5, — e = VFi(2/,(0,t5)). Suppose 2/ € X \ X, U {z}.

By s¢ > 0 and the object monotonicity of s, s,» > 0. Thus, since ¢ is sufficiently close to 0,
VR (2! (y,8,) > 80 — Se> I e — VR (2! (0,15)).

m(z) =
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implies (0,t9) P; (2/,t,). Next, suppose x # 0. Then, by t, < s,, t, =t = v — ¢
If ' € Xy, then VRi(2/ (z,t,)) = V(2 (0,t5)) — €=t} —e—e <ty Ifa' ¢ X,
then V(2! (x,t,)) = min{t,, V(2 (0,t5 —§))} —€ < tp. Thus, (0,t9) P; (2, t.).
Hence, R; € R%T.

Step 2. R; is object monotonic.

Proof. To show that R; is object monotonic, we need to prove that for each ¢’ € R, the
vector (Vi (2 (0,1')))rex is object monotonic. By the definition of R;, for each t' €
R, the vector (Vi (2, (0,t')))wex is either (i) obtained by shifting one of the following
vectors (VEi(2/ (2,0 — &))wex, (VE (2, (0,15 — 0)))wex, (VE(2',(0,t5)))wex, and
(VEi(2', (y,8,)))erex, or (i) a convex combination of two of these four vectors. Thus,
we only need to show that these four vectors are object monotonic. Let (2/,y") € X.

We first show that (V% (2", (0,t3))).nex is object monotonic. Suppose i’ € X, U
{z}. By t, > 0, 2’ > ¢/, and the object monotonicity of t, we have ' € X,. Thus,
VE (2, (0,t5)) > to — e and VFi(y',(0,5)) < ti, + € By 2’ € Xy and s, > t, > 0,
ty = min{t,, sp} > min{t,, s, } = t7,. Thus, since € and ¢ are sufficiently close to
0, VEi(2' (0,t5)) > VEi(y,(0,t;)). Next, suppose ¢/ € X \ (X; U{x}). Then, by
m(z') > m(y’) and since € is sufficiently close to 0, V7 (z', (0,t5)) > 7:1((9;))5 > Tn((g))g =
VEi(y (0,t5)). Hence, (VTi(x”,(0,t5)))ex is object monotonic.

Since Vi (2", (0,t5—05)) = VEi(2",(0,t5))—0 for each 2” € X and (VZi (2", (0,t5)))wrex

is object monotonic, (Vi (z”,(0,t5 — §)))wrex is also object monotonic.

Next, we show that (Vi (2", (z,v — €)))mex is object monotonic. Suppose y' €
X, U{z}. By 2 > v, 2 € X.. Since (VE(2",(0,t))))sex is object monotonic
as we have shown, V(' (v,v —€)) = V(2 (0,t5))) — € > VE(y (0,t5))) —
€ = VEi(y, (z,v —€)). Next, suppose ¢y ¢ X, U{z}. Then, V(2 (z,v —€)) >
min{t,, V(' (0,t5—0))}—€ and Vi (y/, (z,v—€)) = min{t,, VTi(y, (0,t5—0))} —€.
Since t, > t, and (Vi (2", (0,t5 — §)))smex is object monotonic as we have shown,
VE(2 (z,0 —€)) > VIi(y, (z,v —€)). Hence, (VE(z" (x,v — €)))wex is object
monotonic.

Finally, since s is object monotonic and ¢ is sufficiently close to 0, it is immediate

that (V% (2", (y,s,)))srex is object monotonic. Hence, R; is object monotonic. M

Step 3. R, ¢ R,
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Proof. Let (z',t') € X(R;). By Remark 4, it is enough to show Vi (z, (z/,t')) — ' =
Vi ( 7( 70)) - VRl( 7(070))’
Let s = VE(0, (2/,¢)). By (2/,#) € X(R;) and the definition of t*, s’ < 0 < t5.

There are two cases.

Case 1. X, = X. By the construction of R;, for each z” € X and each s” € R with
s" < 5,
V(" (0.8) = VG, (0.85)) — (1 — ).
Thus,
Vi (z, (2, ¢) =t = V(z,(0,15)) — (t5 — s') — (V(2/,(0,15)) — (t5 — &)

= V(z,(0,5)) — V(2" (0,15))

= V"(z,(0,0)) — V(2. (0,0)),
where the last equality follows since 0 < .

Case 2. X \ X, # (. By the object monotonicity of t and X \ X # (), we have
0 ¢ X,. Hence, t§ =0.
Suppose — < s’ < 0. Then,

V(T (2, ) -t = VI(z,
—VR( z,

to)) — (to =) = (V@' (0,45)) — (tg — &)
,0)) = V(a',(0,0)).

Suppose s’ < VIi(0, (z,v—¢)). Note that if 2’ ¢ X, U{z}, then t,, < 0 and thus,
t'=VE( (0,5)) < V(2 (z,0—¢€)) = min{t,, V(2 (0,5 —0))} —€ < 0. Thus,
by (¢/,t') € X(R;), ' € X1 U{z}.

Therefore,

(0
(0

= Vi(z, (v, — &) = (V(0, (v,v — &) = &) = (VT (2", (z,0 = ) — (VI(0, (x,0 — &) —
= VHi(z, (z,0— &) = V(@ (2,0 — &)

= VRi (:Ev (07 té)) —€— (VRi(x/7 (07t8)) - E)

= V*i(z,(0,0)) — V(z/,(0,0)).

Finally suppose V% (0, (z,v — €)) < s/ < —§. Let a € [0,1] be such that s’ =
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a-VE(0,(z,v—€) — (1 — a)d. Then,

VE(z, (), 1) =t
=a -V (Z, (z,v — &) + (1 — a)VT(Z,(0,-8)) — (- V(2 (z,0 — &) + (1 — )V (2, (0, -6)))
=V*(z,(0,0)) — V(2',(0,0)).

Proof of Lemma /4. Let t* € RXI be such that for each y € X,
t, = min{t,, s,,0}.

Figure 7 illustrates t, s, and t*. It is easy to see that t* is weakly object monotonic,
i.e., for each (y,y') € &, t; > t;,. Note also that by t, < s, and t, <0, ; =t,. Let
(€y)yex € R‘Jﬁ be an object monotonic vector that is sufficiently close to 0.%° Fix
y € X \ {z}. We prove that there is R; € R” such that R; € RYT N R We do
the proof in three steps.

Step 1. Construction of a preference relation.
We define a preference relation R; as follows. For each 2’ € X \ {z}, let
VR (2,t,)) =5 — €z
Let § € Ry be sufficiently close to 0.1 For each 2’ € X \ {y}, let
V(2 (y,8,) = sz — 6.
Note that since d is sufficiently close to 0, for each 2/ € X, V(2 (2,t,)) <

V(2 (y, sy)).
Let d : X — R be such that for each 2’ € X,

d(z") = V(7. (y. 5,)) — max{V"(a", (y, 5,)), 0}

Note that for each (2,y') € X, d(2") < d(v).

39Formally, the proof works if (e,),ex is object monotonic and satisfies 0 < €p and €; <
min{—t,, ming yyex tar — ty}.

40Formally, the proof works if § satisfies 0 < § < €9, 6 < min{s, — t, : 8z >ty 2’ € X}, and
6 < min(g yyex Sor — Sy
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Figure 7: An illustration of t, s, t*, and R;.
For each t’ € [Vi(z, (x,t,)), VT (z, (y,s,))] and each 2/ € X, let
t'—d(z") if ¢ > d(a'),

VR (2,1) = e o .
a-min{V" (2, (y,5,)),0} + (1 —a) V¥ (2!, (2,t,)) ift' <d(a),

where a € [0, 1] is such that ¢ = a - d(2') + (1 — @)V Ei(z, (z,t,)).

Finally, for each ¢ € R\ [V#(0, (z,t,)), Vi (0, (y, s,))] and each 2’ € X, let
VI, (2,t2)) = (VI(0, (z,t,)) = 1) it < V(0, (2,1,)),
V(! (y,5y)) + (' = V0, (y,s,))) if ' >VF(0,(y,sy)).

Figure 7 illustrates R;. Note that by the construction of R;, R; is bounded.
Further, it is clear that R; € R%T N R%T.

VEi(2' (0,t)) =

Step 2. R; is object monotonic.

Proof. To show that R; is object monotonic, we need to prove the object monotonicity
of (VB (2, (z,t:)))wex, (VE(Z, (y,8,)))wex, and (VI (2! (Z,)))mex for each t' €
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(VE(z, (z,t,)), VTi(z, (y,s,))]. First observe that since t* is weakly object monotonic
and (€,)wex is object monotonic, (Vi (2, (x,t,)))wex is object monotonic. Note also
that since s is object monotonic and § is sufficiently close to 0, (Vi (2, (y, s,)))wex
is object monotonic.

Let ' € [VHi(z, (x,t,)), VE(Z,(y,s,))]. Now we show that (VT (', (Z,1)))wex
is object monotonic. Let (2/,y') € X. Observe that if V*(y/, (y,s,)) > 0, then by
the object monotonicity of (Vi (z”,(y,s,)))sex, we have d(z') = Vi(z, (y,s,)) —
V(' (y,s,)) and d(y') = VTi(z, (y,5,)) = V(y', (y,5,)), and hence, d(z’) < d(y').

There are three cases.

Case 1. ¢ > d(y'). By ' < VIi(z,(y,s,)), d(y') < VTi(z,(y,s,)). This inequality
and the definition of d imply V% (y/, (y, s,)) > 0. Thus, d(2') < d(y’) < t'. Therefore,
VB (z,) =t —d(@) >t —d(y) =V, (z,1)).

Case 2. d(z') <t < d(y')." By d(x') <, VE(« (z,¢)) =t —d(z') > 0. On
the other hand, by ¢ < d(y') and VTi(y' (x,t,)) < 0, VIi(y/, (z,t')) < 0. Thus,

V(! (z,) > VR, (2,1).
Case 3. ¢’ < d(2') and t' < d(y'). By the definition of R;,
V(2 (2,1)) = a-min{VF (2, (y,5,)),0} + (1 — a)VF (2, (2,t,)), and
VI, (@,1) = 8- min{V(y', (y,5,)),0} + (1 = BV, (2, ),
where « € [0, 1] and 3 € [0, 1] are such that ¢’ = o - d(2') + (1 — )V (7, (z,
t'=B-dy) + (1 —B)VEi(z,(z,t,)), respectively. Note that by d(z') < d(y'), a >
Suppose Vi (2, (y,s,)) > 0. Then, VE (' (z,t')) = (1 — a)VF (2, (z,1,)).
x' >y and the definition of (V7 (2", (x,t,)))erex, 0 > VEi(2/, (2, t,)) > V(Y (x, ))
Thus, by (1 —a) < (1-75),

VI, (2,8)) = (1= )V, (2,1) > (1= BV, (2, t:) = VY, (3,1)).

Suppose VFi(2/, (y, s,)) < 0. By the object monotonicity of (Vi (2", (y, s,)))arex,
VE(y (y,s,) < VE(, (y,s,)) <0. Also, by the object monotonicity of (Vi (2", (x,t,)))wrex,

4By d(z') < d(y'), it cannot be the case that d(y') < t' < d(z').
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where the second inequality follows from a > 8 and Vi(y/, (y,s,)) > VIi(y, (z,t,)).
|
Step 3. R, € RE.

Proof. First we show that for each 2’ € X, Vi (z,(0,0))—-V*i(2/,(0,0)) = VFi(z, (y,s,))—
VE (2 (y,s,)). If VE(0,(y,s,)) <0, it is clear that this equality holds. Suppose
VEi(0,(y,s,)) > 0. Then, Vi(0,(z,d(0))) = 0, and this implies V(z, (0,0)) =

d(0). By V%(0,(y,s,)) > 0, for each 2/ € X \ {0}, V(2 (y,s,)) > 0 and thus
d(z") < d(0). Thus, for each 2’ € X,

V(z,(0,0) = V(2. (0,0)) = d(0) — V*(a', (z,d(0)))
= d(0) — (d(«) — d(0))
= V(& (y,5y) = V(@' (3, 5))-
Let (2/,t') € X(R;). By Remark 4, it is enough to show V%i(z, (z/,¢')) — ' =
VE(z,(0,0)) — VE(z' (0,0)).
If VR(0,(«/,t')) > Vi(0,(y,s,)), then by the definition of R;, Vi (z, («/,t)) —

=V, (y,5,)) = V(' (y,5)) = V(2,(0,0)) = VF(2', (0,0)).
Suppose VE(0, (2/, 1)) < VE(0, (y,s,)). Let s = VEi(z, (2/,t')). There are three

cases.

Case 1. s’ < d(z'). By the definition of R;, t' = Vi (2’  (7,s")) < 0. This contradicts
the fact that (2/,t') € X(R;).

Case 2. s’ = d(z'). By the definition of R;, ¢’ = VFi(2/, (z, ")) = min{V (2, (y,s,)),0} <
0. Byt >0, ¢ =0 and VFi(a/, (y,s,)) > 0. Thus,

VI, (o, 1)t = d(2') = VI, (y,5,) =V (@, (4. 5,)) = V(,(0,0)) =V (2", (0,0)).
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Figure 8: An illustration of R;.

Case 3. s' > d(z'). By Vi (0, (a/,¢')) < VEi(0, (y, s,)), s < VE(Z,(y,s,)). Thus, by
s' > d(2), d(z') < VTi(z, (y,s,)), which implies V# (2, (y,s,)) > 0. Therefore,
VE(z, (2 1) —t' =5 — (s —d(2))
= V(T (y,5,) = V(' (y,5,))
=V*i(z,(0,0)) — V™(2',(0,0)).

Proof of Lemma 5. We do the proof in three steps.
Step 1. Construction of a preference relation.

We define a preference relation R; as follows. Let ¢t* € R be such that t* <
min{tg, so}. Let (€;)zex € R'jrxl be an object monotonic vector such that ¢g = 0 and
for each z € X \ {0}, ¢, > 0 but sufficiently close to 0.** In particular, we take
(€x)zex so that it satisfies sp + €z < 0. For each z € X \ {z}, let

VE (2, (Z,t3)) = 1" + €.

42Formally, the proof works if (e;)zcx € ]Rl_i(l is an object monotonic vector that satisfies g = 0
and ez < min{tg — t*, min,¢ x\ (0} 52 — S0, Sz — tz, —50}-
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For each z € X \ {0}, let

So + €5 if ¢ # 7,
VE(2,(0,50)) = { 7

max{tz, So} + €z if z =1.
For each t' € R with t* < t’ < sg, and each x € X, let
VE(z,(0,t) = a-VEi(x,(0,t7) + (1 — a)VTi(x, (0, s0)),

where « € [0, 1] is such that ¢’ = - t* + (1 — «)so.
Finally, for each ¢’ € R\ [t*, so] and each x € X, let

VEi(z,(0,t%) — (t* —t') ift/ <t

VRi("L‘7 (07t,)) -
VRi (:B7 (Oa 30)) ‘l‘ (t/ - 30) lf t/ > S0-

Figure 8 illustrates R;. Note that by the construction of R;, R; is bounded. For
each v € X \ {7}, since t* < ty and ¢, is sufficiently close to 0, VZ(z, (7,t;)) =
t* +e€, < t,. Thus, R; € R%T. Since t; < sz and €; is sufficiently close to 0,
VEi(Z,(0,s0)) = max{tz, so} + €z < sz. Further, for each x € X \ {0,Z}, since ¢, is
sufficiently close to 0, V% (x, (0,59)) = so + €, < s,. Thus, R; € Ré‘f[oT.

Step 2. R; is object monotonic.

Proof. To show R; is object monotonic, it suffices to show the object monotonicity of
(VEi(z,(2,t,)))sex and (VEi(x, (0, 50)))zex. Let (z,y) € X.

First we show that (V% (2/, (Z,1,)))wex is object monotonic. If z = Z, then since
t* <tz and ¢, is sufficiently close to 0, Vi (z, (z,tz)) = tz > t* + ¢, = VEi(y, (z,tz)).
Suppose = # Z. Then, since (e,/)ex is object monotonic, V& (z, (Z,t5)) = t* + €, >
t* +¢, = VTi(y, (z,tz)). Hence, (VFi(a/, (Z,t,)))wrex is object monotonic.

Next, we show that (Vi (2’ (0, s9))).ex is object monotonic. Note that Vi (x, (0, sq)) >
So + €z, and since y # Z, Vi(y,(0,s9)) = so + €,. Thus, since (€,)ex is object
monotonic, V% (z,(0,s0)) > VTi(y, (0,s0)). Therefore, (Vi (', (0,s0)))sex is ob-

ject monotonic, and hence, R; is object monotonic. |
Step 3. R, € RF.

Note that by s¢ < 0, for each z € X, VF(z,(0,0))-Vi(z,(0,0)) = VEi(z,(0, s0))—
VEi(z,(0,50)). Let (z,') € X(R;). By Remark 4, it is enough to show V% (z, (z,t'))—
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t' = VTi(z,(0,0)) — Vi(x,(0,0)). Without loss of generality, assume = # 7. Let
s' = V0, (x,t)).

By (z,t') € X(R;), ' > 0. Since so < 0 and ¢, is sufficiently close to 0,
VEi(x,(0,50)) = so+ €x < 0 < #'. Thus, s’ > sg. Therefore, by the definition
of R;,

Hence, R; € RF. [ |

Proof of Lemma 6. Assume for contradiction that Y, v Vi (24, fi(R)) > > ey tH(R).
Let ((ys, s:))ien € Z be such that for each i € N

(iKZ,VR’(l'l,fl(R))) if 1 € N,,
fi(R) otherwise.

(?Jz‘, s;) =

It is clear that for each i € N, (y;, s;) I; fi(R). Moreover, Y, n i = > e Vi (24, fi(R))+
D e NN t/(R) > 3.y t/(R). By Remark 3, this contradicts efficiency. |

Proof of Lemma 7. Assume for contradiction that 27 (R) # 0 and there is j € N\ {i}
such that R; € R?(R;). Denote z = z/ (R) + xf(R) By z/(R) #0, = > xf(R) By
Ri € RO(R;), vi(w! (R)) < VI (x, f;(R)) - t](R).

Since Vi (0, f;(R)) = t{(R) — vi(z] (R)), VF(0, fi(R)) + VEi(x, f;(R)) = t{ (R) —

vi(z! (R)) + VRi(z, f;(R)) >t/ (R) + t;(R). This contradicts Lemma 6. |
Proof of Lemma 8. Since R; is bounded for each j € N\ {i}, thereis a pair 5,5 € Ry
such that for each j € N\ {i}, each (z,y) € X, and eacht € R, s < Vi(z, (y,1))—t <
S.

Let (€;)zex € lel be an object monotonic vector such that ¢z < s. Let x € X.
We show that there is R; € R¢ such that x;(R;, R_;) = .
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Let R; € R? be such that for each y € X \ {0},

n-s+e ity>ua,
vi(y) =

€ otherwise.

Y

Since (€;)zex is object monotonic, R; is object monotonic. For simplicity, denote
R = (R;, R_;). Assume for contradiction that x{ (R) # x. There are two cases.

Case 1. mf(R) > x. Take any j € N\ {i}. Denote y = m;(R) + (z/(R) — z). Then,

2

y+z=2/(R)+2/(R), and by z{(R) > z, y > 2J(R). By the definition of (¢, ),ex,

VB (2, fi(R) + VT (y, f;(R)) = t] (R) + vi(x) — vi(z] (R)) + VT (y, [;(R)) — t](R) + t/(R)
> t](R) + €0 = €1y + 5+ 15(R)
> t{(R) +t/(R),

which contradicts Lemma 6.

Case 2. z/(R) # z. By z/(R) # x, vi(z) — v;(z](R)) = n -5+ ¢, — gy > NS
Thus,

Vi (x, fi(R) + Y V(0 f5(R))
JEN\{i}
=t{(R) +vi(x) —vi(z{(R) + > (V(0, f;(R)) — t{(R) + t{(R))

JEN\{i}
>n-§—(n—1)-§+Zt§(R)

> t(R)

jEN
which contradicts Lemma 6. |
Proof of Lemma 9. Let (x, y) € X. By X/(R_;) = X, there are R;, R, € R such
that 2/ (R;, R_;) = = and 2! (R/,R_;) = y. By strategy-proofness, fi(R,,R_;) R!
fi(Rs, R_;). This implies V% (x, f;(R;, R_;)) < t;(R;, R_;). By this and the object

monotonicity of R,

tH(R_i;y) =t/ (R, R_;) < VEi(x, f;(R,,R_;)) <t/ (R;, R_;) =t/ (R_;; z).

7

Thus, (t/ (R_i; 2'))wex is object monotonic. |
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Proof of Lemma 11. We prove only (ii), because we can prove (i) by setting s = 0
and following the proof of (ii).

Without loss of generality, assume ¢ = 1 and j = 2. By Rs,..., R, € R? and
Lemma 8, for each R, € R9, X{(R), R_,,) = X. By Lemma 2, for each R, € R?
with Rs,..., R, € RY(R}) and each x € X, o1(R), R_12;7) = vy(Z — x). Thus, by
Rs,..., R, € R? and Fact 4, there is h; : (R?)""! — R such that for each R} € R%
with Rs, ..., R, € R9(R}), and each z € X, t] (R}, R_1 ;1) = hy(R), R_15) — v}(% —
x). This implies that for each R, € RY? with Rs,..., R, € R¥(R}), and each pair
r,y€e X

t] (R, R_1.9;) = hi (R, R_12) — vh(T — ) + vh(T — y) — vh(T — y)
= t{(Ry, R_12;y) + vh(ZT — y) — vh(7 — ). (5)

Take any a € M and let e* = (ef,...,e%) € X be such that for each ¢ € M,

) m

ef = 1if £ = a and ej = 0 otherwise. Let x = T — e. Let
R* = {R}, € RY : for each (y,y) € X,vh(y) — vh(¥/) > vay) — v2(y/)}.

Note that since Rs,..., R, € R9(Ry), for each R) € R*, Rs,..., R, € R(R}).
Let t € R¥I be such that for each y € X, t, = t{(R_y;y). By X{(R_;) = X and

Lemma 9, t is object monotonic.
Step 1. to > —s*.

Proof. Assume for contradiction that tg < —s*. We first show that we can assume
tea < 0 without loss of generality. To show this, we prove that there is R; € R* such
that t/ (RS, R_14;0) < —s* and ] (RS, R_15;€) < 0.

Let R; € RY be such that v3(Z) > vo(7) and v3(7) — vi(z) < —to. Let s € RIXI
be such that for each y € X, s, = t{(R;, R_;5;y). We first prove so < to.

Assume for contradiction that sg > tg. By tg < 0, t and s satisfy the condition of
Lemma 4 for 0. Thus, by Lemma 4, there is R} € R” such that R} € R NRIL". By
Lemma 10, 27 (R}, R_1) = 0 and 2/ (R}, R}, R_1,) = . Then, 24 (R}, R}, R_1,) = 0.
Further, by Rs,..., R, € R%(R), Lemma 7 implies that for each j € N\ {1,2},
x;-c(R’l,R_l) — 0. This implies 23 (R}, R_1) = Z. However, by v3(Z) > vy(Z), this

contradicts Fact 3. Hence, sq < tp.
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By to < —s* and sg < —s*. Further, by so < to < 0, v3(Z) — vi(x) < —to, and
(5),
Sea = So + 5(Z) —v3(x) < s9 —to < 0.

Hence, we can assume t.. < 0 without loss of generality.
Let R, R} € R* be such that

vh(x) < vh(x) and v)(T) < vy (Z).

Let s',s” € RXI be such that for each y € X, s, = t{ (R}, R_15;y) and sy =
tI(RY, R_14;y), respectively. By X{ (R}, R_15) = X{(RY,R_15) = X and Lemma 9,
s’ and s” are object monotonic.

Note that by Rj, Ry € R*, Rs,..., R, € RY Ry) N RP(R,) N R (RY). Thus,
for each R, € R and each i € N\ {1,2}, 2/(R\,R_)) = z/(R,,R,), R_15) =
xl (R}, Ry, R_1) = 0.

i

Claim 1. sl. = s/,.

Proof. To complete the proof, it is enough to show s., = te and s7. = t... We focus
only on the proof of s. = t.a because the same argument holds for s”, = t... Assume

for contradiction that s, # t... There are two cases.

Casel. sl. < tea. Byte <0, sl <0. Thus, t and s satisfy the condition of Lemma 4
for e*. Therefore, by Lemma 4, there is R} € R” such that R} € Ry NRYL.. By
Lemma 10, 2 (R}, R_;) = 0 and 2/ (R}, R}, R_1,) = e®. Thus, z3(R!, R_;) = 7 and
23 (R, Ry, R_1,) = . However, by R, € R*, v4(Z) — vh(x) > va(Z) — vo(z). This

contradicts Fact 3.

Case 2. sl. > tea. By tea < 0, t and s satisfy the condition of Lemma 4 for
e®. Thus, by Lemma 4, there is R} € RF such that R € Réwe{ N Ré\flg By
Lemma 10, 2 (R}, R_;) = e* and =] (R}, Ry, R_15) = &. Thus, z}(R|,R_1) =
and z3 (R, Ry, R_15) = 0. However, by R, € R*, vj(x) > vy(x). This contradicts

Fact 3. [l

By Claim 1, (5), and the definitions of R}, and R},

st =8l + vy (x) < sha + vh(x)

I
»
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By sl = tea < 0 and the object monotonicity of s’, s; < 0. Thus, s’ and s” satisfy
the condition of Lemma 5. Therefore, by Lemma 5, there is R} € R¥ such that
R € RMTNRYL. By Lemma 10, 2{ (R}, Ry, R_12) = 0 and 2{ (R}, Ry, R_1») = .

Thus, 23 (R}, Ry, R_15) = Z and z}(R}, R}, R_1,) = 0. However, by the definitions
of R, and Rj, v}(Z) < v§(Z), which contradicts Fact 3. |

Step 2. to < 0.

Proof. Assume for contradiction that tg > 0. Let R, R) € R* be such that

"

vy (z) < vh(x) and vy (Z) < vy (T) < vy (x) + (v2(T) — va(z) + to).

Note that we can define such preferences since to > 0. Note also that v4(z) —
vh(z) < v5(z) — vj(z). Let s',s” € Rl be such that for each y € X, s, =
t](Ry, R_12:y) and s = t{(Ry, R_12;y). By X{(Ry,R_12) = X{(Ry,R_12) = X
and Lemma 9, s’ and s” are object monotonic.

Notice that by Ry, Ry € R*, Rs,..., R, € R?(Ry) N RP(R,) N RP(RY). Thus,
for each R| € R and each i € N\ {1,2}, z/(R|,R_)) = /(R R), R_1,) =
/(R R, R_15) = 0.

Claim 1. s,. = sy = tea.

Proof. We only prove s.. = t.« because the same argument holds for s, = t.a. As-

sume for contradiction that s, # t.a. There are two cases.

Case 1. slo < tea. If Lo > 0, t and s’ satisfy the condition of Lemma 3 for e*. Further,
if sL. < 0, then t and s’ satisfy the condition of Lemma 4 for e*. Thus, by Lemmas 3
and 4, there is R} € R such that R} € RG NRYL.. By Lemma 10, #f(R,,R_)) =0

and z] (R}, Ry, R_15) = e*. Thus, z}(R}|, R_1) = T and z}(R}, Ry, R_12) = x. How-
ever, by R € R*, vi(z) — vh(x) > ve(Z) — va(x), which contradicts Fact 3.

Case 2. sl. > t.. By the definitions of R, and Rj, v5(Z) — v(x) < v5(Z) — vy (z) <
v9(Z) — va(x) + to. Thus, by (5),
So = Sha — (V5(T) — v5(x)) > tea — (v2(T) — va(x) +to) = to — to = 0.

By to > 0 and the object monotonicity of t , .« > 0. Thus, t and s’ satisfy the
condition of Lemma 3 for e®. Therefore, by Lemma 3, there is R} € R¥ such that
R € RMINARYT. By Lemma 10, 2] (R}, R_1) = e® and «{ (R}, Ry, R_1 ) = . Thus,
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23(R,R_y) = x and z}(R), Ry, R_15) = 0. However, by R, € R*, vj(x) > vy(x).
This contradicts Fact 3. O

By Claim 1, (5), and v5(z) < vh(x),

st=sl.+ vy (x) < sl + vh(x) = L.

By Claim 1, g > 0, and the object monotonicity of t and s”,
st > 8l =tea >tg > 0.
Moreover, by Claim 1, (5), and the definition of R},
So = Sha — (V5(T) — V5(x)) > tea — (V2(T) — vo(x) — to) = to — to = 0.

Thus, s’ and s” satisfy the condition of Lemma 3 for z. Therefore, by Lemma 3,
there is R} € R” such that R} € RY§ NRY%. By Lemma 10, /(R Ry, R_1,) =0
and zJ (R,, Ry, R_15) = 7. Thus, x;‘( g, ' R_15) = T and x} (R}, R}, R_15) = 0.
However, by the definitions of R} and R, v4(Z) < v5(Z). This contradicts Fact 3. W

F Public goods model with transfers

We introduce the formal public goods model with transfers studied in Ma et al. (2018),
and provide a proof of Corollary 4. We then compare our result with the results in
Ma et al. (2018).

There are n > 2 agents and m > 1 alternatives We denote the set of agents by
N = {1,...,7} and the set of alternatives by A = {1,...,7}. Each agent i € N
has a complete and transitive preference relation >; over A xR, Let =; and ~; be
the strict and indifference relations associated with >, respectively. We assume that

preferences satisfy the following three conditions.

e Money monotonicity: For each a € A and each pair t,s € R with t < s,

(a,t) =; (a,s).

e Possibility of compensation: For each (a,t)

€ A xR and each b € A, there are
s,s" € R such that (a,t) =; (b,s) and (b,s") =; (a,

t).

e Continuity: For each z € A x R, the upper contour set at z, UCi(z) =17 €
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AxR: 2 =; z}, and the lower contour set at z, LC;(z) = {#' € AxR : z =; 2/},

are both closed.

The generic notation for a class of admissible preferences (that satisfy the above
conditions) is denoted by D and we call it a domain. Denote by D the class of
preferences that satisfy the above three conditions.

We introduce the notion of (compensated) valuation as in the package assignment
model. Given a preference relation =;, 2 € A x R, and b € A, there is a payment
s € R such that z ~; (b, s). We call the payment level the (compensated) valuation
of b at z for =;, and denote it by V=i (b, z).

For each preference relation =, let a(>=;) € A be such that for each a € A,
(a,0) =; (a(>;),0). That is, a(>;) is the worst alternative at zero payment.

An allocation is a pair (a, (t,...,t;)) of an alternative a € A and a payment
vector (ty,...,t;) € R™. Let Z be the set of allocations. A preference profile is an
n-tuple == (=1,...,=4) € D" Given =€ D", i € N,and N' C N, let =_,= (=4
ke gy 20d == (Zk)pepn v )

An mechanism on D" is a function ¢ : D* — Z. For each =€ D", let a(>) be the
alternative chosen by ¢ at =, and for each i € N, let 7;(>) be the payment of agent
iat o(=).

An allocation (a, (t1,...,1,)) € Z is (Pareto) efficient for =& D" if there is no
allocation (b, (s1,...,5,)) € Z such that (i) for each i € N, (b, s;) =, (a,t;), (ii) for
some j € N, (b, s;) =; (a,t;), and (ii) D oieN Si = D iex i

We consider mechanisms that satisfy the following two properties.

Efficiency: For each =€ D" o(>) is efficient for »=.

Strategy-proofness: For each =€ D", each i € N, and each =€ D, p;(>=) =; wi(=}
) i—z)

We also introduce three additional properties to compare our result with those in
Ma et al. (2018).

Ontoness: For each a € /1, there is =€ D" such that a(>) = a.

Individual rationality: For each =€ D" and each i € N, ¢;(>) =; (a(>;),0).
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No subsidy: For each =& D" and each i € N, (=) > 0.
We introduce the notion of essentially quasi-linear preferences in the public goods
model. Given =€ D, let

~

A=) ={(a,t) e AXR: (a,t) =; (a(>;),0) and ¢ > 0}.

Definition 12. A preference relation >; is essentially quasi-linear if for each (a,t) €
A(;) and each b € A with V= (b, (a,t)) > 0,

Vti(b7 (av t)) —t= vti(a (G(EZ% 0)) - Vti(av (a(t%% O))

Let DF be the class of essentially quasi-linear preferences, and call it the essentially
quasi-linear domain. Note that the essentially quasi-linear domain coincides with the
parallel domain introduced by Ma et al. (2018).

Formally, Corollary 4 states the following: Assume n > 3 and |fl\ > 6. Let

D = DF. Then, no mechanism on D" satisfies efficiency and strategy-proofness.

F.1 Proof of Corollary 4

Assume for contradiction that there is a mechanism ¢ on D" that satisfies efficiency

and strategy-proofness. We do the proof in five steps.
Step 1. Defining classes of preferences.

Take six distinct alternatives aqy, as, as, as, as, ag € A. Let D, C DF be the class

of preferences that satisfy the following properties:
1. For each t € R, (ag,t) »1 (as,t) ~1 (aq,t) =1 (as,t) ~1 (az,t) ~1 (a1,1t).
2. For each a € A\ {ay,..., a6} and cach t € R, (a,t) ~1 (ay,1).
Let D, C D¥ be the class of preferences that satisfy the following properties:
1. For each t € R, (ag,t) >3 (a1,t) ~a (a4,t) >3 (asz,t) ~o (as,t) ~2 (ag,1t).
2. For each a € A\ {a1,..., a6} and each t € R, (a,t) ~s (ag, t).
Let D3 C DF be the class of preferences that satisfy the following properties:

1. For each ¢t c R, (ag,t) —3 (al,t) ~3 (a5,t) >3 (ag,t) ~3 (&4,t) ~3 (aﬁ,t).
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2. For each a € A\ {a1,..., a6} and each t € R, (a,t) ~3 (ag, t).

Let > (125 € (DF)*3 be such that for each i € N\ {1,2,3}, >=; satisfies the

following;:
1. For each t € R7 (a’ht) ~i (a27t> ~i (0’37t) ~i (a47t) ~i (a57t) ~i <a67t>'
2. For each a € A\ {ay,..., a5} and each t € R, (ay,t) >=; (a,t).

Step 2. For each (=1, >2,>3) € D1 x Dy x D3, a(>1,>2, 73, = _(123}) € {a1,...,a6}.

Proof. Assume for contradiction that there is (=1, >3, >=3) € Dy X Dy x D3 such that
(=1, 72,73, = _q123)) = a for some a € A \{a1,...,a6}. Let (a1, (t:);cn) € 7 be
such that for each i € N, t; = (=1, 72, 73, = —{1,2,3})-

It is clear that ), t; = > ,cx Ti(=1, =2, =3, = _q12,33). By the definition of =,
(a1,t1) ~1 w1(>=1, 2,73, = _f12,3}). For each i € N \ {1}, by the definition of >,
(a1,t;) =i wi(=1, 22, =3, = _q1,2,33)- Thus, @;(>=1, =2, =3, =_{123}) is not efficient for
(=1, 22,23, = _{1,23}), a contradiction. [ ]

Step 3. Embedding the package assignment model to the public goods model.

Consider the package assignment model studied in this paper with three agents
and two identical objects. That is,n =3, m =1,and z = 2. Let ¢ : {a1,...,a6} — A
be such that for each a € {ay,...,as},

(0,1,1) if a = ay,

(0,2,0) if a = as,

b(a) = (0,0,2) if a = as,
(1,1,0) if a = aq,

(1,0,1) if a = as,

k(2, 0,0) if a = as.

For each =€ Dy, let thl be a preference relation in the package assignment model
such that for each pair (a,t), (d’,s) € {a1,...,a6} X R, (a,t) =1 (d,s) if and only if
(¢1(a)7t) thl (¢1(a,)78>‘ Let

Rl = {Rlil 3i1€ Dl}
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For each =€ Ds, let R;Q be a preference relation in the package assignment model
such that for each pair (a,t), (d,s) € {ai,...,a6} X R, (a,t) =2 (d/,s) if and only if
(¢2(a),t) Ry? (¢a(a), ). Let

R, = {RQEQ o€ DQ}

For each >3€ Ds, let R?” be a preference relation in the package assignment model
such that for each pair (a,t), (a,s) € {ai,...,a6} xR, (a,t) =3 (d/,s) if and only if
(p3(a),t) R? (p3(a’),s). Let

Rs = {R5® :=3€ Ds}.

Note that for each i € {1,2,3} and each =,€ D;, since =,&€ D¥, R~ ¢ RE.
Further, for each i € {1,2,3} and each R; € R”, there is =;€ D; such that R; = R
Therefore, R1 = Ry = Rs = RF.

Let f be the mechanism in the package assignment model on (R¥)? such that for

each R € (RF)3,

J(R) = ((di(a(=1, 22, =3, = —112,3})), Ti(=1, =2, =3, = f1,2,3})) )i {1,2,3}
where for each i € {1,2,3}, >, is such that R; = R7".
Step 4. f is efficient and strategy-proof in the package assignment model.

Proof. Efficiency. Assume for contradiction that f is not efficient. Then, there
are R € (R¥)® and ((x;,4;))icq123y € Z such that for each i € N, (z;,t;) I; fi(R),
and 3o ti > Dicqiog) t/(R). For each i € {1,2,3}, let ;& D; be such that
R; = R=". By the definition of f, for each i € {1,2,3}, ¢;(>1, =2, =3, = _{123)) =
(67 (=/(R)), ¢/ (R)).
Let (a, (8i);c5) € Z be such that a = ¢~ ' (21, 22, ¢3), and for each i € N,
¢, if i € {1,2,3),
S; —
Ti(=1, 22, =3, = _{1,23}) otherwise.
By a = ¢~ (21,72, 73), a € {ay, ..., as}.
Let i € {1,2,3}. By ¢5(a) = i, 0i(=1, =2, =3, =—(123}) = ¢~ (2! (R),t/(R)), and
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(z4,t:) I; fi(R),
(a,s;) ~i pi(=1, 72,23, = _(1,2.3})-
Let i € N \ {1,2,3}. By the definition of >=; and a, (=1, >2,>3,>=_(123}) €

{ar, ... a6}, (a,8:) ~i pi(=1, 22,23, = _(1,23})-

By Zie{1,2,3} ti > Zie{1,2,3} t{(R), >ien Si > i Ti(Z1, 22, 23, = q1,2,3)). Thus,
© is not efficient, a contradiction.

Strategy-proofness. Without loss of generality, we focus on agent 1. Let R € (RF)?
and R € RE. For each i € {1,2,3}, there is =;€ D; such that R; = R~". Also, there
is =1€ D; such that R} = thll. By the definition of f, fi(R) = (¢1(a(>1, =2, =3
cZp23), Ti(Z1, 20, =3, = —p123y)) and fi(R, Roq) = (di(a(=], =2, =3, = —f1.2,3
), T1(=1, =2, =3, = _12,33)). Since ¢ is strategy-proof, ¢i(=1,=2,=3,=_{123}) =1
e1(=1, =2, =8, = _12). Thus, by Ry = RT', fi(R) Ry fi(R}, R_1). n

Step 5. Completing the proof.

By Theorem 2 there is no efficient and strategy-proof mechanism on (R¥)3. This
contradicts Step 4. [

F.2 Comparison to Ma et al. (2018)
In their main result, Ma et al. (2018) show that if the domain is larger than the

essentially quasi-linear domain, fized price dictatorships are the only mechanisms that

satisfy strategy-proofness, ontoness, individual rationality, and no subsidy.

Definition 13. A mechanism ¢ on D" is a fixed price dictatorship if there are i € N

and a price vector (p,),.; € R™ such that for each =€ D",
1. for each a € fl, (a(=),Pa(=)) =i (a,pa),
2. 7;(=) = pa(), and
3. for each j € N\ {i}, 7;(>=) = 0.

Fact 4 (Theorem 3 in Ma et al. (2018)). Assume 1 > 3. Let D be such that D 2 DF.

If a mechanism on D" satisfies strategy-proofness, ontoness, individual rationality,
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and no subsidy, then it is a fived price dictatorship.*>

Note that efficiency implies ontoness. Further, it is easy to show that fixed price

dictatorships are not efficient. Thus, as a corollary, the following result is obtained.

Fact 5 (Ma et al. (2018)). Assume m > 3. Let D be such that D 2 DF. Then, no
mechanism on D" satisfies efficiency, strategy-proofness, individual rationality, and

no subsidy.

There are mainly three differences between Corollary 4 and Facts 4 and 5. First,
we impose only efficiency and strategy-proofness. Thus, Corollary 4 implies Fact 5 for
the case where there are at least three agents and six alternatives. In contrast, since
ontoness is imposed instead of efficiency in Fact 4, Corollary 4 does not imply Fact 4.
Second, we obtain an impossibility result on the essentially quasi-linear domain while
in Facts 4 and 5, the domain is required to be larger than the essentially quasi-linear
domain. Third, in Corollary 4, we assume that there are at least six alternatives.
Thus, it is not clear if there is an efficient and strategy-proof mechanism on the
essentially quasi-linear domain when the number of alternatives is less than six.

Ma et al. (2018) also have a result without individual rationality and no subsidy.

To establish a result, they require another domain richness condition.

Definition 14. A preference relation>; is with two slopes if there exists a utility
function u; of > with the following property: there exist a,b € R, and a valuation
function v; : A — R such that for each a € A, either u;(a,t) = v;(a) — at for each
t € R or u;(a,t) = v;(a) — bt for each t € R.

Let DT be the set of preferences with two slopes.

Fact 6 (Theorem 4 in Ma et al. (2018)). Assume 1 > 3. If a mechanism on (DT5)"

satisfies strategy-proofness and ontoness, then it is a fized price dictatorship.

Fact 7 (Ma et al. (2018)). Assume m > 3. No mechanism on (DT9)" satisfies

strategy-proofness and ontoness.

43To be precise, Ma et al. (2018) allows agents to have different domains. They show that if the
domain of each agent contains the essentially quasi-linear domain and the domains of at least 7 — 1
agents are larger than the essentially quasi-linear domain, then the mechanisms that satisfy the four
properties are fixed price serial dictatorships.
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Note that if the two parameters a and b for a preference relation in D79 satisfies
a = b, then it is quasi-linear. Thus, DT° contains the quasi-linear domain. If a # b,
the preference relation exhibits income effects. Thus, D7 must contains a variety of
preferences with income effects, which are not contained in the essentially quasi-linear
domain.** However, the essentially quasi-linear domain contains preferences that do
not have two slopes. Thus, the essentially quasi-linear domain in Corollary 4 and the

domain of preferences with two slopes have no set inclusion relation.
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