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Abstract

This paper is concerned with the verification of a continuous-time utility max-
imization problem frequently used in recent macroeconomics. By focusing on
Markov chain uncertainty, the problem in this paper can feature many charac-
teristics of a typical consumer’s problem in macroeconomics, such as borrowing
constraints, endogenous labor supply, unhedgeable labor income, multiple asset
choice, stochastic changes in preference, and others. I show that the value func-
tion of the problem is actually a constrained viscosity solution to the associated
Hamilton—Jacobi-Bellman equation. Furthermore, the value function is continu-
ously differentiable in the interior of its domain. Finally, the candidate optimal
control is admissible, unique, and actually optimal.
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1 Introduction

A frontier in recent macroeconomic studies adopt the mean-field-game (MFG) approach to de-
scribe macroeconomy with ex post heterogeneous agents (e.g., Achdou et al. (2022), Rocheteau
et al. (2018), Kaplan et al. (2018), Ahn et al. (2018), Nuno and Moll (2018), Djeutem and Xu
(2019), Bornstein (2020), Guerrieri et al. (2020), Kaplan et al. (2020), Alves et al. (2020), McKay
and Wieland (2021), Bilal et al. (2021), Nirei and Scheinkman (2021), Laibson et al. (2021),
Bilal et al. (2022), and Alvarez and Lippi (2022)). The MFG approach in macroeconomics is
a straightforward continuous-time extension of the Bewley—Huggett—Aiyagari models (Bewley
(1986), Huggett (1993), and Aiyagari (1994)). However, as discussed in Achdou et al. (2022),
continuous-time settings enable more efficient numerical computation compared to discrete-time
settings. Hence, we can easily conduct rich economic analyses, including welfare analysis, policy
evaluation, and counterfactual simulations, as reported in the aforementioned studies.

In parallel with the above rich macroeconomic applications of the MFG, many macroe-
conomists are also interested in the theoretical justification for the use of the Hamilton—Jacobi—
Bellman (HJB) equation to solve a consumer’s utility maximization problem. The HJB equation
is a partial differential equation characterizing the value function of the problem, and in the
standard of the optimal control literature, we can derive the optimal policies by solving the
HJB equation. There is a vast literature in mathematical finance on how to properly apply
the HJB equation to economic problems under uncertainty since the pioneering work of Mer-
ton (1969). However, comparing consumer problems in the macroeconomic MFG with those
in mathematical finance, some are similar but the others are different. Indeed, the theoretical
validity of the HJB equation approach in the macroeconomic MFG is less examined, except
for some studies such as Rocheteau et al. (2018), Nirei and Scheinkman (2021), and Alvarez
and Lippi (2022). In fact, the following two issues are not trivial in general: whether the value
function of a consumer’s utility maximization problem actually solves the HJB equation and
whether a candidate optimal policy derived by the HJB equation is actually optimal.

In this paper, I present the verification result of a continuous-time utility maximization
problem in macroeconomic MFGs to close the aforementioned theoretical gaps related to the

HJB equation. The macroeconomic utility maximization problem has two typical features: bor-



rowing constraints and unhedgeable uncertainty. A consumer cannot borrow money in excess
of an exogenous borrowing constraint. Furthermore, a consumer typically receives unhedge-
able labor income; hence, he or she must solve an incomplete market problem. In this paper,
I consider a consumer utility maximization problem that not only includes these two main
features but also the following typical characteristics of macroeconomic MFGs: a difference be-
tween the borrowing rate and lending rate, endogenous labor supply, consumption tax/subsidy,
portfolio choice between a liquid asset and an illiquid asset, accumulation of human capital,
preference for asset holdings like the money-in-the-utility model or durable goods model, and
stochastic changes in preferences. To introduce these rich macroeconomic features, I focus on
the uncertainty represented by a Markov chain. However, the Markov chain can describe much
idiosyncratic uncertainty in macroeconomics. Hence, this is not restrictive from the perspective
of economic theory.

I first show that the value function of the utility maximization problem in the aforemen-
tioned setting is actually a constrained viscosity solution to an associated HJB equation (Propo-
sition 7). A viscosity solution is a solution concept of the differential equation;' it is broader
than the classical solution and does not guarantee its differentiability in the entire domain.
Many macroeconomic studies assume that their value functions are a viscosity solution to an
associated HJB equation, but in general, sufficient conditions to satisfy this assumption are not
clear. In fact, particularly in multiple asset cases, we need to slightly modify the HJB equation
from the usual ones for the viscosity solution property, as in (3.3). This modification does not
matter in numerical computation because the original HJB equation and the modified one are
identical under the assumption that the value function is strictly increasing, concave, and con-
tinuously differentiable. However, first of all, we need to show the viscosity solution property
for the modified HJB equation.

I next show that the value function is continuously differentiable in the interior of its domain
(Proposition 10). Thus, the value function solves the HJB equation in the classical sense in
the interior of its domain. Differentiability is crucial in utility maximization problems, as
a candidate of optimal consumption is usually identified by the first-order derivative of the

value function with respect to a wealth process or a liquid asset process through the first-order
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condition. However, a viscosity solution does not guarantee its differentiability everywhere.
Thus, in a macroeconomic utility maximization problem, although we first assume or show that
the value function is a viscosity solution to the HJB equation, we eventually require the classical
solution property of the value function in order to unambiguously identify a candidate of optimal
consumption everywhere. Therefore, the result of this study contributes to the justification of
the first-order condition to identify optimal consumption in continuous-time macroeconomic
MFGs.

Third, I show that a candidate of optimal policies derived by the HJB equation is admissible,
actually optimal, and uniquely identified. When we can identify a candidate of optimal policies
using the HJB equation, if such a candidate is not admissible in the sense that a consumer cannot
follow it physically, a consumer cannot always solve his or her utility maximization problem. For
example, if a consumer’s wealth process controlled by some policy will blow up in finite time, he
or she cannot follow this policy. Therefore, the result of this study contributes to the literature
by identifying sufficient conditions for admissibility. Furthermore, the admissibility conditions
in this study imply that standard macroeconomic consumers’ problems with continuous controls
under Markov chain uncertainty are well-posed under mild conditions.

The mathematical analysis in this paper relies on the existing mathematical finance liter-
ature. A large body of literature in mathematical finance has solved various continuous-time
stochastic optimal control problems. Many studies such as Zariphopoulou (1992), Pham and
Tankov (2008), Di Giacinto et al. (2011), and Gassiat et al. (2014) consider constant relative
risk aversion (CRRA) utility maximization problems with exogenous borrowing constraints.
Since CRRA utility is also a standard specification in macroeconomics, these works can help
us understand utility maximization problems in macroeconomics. Indeed, many proofs in this
paper are applications in the above studies.

In this paper, I suppose two main assumptions which are somewhat restrictive. The first one
is that the instantaneous utility function is bounded above. By this assumption, this paper’s
result cannot be applied to a CRRA utility whose coefficient of relative risk aversion (RRA) is
not larger than one. However, unlike Rocheteau et al. (2018) who suppose that the utility is
bounded above and below, I do not restrict the lower boundary of the utility, and hence we can

analyze, for example, a CRRA utility whose RRA is larger than one. The next one is that a



consumer can always receive a strictly positive and state-dependent income transfer. Therefore,
the model in this paper cannot analyze an unemployment status without income support. By
the second assumption, a consumer can always choose an identical control (e.g., a constant
consumption), and thus it is in his or her admissible set in any situation. This property and
the upper boundary of the instantaneous utility by the first assumption imply that the value
function is bounded above and below. By the boundedness of the value function, we can easily
show many favorable properties, such as the optimality of candidate optimal controls.

This paper’s three main takeaways from the viewpoint of mathematical analysis are as
follows: (1) the value function satisfies the dynamic programming principle (DPP, i.e., the
Bellman equation) if the value function is continuous in the state variables (Theorem 4), (2)
the value function is a constrained viscosity solution to the HJB equation if an associated
Hamiltonian defined in Section 3 and the value function are continuous on an appropriate state
space (Proposition 7), and (3) the value function is continuously differentiable everywhere if
it is concave and the Hamiltonian is strictly convex in some variables (Proposition 10). The
variables in (3) represent the first-order derivatives of the value function if they exist. Indeed,
these conditions and results are quite natural from the viewpoint of optimal stochastic control
and consistent with famous textbooks such as Qksendal and Sulem (2007) and Pham (2009). I
show that the model in this paper satisfies all the conditions in (1), (2), and (3).

Unlike in the deterministic case, it is not clear whether the value function satisfies the
DPP in the stochastic case. Although there exists a version of the DPP without assuming the
continuity of the value function (e.g., Bouchard and Touzi (2011)), this differs from our familiar
Bellman equation. On the other hand, the continuity of the value function makes the proof of
the usual DPP easy. Hence, to introduce the standard DPP, it is necessary to show or assume
the continuity of the value function without the DPP or the HJB equation. Furthermore, to
show the properties of the value function we usually expect, we need to check the conditions
of the value function and the Hamiltonian in (2) and (3). Although it is expected that the
standard model satisfies the above conditions, it may be in fact difficult to check the conditions
in an interesting and complicated macroeconomic model, if not impossible. In such a situation,

we should at least postulate these conditions.?
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The remainder of this paper is organized as follows. Section 2 formulates a consumer’s
utility maximization problem, examines the fundamental properties of the value function of the
problem, and introduces the DPP. Section 3 characterizes the value function as a constrained
viscosity solution to the associated HJB equation and derives the differentiability of the value
function everywhere in the interior of its domain. Section 4 proposes a state-constraint boundary
condition and verifies the admissibility of candidate optimal policies. Section 5 concludes the
paper and discuss future extensions. Appendix A provides the proofs of propositions and

lemmas, and Appendix B presents some mathematical results related to asset processes in this

paper.

2 Problem Formulation and Value Function

I initially formulate a continuous-time utility maximization problem with borrowing constraints
and unhedgeable uncertainty. In the problem, a consumer plans his or her consumption stream,
labor supply, deposit to or withdrawal from an illiquid asset, and investment in human capital in
an infinite horizon. Let (2, F,P) be a complete probability space endowed with filtration F :=
(Ft)tefo,00) satisfying the usual conditions. Let Y := (Y1);c(0,00) be a K-state, right-continuous,
and time-homogeneous Markov chain taking values in a discrete state space ) :={1,2,--- , K},
where K is a finite natural number with K > 1. I suppose that Y is F-adapted, so that it is also
[F-progressively measurable. I denote ); ; > 0 for ¢ # j as a constant intensity when Y changes
from state i to state j and \;; := — Zjey\{i} Aij- The process Y expresses the time-varying
and stochastic idiosyncratic characteristics of the consumer, such as labor productivity, labor
market employment status, and state of preference.

A consumer can invest his or her money in a liquid asset, an illiquid asset, and human
capital. B := (Bt)ic(0,00)s A = (At)ie[o,00), and H := (Ht)se[o,00) are a stream of consumer’s
holding amounts of the liquid asset, illiquid asset, and human capital, respectively. Meanwhile,

B, A, and H are governed by the following system of stochastic ordinary differential equations

consideration is not needed. The nice solution means, for example, a closed-form and/or bounded
solution. In this case, we can apply the standard verification procedure as in Section 4. For example,
a continuous-time version of the so-called Calvo-plus model often has a nice solution such as Nirei and
Scheinkman (2021) and Alvarez and Lippi (2022), though it is a firm’s problem.



(ODEs):

B, = (r(Bu,Yi) + [(Le, H, Yi) + g(Yi) = 7e(Y)Ct = DyAr = xa(De, Yo) Ay — By (Vo) S,Hy ) dt,
a4y = ((ra(¥e) + Di)A; + ga(¥i) = ma (A, Vi) ) dt,

(aH(Sth, Y, — 5H(Yt)Ht)dt.

dH,
(2.1)

The definitions and interpretations of functions and processes in (2.1) are as follows: 7 : Rx) —
R is a measurable function which represents increases/decreases of the liquid asset due to the
interest; L := (Ly)sefo,00) 1 @ stream of the consumer’s labor supply that takes values in [0, L]
for a constant L > 0; f : [0, L] x (0,00) x ) — [0, 00) is a measurable function which expresses as
the labor earnings; g : ) — (0, 00) is a measurable function of income transfers; 7. : Y — (0, 00)
is a consumption tax/subsidy rate; C' := (C)ic[,00) is @ stream of the consumer’s consumption
that takes values in C = (0,00); D = (Dy)ic[,00) i @ stream of the consumer’s deposit or
withdrawal rate of the illiquid asset taking values in R; x4 : R x ) — [0,00) is a measurable
transaction cost function to invest in the illiquid asset; By : Y — (0,00) is a state-dependent
proportional cost to invest in human capital; S := (St)te[o,oo) is a stream of investment rates
in human capital taking values in [0,00); r4 : Y — R is an interest rate on the illiquid asset;
ga : Y — [0,00) is a measurable function that represents automatic payroll deduction to the
illiquid asset; m4 : R x ) — [0,00) is a measurable function that represents asset taxation;
ag : [0,00) x Y — [0,00) is a production technology function of the human capital; and
O+ Y — (0,00) is a state-dependent depreciation rate of human capital. Here, I suppose a
borrowing constraint with respect to B. Assume a constant B > 0 such that B; > —B for any
t € [0,00). In other words, a consumer chooses (C, L, D, S) as B, > —B, A; > 0, and H; > 0
are satisfied.

Let us consider a consumer’s preference, which is expressed as the following time-additive

discounted expected utility:

E U e Pt (u(C’t, Li, Ay, By, H;, Yt)>dt} , (2.2)
0

where E is the expectation operator on (2, F,P), p € (0,00) is a subjective discount rate,

u:Cx[0,L] x(0,00) x [-B,00) x (0,00) x Y — R is a instantaneous utility /disutility function



of consumption, labor, and the amounts of the assets. Thus, the instantaneous utility u includes

a money utility function of B and a utility function of the amount of the durable goods.?

Hereafter, for notational simplicity, I write X = (0,00) x [-B, ) x (0,00), X = (0,00) x

(=B, 00) x (0,00), and 0X = (0,00) x {—B} x (0,00). Let us introduce the following baseline

assumption in this paper:

Assumption 1 Suppose the following with respect to r, f, g, Te, XA, TA, TA, QH, BH, 01, U, and

B.

. For anyi €Y, b— r(b,i) is concave* and globally Lipschitz continuous on R. Further-

more, there exists i € Y such that r(b,i) < r(b,i) for any (b,i) € R x Y.

. For any i € Y, (I,h) — f(l,h,i) is non-negative, non-decreasing in each argument,

continuous, and jointly concave on [0, L] x (0, 00).

. g and 7. are bounded above and away from zero. Let g := miniyg(i) > 0, g :=

max;ey ¢(7), T, := min;ey 7.(7) > 0, and T, := max;cy 7.(7).

. Foranyi €}, d— xa(d,i) is non-negative, continuous, and convexr on R with x 4(0,i) =

0, and a minimizer of d — d+ xa(d, i) exists on R, denoted by d(i) € (—0o0,0), such that

d(i) + xa(d(i),i) <0.

. T4 18 bounded. Let Ty := max;cyra(i) and r4 := mingey (7).

. For any i € Y, a — wa(a,i) is non-negative, non-decreasing, globally Lipschitz con-

tinuous, and convex on R. Additionally, w4 satisfies either (the illiquid asset case)
ra(i)a —ma(a,i) >0 for any (a,i) € (0,00) x YV, or (the durable goods case) wa(a,i) =0

for any (a,i) € (0,00) x Y.

. Foranyi€Y, v — ag(z,i) is surjective, strictly increasing, continuous, and concave on

[0,00) with ap(0,7) = 0. Furthermore, for any fized (h,i,s) € (0,00) x Y x [0,00), the
deterministic ODE dH; = (aH(sﬁt,i) — 5y (i)Hy)dt with Hy = h has a unique strictly

positive solution.

. Bu and 0g are bounded above and away from zero. Let 0y := min;eydg (i) > 0 and

(5H(7,) = maXx;ey 5H(Z) .

3We can see the illiquid asset A as the amount of durable goods.
4In this paper, I say “concave” or “convex” to refer to weak concavity or weak convexity. If I would

refer to strict concavity or convexity, I say “strictly concave” or “strictly convex.”



9. For anyi € ), (C,T, a,b,h) — u(c,f—?,a, b, h,1) is finite, bounded above, non-decreasing
in each argument, continuous, and concave on Cx[0, L|x X . Furthermore, there exists a fi-
nite measurable function (c,1,i) — u(c,1,i) on Cx[0, L]xY such that inf _wu(c,l,a,b, h,i) >
(a,b,h)EX

u(c,l,i) > —o0.

10. There exists a constant y € (0,g) such that y +r(—B,i) >0 for any i c ).

Throughout this paper, I suppose Assumption 1. I will introduce additional assumptions as
needed (Assumptions 8 and 11). Almost all conditions in Assumption 1 are standard in the
literature. However, the boundedness of w is restrictive, but frequently used specifications in
macroeconomics satisfies this boundedness condition. For example, a CRRA utility with its
coefficient of RRA being strictly larger than one or a constant absolute risk aversion utility is

bounded above. Hereafter, I suppose that sup {u(e,l,a,b,h,i)} =0 for any i €

(e,l,a,b,h)ECX[0,L]x X
without loss of generality.

One important assumption is g = min;cy g(¢) > 0. This implies that a consumer can obtain
money even if he or she does not work. Hence, g represents a type of a income transfer scheme.
The reason why g > 0 is that it allows a consumer to always consume. Thus, we can easily
show that the value function has a lower boundary.

The existence of a constant y € (0,g) in the tenth condition of Assumption 1 implies
that the exogenous borrowing constraint B is restricted. In particular, the strict inequality
y +r(=DB,i) > 0 expresses a situation in which the exogenous borrowing constraint does not
exceed the natural debt limit when a consumer does not work. The constant y yields a non-
empty admissible set of controls as well as the condition of g > 0.

The convexity of the transaction cost and x 4(0,7) = 0 imply the scaling condition: y4(cd,i) <
cxa(d,q) for any (c,d) € [0,1] x R and ¢ € Y. The scaling condition is needed to show the con-
cavity of the value function with respect to a in the presence of the illiquid asset taxation 4.
Similarly, I suppose that ap is surjective, strictly increasing, and concave, to show that the
value function is concave in h. Under this assumption, there exists the functional inverse of
x — ag(z,i) for any i € Y, denoted by aj'(z;i). We can easily see that z — aj (z;4) is
convex on [0, 00).

In the problem formulation of this paper, I assume that the illiquid and human capital asset



processes never hit zero. Therefore, the consumer will not strictly live hand-to-mouth. This is
because the DPP in three-closed-boundary problems is not trivial. Hence, I avoid technicalities
related to three-closed-boundary problems. However, many specifications in the existing litera-
ture often virtually imply one-closed-boundary problems. Furthermore, to avoid technicalities
regarding the boundary solution in optimization, I suppose that the human capital investment
S is not upper bounded. However, I emphasize that we typically numerically compute human
capital investment by assuming that its boundaries do not exist. In numerical computation by
finite difference schemes, we need to restrict a computational range of (A, B, H). Therefore,
optimal human capital investment is eventually bounded in this computational range.

Here, let us consider examples of specification of the functions satisfying Assumption 1.
These specifications also satisfy the additional conditions in Assumptions 8 and 11. Indeed, the
problem formulation in this paper covers almost all examples of continuous-control problems
under the standard utility with continuous controls presented on Benjamin Moll’s website.?
First, let us consider an example of r(b, ), which is a function such as

rb, if b >0,

r(b,i) :=
r; b, ifb<0,

where 0 < r;r < r; < oo for any ¢ € Y. Furthermore, suppose that i € ) exists such that

r; = maX;cyr; and r; = min;ey rj. One important generalization is that r allows to not be

differentiable everywhere, so that the model can express the difference between the borrowing
rate and lending rate as above. Furthermore, the model can express Bardéczy (2017)’s labor-
market matching model inspired by Krusell et al. (2010), because, in this case, labor earnings
are a concave function of the liquid asset, like as r.

Next, let us consider an example of the labor earning f(I, h,1):
f(,hai) = fiv/hL, (2.3)

where f; > 0 for any i € ). (2.3) is different from the standard specification f(l, h,i) = f;hl. As

will be seen in Proposition 3, the value function is concave if f is jointly concave with respect to

Shttps://benjaminmoll.com/codes/
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(I,h). Therefore, I provide the specification of jointly concave f asin (2.3). Note that one can
set f(l,7) = f;l in the absence of the human capital h and also set f(h,i) = f;h in the absence
of the endogenous labor supply .

Let us consider an example of the transaction cost function to invest in the illiquid asset x 4

and capital taxation function 74 such as

0 if a <0,

. fz 2 . ﬂ.{nax 2 . _
xa(d,i) :===d*, and 7a(a,i)= —=a if 0 <a <y,
2 2a;

7

a; .
rinax (a — 2> otherwise,

where & > 0, 7" > 0, and @; > 0 are constants for all # € ). The transaction cost to
invest in the illiquid asset is quadratic, which is a frequently used specification. In this paper,
I will exclude the kinked cost function like Kaplan et al. (2018), to derive differentiability of
the value function. However, as will discuss in the last paragraph in Section 3, the assumption
of smooth x is not too restrictive. Further suppose that r4(i) > 7;"* for any ¢ € ). Then,
ra(i)a —ma(a,i) > 0 for any (a,i) € (0,00) x Y, which is a natural requirement.

Additionally, if r4(i) < 0 and wa(a,i) = 0 for any (a,i) € (0,00) x Y, the illiquid asset can
be seen as the amount of durable goods, as in McKay and Wieland (2021), though they suppose
that a consumer controls the amount of durable goods by impulse adjustments.

Let us consider an example of the production technology of the human capital oy such as
ap(x,i) = 0;x%,

where 6; > 0, and «; € (0,1) are constants. The production technology function of the human
capital has decreasing returns to scale, which is a standard specification as in Couturier et al.
(2020).

Finally, let us consider a utility function u. One standard specification is a linear utility
such as
AU @0 B )

1 — (ﬁzlJrl/Vz‘jLwZ 1—m ‘ 1—n

p(h g

u(e,l,a,b,h,i) = +1; T

Y

10



where v; > 1, v; > 0, 1, > 1, ¢; > 0, ¥ > 0, and ¢ > 0 are constants for any i € Y
and x = a,b, and h. ~; expresses a coefficient of relative risk aversion, and v; expresses the
Frisch elasticity of labor supply. One restriction is 4; > 1 and n; > 1. Thus, I only consider
the case in which a consumer has RRA larger than one. Although RRA is larger than one
in the standard specification in macroeconomics, such restriction is necessary to guarantee
the upper boundedness of u. Furthermore, it is well known that the utility maximization
problem tends to be stable when RRA is larger than one. In addition, the introduction of the
utility from b allows us to express the money-in-the-utility model. It can be easily seen that
ol [1+1/vs

inf  wu(e,l,a,b h,i)= — ¢; + constant > —oo
(a,b,h)€X ( ) I—m "1+ 1/y

Another specification is a non-linear utility by the CES aggregator such as

1—~

1
L=

1

1 — _1 _1 _1 _ANToe
(e + (T~ ) el T b4 B ) T

u(e,l,a,b,hy i) =

where 7 > 1, n; > 1, and ¥ > 0, * = c,l,a,b,h are constants for any ¢ € Y. The
above representation includes frequently used specifications in the endogenous labor supply
model and the durable goods model. One restriction is 7; > 1. Indeed, 7; > 1 yields
bi%f ?u(c,l,a, b,h,i) > —oo for any (c,l) € C x [0,L]. To include the case of n; € (0,1),
a,0,
i’or e)xeample, we need to modify the term of labor supply to Q,bf (L—-1+¢ )1_1/ T and the terms
of the assets to ¥ (z + ¢ )1_1/ i where ¢ > 0 is a sufficiently small constant.® The above speci-
fications are standard and frequently used in macroeconomic studies. The results in this paper
are true in all the reduced versions: for example, removing the endogenous labor supply, the
illiquid asset, or the human capital. In such a reduced model, we need at least the assumptions
of u, r, g, 7., B, and the parameters in including features.

To formulate a utility maximization problem in this paper, I initially introduce an admissible

set of quadruplets of control processes (C, L, D, S).

Definition 2 (Admissible set with borrowing constraints) For any (a,b,h,i) € Xx), a
quadruplet of stochastic processes taking values in Cx[0, L] xRx[0,00), denoted by (C, L, D, S) =
(Ct, Lty Dt St)iefo,0) s admissible under an initial condition (a, b, h,i) if it satisfies the follow-

ing: (1) It is right-continuous and F-progressively measurable; (2) The system of the stochastic

SIn the presence of the endogenous labor supply, we also need 7; > 1/7; to satisfy Assumption 11.

11



ODEs (2.1) with initial conditions By = b,Ay = a,Hy = h, and Yy = i has an F-adapted
solution” controlled by (C,L,D,S); and (3) Ay > 0, H, > 0 and B; > —B hold, P al-
most surely (P-a.s.) for any t € [0,00). I denote the set of all admissible processes under
(a,b,h,i) by A(a,b,h,i). For any (a,b,h,i) € X x Y and (C,L,D,S) € A(a,b,h,i), I de-
note a liquid asset process, an illiquid asset process, a human capital process, and a Markov
chain, starting at By = b, Ay = a,Hy = h, and Yy = i and controlled by (C,L,D,S), by

BabhiCLD.S - fatiD  [ThES - and Y respectively.

By Definition 2, we can define a value function as follows:

V}(a,b, h) = sup E |:/ e—pt (u(ct’Lt’A?,Z,D’Bta,b,h,l,C,L,D,S7ch,l,s71/;z)>dt:| ,
(C,L,D,S)EA(a,b,h.i) 0

(2.4)
for all (a,b,h,i) € X x ). By Assumption 1, u is bounded above so that the value function
is bounded above as well. As aforementioned, I suppose that w is non-positive without loss of

generality. Thus, V is also non-positive. Using standard arguments, several favorable properties

of the value function V can be shown only by its definition.

Proposition 3 A(a,b, h,i) is not empty for all (a,b,h,i) € X x Y. For any i € Y, V; is non-
decreasing in each argument, jointly concave on X, continuous on X, continuous on 0X, and

bounded below minjey{u((g —y)/7e,0,5)}/p > —o0.

Proof of Proposition 3. See Appendix A.1. O

Proposition 3 can be shown only by the definition of the value function. I do not use
the DPP or the HJB equation. Therefore, these properties are fundamental. Note that, if
a maximizer exists in A(a, b, h,i) for any (a,b,h,i) € X x Y and if u(c,l,a,b, h,i) is strictly
concave in (c,l) € C x [0, L], the concavity of V; can be replaced with strict concavity.

The concavity yields two favorable features of the value function. The first is the continuity
of the value function in the interior of its domain, which is the most important property in

Proposition 3. The continuity guarantees the measurability of the value function and yields the

"Based on the concept of a strong solution to stochastic differential equations, I define an F-adapted
solution to the stochastic ODE such that it is continuous without Y, F-adapted and satisfies the integral
form of (2.1) P-a.s. Definition 19 in Appendix B provides the precise definition of the adapted solution.
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DPP. Without assuming the continuity in the interior, we often need to show the “weak” DPP
in the sense of Bouchard and Touzi (2011) and consider the “discontinuous” viscosity solution,
though we can often show that the discontinuous viscosity solution is in fact continuous by the
comparison theorem. The second one is that the value function has concave kinks at most.
Under fairly standard conditions, the viscosity solution to the HJB equation only allows convex
kinks. Therefore, it can be expected that the viscosity solution is smooth in the interior.

Here, I introduce the DPP to characterize the value function as a solution to the HJB

equation.

Theorem 4 (Dynamic programming principle (DPP)) For any (a,b, h,i) € XxY, Vi(a,b, h)

satisfies the following:

1. Forany (C,L,D,S) € A(a,b,h,i) and bounded F-stopping time 0, the following inequality
holds:

0 . ) .
W(a,b, h) Z E |:/0 e—ptu(ct’Lt’A?,Z;D7Bg7b7h7l,C,L7D,S’chfﬂ,s’}/tl)dt

+€_p9Vy5( Ag’“D, Bg,b,h,i;c,L,D,S’ Hgm';s)} . (2.5)

2. For any € > 0, there exists (C,L,D,S) € A(a,b,h,i) such that, for any bounded F-

stopping time 0, the following inequality holds:

‘/i(a7 b, h) —e<E |:/0 e—ptu(cvt7 Ly, A?,l,D, B;Lb,h,l,C,L,D,S, ch,Z,S’ Ytz)dt

_i_efpovyei(Ag,i;D,Bg,b,h,i;C,L,D,S’Hg,i;S)} . (2:6)
The two DPPs are equivalent to the well-known Bellman equation as follows:

0 . . . .
Vila,b,h) = sup D [ / e "u(Cy, Ly, A0, BpOhECLDS gt yihae
(C,L,D,S)e A(a,b,h,i) 0

+e_p9VY92 (Ag:lyD, Bg7b7h7Z7C’L7Dzs’ Hg’7lys)j| , (2‘7)

for any (a, b, h,i) € X x Y and bounded F-stopping time 6.

On the control problem with closed boundaries, Theorem 4 is not trivial, since we do not
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know a priori that the value function is continuous up to the boundaries, as discussed in Gassiat
et al. (2014). The second DPP (2.6) can be shown easily without the continuity of the value
function. In contrast, the continuity on the entire domain makes proving the first DPP (2.6)
easy, as in Theorem IV.7.1 of Fleming and Soner (2006). If not, we should use a somewhat
technical argument to show the DPP. To apply this, we need the continuity of the value function
on X and on 0X. These two continuities have been shown in Proposition 3, so that we can
show the DPP. Thus, in closed boundary problems not limited to this paper’s setting, these
two continuities of the value function need to be shown only by its definition if we want to use
the DPP shown in the standard manner. The DPP in Theorem 4 can be shown by tracing the
proof in Gassiat et al. (2014), so I omit it.

Even though we can show the first DPP (2.6) without the continuity of the value function

up to the boundaries, the first DPP (2.6) yields this continuity as follows:

Proposition 5 For any i € Y, Vi(a,b,h) is continuous on X.

Proof of Proposition 5. See Appendix A.2. O

By Propositions 3 and 5 and Theorem 4, I characterize the fundamental properties of the
value function on the entire domain. The subsequent section shows the viscosity solution prop-

erty of the value function by these fundamental properties.

8The detailed proof of the DPP in closed boundary cases can be found in their working paper version
Gassiat et al. (2011).
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3 Viscosity Solution Property and Differentiability

of the Value Function

The HJB equation in the utility maximization problem (2.4) under the asset dynamics (2.1) is

given by

pvi(a,b,h) — sup {u(c, la,b,h,1)
(e,l,d,s)ECX[0,L] xRx[0,00)

+ Oyvi(a, b, 1) (r(b,3) + (L i) + 9(6) = 7eli)e — (d+ xa(d,i))a — B (i)sh)
+ dvi(a, b, h) ((m(i) +d)a+ ga(i) — mala, i)) + Apvi(a, b, ) (aH(sh, i) — 6H(i)h) }

-y )\M(vj(a,b,h)—vi(a,b,h)>:0, (3.1)

JEV\{i}
for all (a,b, h,i) € X x Y, where
ov;(a, b, h) ovi(a,b, h) ovi(a, b, h)
7 7bah:77 aVi\W, U, = T35, (¢, Uy - -E—
Opvi(a, b, h) 2% Oqvi(a, b, h) 9a and  Opvi(a,b, h) o

Hereafter, I denote the partial derivative of a function ¢ with respect to a variable x by 9,¢.
Here, we need to show that the value function actually solves the HJB equation (3.1) in the

viscosity sense. Following convention, I use a representation of (3.1) by Hamiltonian:

p’Ui(a, ba h) - Hz (CL, ba h7 aavi (CL, ba h)’ abvi (CL, b? h)? 8}{1%((1, b> h))

= 3 i(wilabn) — vitab,m)) =0,

JEV\{i}

where (a, b, h, i, pa, o, pr) — Hi(a, b, h, pa, py, pr) is a Hamiltonian such that

Hi(aab7hapaapbaph) = sup {u(c,l,a, b7hal)

(c)l,d,s)eCx[0,L] xR x[0,00)
o (r(0,3) + [ hyi) + g(0) = 7eli)e = (d+ xa(d,))a — Ba(i)sh)

+ pa((rali) + d)a+ ga(0) = ma(a.i) ) +pu(an(sh.i) = Su(@)h) ). (32)
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One important issue of the Hamiltonian (3.2) is that # is not continuous at p, = 0 in general.
To show the viscosity subsolution property of the value function in the standard manner, the
continuity of the Hamiltonian on the considered domain is required. Under the frequently used
setting in macroeconomics, we can show that (a, b, h, pa, Pp, Pn) — Hi(a, b, h, pa, Pp, pr) is jointly
continuous on X x R x (0,00)2, for any fixed i € Y. However, it can be easily observed that
Hi(a,b, h,pa,0,pp) = 0o if pg # 0 or pp, > 0, but H;(a, b, h,0,0,0) = sup.ccu(c,0,a,b,h,i) < oo.
We read p, as the partial derivative of V; with respect to b if it exists, but Proposition 3
only states that V; is non-decreasing in b. Therefore, we cannot exclude the possibility of
Vi(a,b,h) = 0 a priori. To address this issue on the boundary, I define the constrained

viscosity solution slightly differently than the literature on continuous-time macroeconomics.”

Definition 6 (Constrained viscosity solution) Let us denote by Ck(Z) a set of pairs of K
functions, which are continuously differentiable on Z C R3. Let v = (v;)icy be a pair of locally

bounded and continuous functions on a subset Z of X for alli € Y.

1. v is a viscosity supersolution to the HJB equation (3.1) on Z if, for any (a,b,h) € Z
and ¢ € Ck(Z), where v; — ¢; attains a local minimum at (a,b, h) for alli € Y, v and ¢

satisfy the following inequalities:

pvi(a,b,h) — Hi(a,b, h,0gpi(a,b, h), Oppi(a,b,h), Oppi(a,b,h))

= 3 i(wilabn) — vitab,m)) = 0,

JEV\{i}

Oppi(a,byh) >0, and Oppi(a,b,h) >0, for alli € Y.
2. v is a viscosity subsolution to the HJB equation (3.1) on Z if, for any (a,b,h) € Z and
¢ € C(Z), where v; — p; attains a local mazimum at (a,b,h) for alli € Y, v and ¢

satisfy the following inequalities:

pvi(aa b7 h) - Hi(a7 bv h7 aa(pi(a'a b: h)v 817(,07;(0/, b7 h)7 8h(pi<a7 b7 h’))

= 3 (vt k)~ viabm) <0,

JEV\{i}

9Note that the following refinement is not required when the admissible set is bounded.
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Oppi(a,b,h) <0, or Oppi(a,b,h) <0, for alli € .
3. v is a constrained viscosity solution to the HJB equation (3.1) on X if it is a viscosity

supersolution on X and a viscosity subsolution on X .10

Thus, Definition 6 considers the following modification of the HJB equation:

min { pui(a, b, h) = Hi(a, b, h, 0uvi(a,b, h), Oyvi(a, b, ), yvi(a, b, )

Y (uj(a, b, ) — vi(a, b, h)), Byvi(a, b, h), Bvi(a,b, h)} —0. (3.3)
FEV\{i}
As discussed previously, minimization matters only when dyv;(a,b,h) = 0 or dxv;(a,b,h) = 0.
Furthermore, it is important that under the standard assumptions, we can directly solve (3.1)
in numerical computation to obtain the value function. Therefore, we do not suffer from mini-
mization in reality. In this sense, minimization is only required for mathematical completion.
Here, we can show the viscosity solution property of the value function in the standard

manner through the following proposition:

Proposition 7 (Constrained viscosity solution property) The value function V= (V;)icy

is a viscosity supersolution to the HIB equation (3.3) on X. Furthermore, suppose that (a,b, h, pa, Db, Pr) —
Hi(a,b, h, pa, vy, pr) is jointly continuous on X x R x (0,00)% for all i € Y. Then, V is also a

viscosity subsolution to (3.3) on X. Therefore, V is a constrained viscosity solution to (3.3) on

X.

Proof of Proposition 7. See Appendix A.3. O

Here, to remove the minimization in (3.3), I introduce the following additional assumption

yielding a strict monotonicity of the value function.

Assumption 8 (Limit behavior) Suppose the followings with respect to r, f, x4, and u.

1. 7(0,i) > 0 for any i € ).

2. f(le,hyi) — 00 as h — oo for any l. € (0, L] and i € Y.

3. d+xa(d,i) = 0o as d — xoo for anyi € ).

10T suppose that the smooth test function can be defined in an open subset Z C R? such that X C Z.
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4. u(c,L—1,a,b, h,i) is strictly increasing in (c,1,b, h) € Cx [0, L] x [~B, 00) x (0, 00) for any
(a,i) € (0,00) x Y; u(c,0,a,b,h,i) = 0 as (c,b) = oo for any (a, h,i) € (0,00)? x V; and

there exists a function | — u>(l) on (0, L] such that lim  wu(e,l,a,b, h,i) >u>(l) for
(¢,b,h)—00
any (I,a,i) € (0,L] x (0,00) x V. Further suppose that there exists a constant I* € [0, L]

such that u™(l) — 0 as | — [*.
Assumption 8 is standard, and then I have the following lemma.

Lemma 9 Suppose Assumption 8. Then, Vi(a,b,h) is strictly increasing in b and h on X for

any i € Y. Furthermore, Vi(a,b,h) = 0 as b — 0o or h — oo for any (a,i) € (0,00) x ).

Proof of Lemma 9. See Appendix A 4. O

Lemma 9 assures the strict positivity of the partial derivatives of V if they exist, so that we
then can remove the minimization in (3.3).

Here, let us show the classical solution property of the value function in the interior of its
domain. I have first considered a viscosity solution in Proposition 7. However, the value function
is in fact continuously differentiable everywhere in the interior of its domain. This is because
the viscosity solution of a maximization problem “does not admit concave kinks.” Achdou
et al. (2022) discuss in their Appendix D that the viscosity solution of a maximization problem
v only admits the undifferentiability such that 9} v(z) > 9, v(z), because the Hamiltonian
of a maximization problem is strictly convex. However, a concave function only admits the
undifferentiability such that 9 v(z) < d;v(z). Therefore, a concave viscosity solution of a
maximization problem is continuously differentiable everywhere in the interior of its domain.
Rocheteau et al. (2018) use the same idea in the one-asset case. In this study, I generalize their

result to a multiple-asset case as the following proposition.

Proposition 10 Suppose Assumption 8. For any i € Y, if (pa, v, pr) — Hi(a,b, h,pa, pp, Pp)
is strictly conver on R x (0,00)2 for any fized (a,b,h) € X, then Vi(a,b,h) is continuously

differentiable everywhere on X. Therefore, O,Vi(a,b,h) > 0 and O, V;(a,b,h) >0 on X.

Proof of Proposition 10. See Appendix A.5. O
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By Proposition 10, the value function is a classical solution to the HJB equation (3.1) in
the interior of its domain. By the differentiability, we can always identify a functional form of
candidate optimal policy (C, L, D,S) on X x ). In Propositions 7 and 10, I assume that the
Hamiltonian is continuous and strictly convex. Here, I provide a sufficient condition for the

continuity and strict convexity of the Hamiltonian.
Assumption 11 (Smoothness) Suppose the following with respect to f,xa,am, and u.

1. For any (h,i) € (0,00) x Y, I — f(l, h,i) is twice continuously differentiable on (0,L).

2. Foranyi€ ), d— xal(d,i) is twice continuously differentiable on R and Oggxa(d,i) > 0
for any d € R. Furthermore, for any i € Y, infger Ogxa(d,i) < —1 and Ogxa(d,i) — oo
as d — 00.

3. Foranyi €Y,z — ag(z,i) is twice continuously differentiable on (0, 00), and Opgop (x,1)
0 for any © € (0,00). Furthermore, for any i € Y, Oyap(x,i) — o0 as © — 0 and
Orap(z,i) — 0 as © — 0.

4. For any (a,b,h,i) € X x Y, (¢,1) — u(c,l,a,b, h,i) is twice continuously differentiable on
C x (0, L) and strictly concave on C x [0, L]. Furthermore, for any (c,l,a,b,h,i) € C x
(0,L)x X x ), the Hessian matriz of u with respect to (c,1) is negative definite in the strict

sense. In addition, u is twice continuously differentiable with respect to ¢ even if l =0 or

L, and then O.cu(c,l,a,b, h,i) <0 for any (a,b, h,i) € X x Y. Moreover, for any compact

cube subset K = [a,a) x [b,b] x [h, h] C X, let D.ux(c,i) = sup Ocu(e,l,a,b, h,i)
(1,a,b,h)€[0, L] x K
and Ocux(c,i) = inf Ocu(e,l,a,b,h,i). Then, dcux(c,i) — 0 as ¢ — oo and

(1,a,b,h)€[0,L]xK
Ocuic(c,i) = 00 as ¢ — 0 for any KK and i € ). Finally, in the presence of the endogenous

labor supply, (¢,1) — —0wu(e,l,a,b,h,i)/0u(c,l,a,b, h,i) is strictly increasing on C X
(0,L) and dqu(c,l,a,b,h,i) >0 for any (c,1,a,b,h,i) € C x (0,L) x X x V.

Under Assumption 11, a unique maximizer of the following maximization problem exists for

any (pp,a,b, h,i) € (0,00) x X x YV:

M(pp,a,b,h,i):=  max {u(e,l,a,b,h,i) + pp(f(i, h, 1) — 7c(i)c) }. (3.4)
(e)eCx[0,T]

It can be seen that (3.4) is an optimization problem with respect to (¢,[) in the Hamiltonian
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‘H. Hereafter, I denote the unique maximizer of (3.4) by (¢*(pp, a, b, h,i),*(py, a, b, h,i)). Then,
it can be easily seen that (py,a,b,h) = (¢*(pp, a, b, h,i),*(pp,a, b, h,i), M(pp,a,b, h,i)) is con-
tinuous on (0,00) x X for any ¢ € ). By Assumptions 8 and 11, we can offer the favorable

properties of the Hamiltonian, i.e., the continuity and strict convexity.

Lemma 12 Suppose Assumptions 8 and 11. Then, the Hamiltonian H;(a,b, h, pa, pp, Pn) is
continuous with respect to (a,b, h,pa, Py, pr) on X x R x (0,00)? for any i € Y, and it is con-
tinuously differentiable and strictly convex with respect to (pa,py,pn) on R x (0,00)% for any
(a,b,h,i) € X x ). Furthermore, there exists a unique continuous mazimizer of the marimiza-

tion problem in the Hamiltonian.

Proof of Lemma 12. See Appendix A.6. O
By the envelope theorem, the partial derivatives of the Hamiltonian are
anHi(a7 b, hapavpbvph) = T(bv Z) + f(l*(pln a,b, h, i)? h, Z) + g(l) - Tc(i)C* (pb, a,b, h, Z)

_ <(3dXA)—1 (%Z — 1;i> +xA ((adXA)_l (% B 1;i>,i)> . 335)
— Br (i) (Opapm) ™" (BH(i)pb ; z’),

Ph
Oy M, pasn) = (ra) 4 @) (% = 1) Jack ga) - mala), (39)
O, Hila, b, h, pa; o, pr) = aH((axaH)_l <M, Z)J) — 0 (i)h, (3.7)
Pn

where (d,i) — (9gx)"'(d;i) and (x,i) — (Oyapy) '(x;4) are the functional inverse of d —
OJaxal(d,i)and x — dyap(z,i), respectively. They are the (candidate) optimal saving/investment
rates of B, A, and H, respectively. Note that 0, H;, Op, H;, and 0y, H; are continuous with re-
spect to (a,b, h, P, Py, pr) on X x R x (0,00)2 for any i € Y. In Assumption 11, I suppose the
smooth cost function x, whereas Kaplan et al. (2018) suppose the kinked cost function at 0.
However, Kaplan et al. (2018)’s setting is admissible because their kinked cost function derives
a unique maximizer in the Hamiltonian. The Hamiltonian is continuous even in the kinked case,
so that the viscosity solution property holds. The partial differentiability of V' with respect to a

is not clear in the regions where the cost is kinked, but differentiability is required to determine
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the optimal policy unambiguously, as discussed in the introduction. In this sense, Kaplan et al.
(2018)’s model can determine a unique candidate of the optimal deposit and/or withdrawal
rate. Furthermore, one can show that the partial derivative of V; with respect to b is uniquely
identified everywhere in the interior domain by the strict convexity of the Hamiltonian with

respect to pp. Therefore, candidates of optimal consumption and labor supply are also uniquely

identified.

4 Admissibility and Uniqueness of the Optimal Con-

trol

In this section, I discuss the property of a candidate of optimal policies on the boundaries and its
admissibility. Herein, I suppose Assumptions 8 and 11. By the concavity of the value function,
the right derivative of the value function on the boundaries can be defined, including infinity:

‘/i ) b: h - Vv@ ) _Bv h
3:%((1, _E, h) = bEEHB (a )b T B(a )

However, 8; Vi(a,—B, h) is indeed locally bounded everywhere.

Lemma 13 For any (a,h,i) € (0,00)% x ), 8b+VZ-(a, —B, h) is locally bounded. Furthermore,
for any i € Y, 8,Vi(a,—B,h) and 0,Vi(a,—B,h) exist for all (a,h) € (0,00)2, and (a,b,h) —
(0aVi(a,b,h), 8 Vi(a,b, k), 0,V;(a,b, b)) is continuous on X.

Proof of Lemma 13. See Appendix A.7. O

By Lemma 13, (9,V;(a, b, h),@;Vi(a,b, h),,Vi(a,b,h)) is continuous on X for any i € ).
Therefore, we can consider a continuously differentiable extension of V' on an extended domain.
Let W := (0,00) X (—00,00) x (0,00). Let V* be a function on W x Y such that V* € CL (W)
and V*(a,b,h) = Vi(a,b,h) on X x Y. The continuously differentiable extension V* yields an
explicit representation of the state-constraint boundary condition of this problem. As discussed

in Soner (1986), the viscosity subsolution property on the boundaries, smoothness of the value
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function, and continuity of the Hamiltonian imply that

- Hi(av —B,h, 8(1([%‘ (a7 —B, h), 81,(,0,‘(@, —-B, h‘)) ah‘Pi (aa -B, h))

< —Hi(&, _E7 hv GaV;*(a, _27 h)7 81)‘/;*((1, _27 h)7 8h‘/i*(aa _E7 h))a

for any (a,h,i) € (0,00)% x ¥ and smooth function ¢ = (¢;)jey with 0 = Vj*(a,—B,h) —
pj(a, =B, h) = max, ,, nex{Vj (@ U, 1) —p;(a, b, })} for all j € Y. This inequality yields

the following condition:
- n(a7 _Ev h) : vai(av _ﬁu h) 8a‘/i* (CL, _Ev h)u 817‘/@* ((L, _Ev h)v ahv;,* ((17 _Eu h)) Z 07 (41)

where n(a, —B, h) is the exterior normal vector of the region X at (a,—B,h) and V,, is the

" The exterior normal vector at (a,—B,h) is

gradient operator with respect to (pa,Pp, Dr)-
n(a,—B,h) = (0,—1,0)" for all (a,h) € (0,00)%. Accordingly, the state-constraint boundary

condition can be expressed as

8pri ((l, _Ea ha aaVL'* (a7 _Ev h’)7 ab‘/;'*(a, _Ey h’)7 8’1‘/;* ((l, _E7 h))

== apr’i(aa _Ea h) 8&‘/;(a7 _Ba h)? 8;%(@7 _57 h)? 8hm(a7 _Ea h)) 2 0 (42)

Since Op, H; is the drift of the (candidate) optimally controlled liquid asset process in state ¢,
the inequality (4.2) implies that it must be non-negative on the boundary. Accordingly, we
can see that (4.1) is the state-constraint boundary condition, which is a necessary condition for
optimality, and (4.2) is a reduced form of (4.1).

Let us discuss the admissibility of candidate optimal controls derived by the HJB equation.

As is standard, I first define admissible feedback controls.

Definition 14 (Admissible feedback controls) A quadruplet of measurable functions

(Ci(a,b,h), Li(a,b,h), Di(a,b, h), S;(a,b,h)) on X x Y is an admissible feedback control, if for

UT have taken the directional derivative of the Hamiltonian with respect to (pa,ps,pn) at
(0.Vi*(a, =B, h), s V*(a,—B, h),0nV;*(a,—B, h)) in the direction —n(a,—B,h). This operation is ad-
missible since H,; is continuously differentiable and convex with respect to (pa, vy, pn), V;* is continuously
differentiable at (a, —B,h), and we can set V(5 n)@i(a, =B, h) = V(4 pn)V;*(a, =B, h) — tn(a, —B, h),
where t is a positive constant.
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any (a,b,h,i) € X x Y, the following system of stochastic ODEs with respect to (A, B, H):

AB; = (r(B1 Y{) + f(Ly; (As, B, Hy), By, Y7) + g(VF) = oY) Cyp(Ar, By, Hy)
—(Dys (A, Buy H) + XDy (Ar, B, Hy), 7)) A = Bu(Y{)Sys (Ar, By, Ho) Hy ) t,
dAt = ((rA()/;fl) + DYtZ (Ata Bt7 Ht))At + gA(}/;fZ) - T(A(At’ }/;Z)>dt’

dH; = (CVH(SY;' (At, By, Hy)Hy, Y}') — 5H(Yti)Ht> de

with (Ao, Bo, Hyo) = (a,b, h), has an F-adapted solution
and (CYtZ (At, Bt, Ht), LYtl (At, Bt, Ht), DYtZ (At, Bt, Ht), SYtZ (At, Bt, Ht))tG[O,oo) is admissible un-
der (a,b, h,1). I also denote an illiquid asset process, a liquid asset process, and a human capital

process starting at (a,b,h,i) and controlled by an admissible feedback control (C,L,D,S) by

(Aa,i;D’ Ba,b,h,i;C,L,D,S’ Hh,i;S)'

Under the admissible feedback controls in Definition 14, I have the following result on the
optimality conditions of the candidate optimal controls derived by the HJB equation (3.1). In
the literature, the result of Proposition 15 is often called a verification theorem. The proof

when assuming smoothness of a solution to the HJB equation (3.1) is standard, so I omit it.

Proposition 15 (Verification theorem) Let v be a function in CL (W) satisfying the fol-

lowing:

1. v is a constrained viscosity solution to the HJB equation (3.1) on X.

2. A quadruplet of continuous functions (C*, LY, DV, SY),

CY(a,b, h) := c*(Opvi(a,b,h),a,b,h,i), LI(a,b,h):=1"(0pvi(a,b,h),a,b,h,i),

_ aavi (a7 b7 h) : 1 - ﬁH (Z')ab’l)z‘((% b7 h) )
v — R (St it R v = ! ;
Di (a, b, h) = (adXA) <8bvi(a, b, h) 1; Z> ) Sz (av b7 h) . h(azaH) ( 8hvi(a, b, h) )

for (a,b,h,i) € X x Y, can be defined, and it is an admissible feedback control.

3. For any (a,b,h,i) € X x Y and (C,L,D,S) € A(a,b, h,i), consider the following F-local
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martingales:

t
/0 1{Y) =jte " ("Uk(AZ’Z;D, Bs,b,h,z;C,L,D,s7 Hgﬂ;g)

— v;(AaED | pabhiCLD.S H@z‘;s)) ANI*,

fort € [0,00) and j,k € Y with j # k, where (Ni’k)#k is a compensated K(K — 1)-
dimensional F-Poisson process with constant intensities (\;j i)k, which satisfies {Y;— =
3. Y, =k} = {N?* — NJ* > 0} for all t € [0,00) and j,k € Y with j # k. Then, all of
them are uniformly integrable F-martingales.

4. The following condition

. —pt,. . aa:D a,b,h,i;C,L,D,S h;S\|
tligloE[e vy (A7, By JH”) =0

is satisfied for any (a,b,h,i) € X x Y and (C,L,D,S) € A(a,b, h,i).

- ‘.D’U > v L'U D’U v > v
Then, v ="V holds on X x Y, and (Civ’# (APY ,Bf’b’h’z’c L5.D%,5 ,ch’z’s ),
) a,i; DY a,b,h,i;CV,LY D"V SY h,i;Sv v a,i; DY a,b,h,i;CV, LY, D"V S" h,i;Sv
Ly (AP B; HPES), Dy (A7 B HSY)

)

S;;/ti(A?J;D”’ Bg,b,h,i;C”,L“,D”7Sv7vai;sv))te[o?oo) is an optimal control for any (a,b,h,i) € X x Y.

It can be easily seen that Proposition 15 implies the uniqueness of the solution to the HJB
equation (3.1). Unfortunately, we have the uniqueness only on a set of functions satisfying the
four conditions in Proposition 15. By the comparison theorem, the uniqueness of the viscosity
solution is usually established on a larger set of functions. The three assets setting makes it
difficult to obtain a general result of the uniqueness. However, a viscosity solution in the one-
asset model with linearly separable money utility is unique in a class of continuous functions
which vanish at infinity. This can be shown by the standard comparison argument of the
viscosity solution to the first order PDE via the doubling-variables method.

Here, let C¥(a,b, h), L¥(a,b, h), D} (a,b, k), and S} (a,b, h) be functions on X x Y such that

Ci(a,b,h) := c*(pV;*(a,b,h),a,b, h,i), L¥(a,b,h):=1*(0V*(a,b,h),a,b,h,i),
_ aaV*(Ch b, h) . 1 _ ,BH (z)é)bV* (a, b, h)
D* — 1 1 —1: * Pe—— 1 7 .
*(a,b,h) := (Daxa) (abvi*(% b.h) 7z) . S¥(a,b,h) h((%;ozH) ( oV b )
(4.3)
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We already know that the extended value function V* € C'L (W) solves the HJB equation (3.1)
on X in the constrained viscosity sense, and that it is bounded on X. Hence, we can easily
observe that the value function satisfies conditions 1, 3, and 4 in Proposition 15. Therefore, one
can confirm that the verification is completed and (C*, L*, D*, S*) is an optimal control if one
shows the admissibility of (C*, L*, D*, S*).

To verify whether (C*, L*, D* S*) is admissible, the existence of the controlled asset pro-
cesses is crucially important. In fact, the right continuity and measurability are trivial if the
asset processes controlled by (C*, L*, D*, S*) exist. To demonstrate the existence of the asset
processes, it suffices to show that the following system of deterministic ODEs for (at, b, hl);>o

has a solution for any (a,b, h,i) € X x ).

daj = s7(az, by, hi)dt, b = s7(aj, 0, hy)dt,  dhj = s} (aj, by, hy)dt, (4.4)

with (ad, b8, hi) = (a, b, h), where s?(a, b, h) := Oy, Hi(a, b, h, 0, V;*(a, b, h), 0, V;* (a, b, h), O V;*(a, b, h)),
s¥(a,b, h) == 0y, Hi(a,b, h,0,V;*(a,b, h),V;*(a,b,h),0nV;*(a,b, h)),

and si(a,b, h) := 0, Hi(a,b, h, 0,V (a,b, h),V;*(a,b,h), 0, V;*(a,b,h)). When s¢, s, and s?

are Lipschitz on X, I can easily prove the existence, following the standard methods. However,

si-’ may not be Lipschitz. To clarify this, I consider the one-asset case presented by Achdou

et al. (2022). By Proposition 1 in Achdou et al. (2022), if the subjective discount rate is strictly

larger than the interest rate, the saving rate in the lower-income case séow exhibits the following

asymptotic behavior close to the borrowing constraint:

s (b) ~ —k1\/b+ B,

where ki is a positive constant. Therefore, the saving rate in the lower-income case is not
Lipschitz in any neighborhood of the borrowing constraint. The above asymptotic behavior
generates a high marginal propensity of consumption among liquid hand-to-mouth consumers,
which is often observed in consumption data. Accordingly, this behavior is favorable from the
macroeconomic theory viewpoint. Meanwhile, the global existence and uniqueness results of

ODE:s rely on the local Lipschitz property of their drivers. Hence, this behavior is not favorable
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mathematically.'?

Here, I discuss how we should overcome the non-Lipschitz property. I emphasize that a
local solution to the deterministic ODEs (4.4) exists when it started everywhere in X', because
the saving rate functions s?, sé, and 32 are continuous on X, so that Peano’s existence theorem
can be applied. Therefore, my verification strategy proceeds as follows: (1) extending a local
solution to infinite horizon, (2) showing the optimality of all the solutions, and (3) proving
pathwise uniqueness of the solution. First, I consider the extensibility of a local solution. In

other words, I shall show that a local solution does not blow up in finite time.

Lemma 16 For any (a,b,h,i) € X x Y, all local solutions to the system of the ODEs (4.4) in
state i starting at (a,b,h) do not blow up in finite time. Furthermore, these solutions satisfy
ai > ae™ > 0,bi > —B, and h} > he=%mt > for any t € [0,00), where m is a non-positive

constant not depending on a,b, h,i, and t.

Proof of Lemma 16. See Appendix A.8. O

By Lemma 16, we can extend a local solution of candidate optimally controlled asset pro-
cesses in an infinite horizon. Then, we can show that the candidate optimal control is actually

admissible and optimal by the verification theorem.

Proposition 17 The extended value function V* satisfies the four conditions in Proposition 15.
Therefore, (C*, L*, D*, S*) is an admissible feedback control, and it is also an optimal control

of the utility mazimization problem.

Proof of Proposition 17. See Appendix A.9. O

Let us discuss the uniqueness of optimally controlled asset processes. The uniqueness of the
optimally controlled asset processes is a crucial property to evaluate the model. However owing
to the possibility of the non-Lipschitzness of saving rates, we cannot apply a standard scheme.
Instead, the existence of the optimal control and the strict concavity of u yield the uniqueness
of the optimal control. Therefore, I can complete the verification of the utility maximization

problem in this paper.

12The saving rate is one-sided Lipschitz in a one-asset case with linearly separable asset preferences.
In this case, we can show the uniqueness of the solution more easily than in this paper.
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Proposition 18 For anyi € Y, V; is jointly strictly concave on X. Furthermore, the optimal
control (C*,L*, D*,S*) and the asset processes controlled by (C*,L*, D*,S*) can be uniquely

identified up to indistinguishability even when the processes start everywhere in X x ).

Proof of Proposition 18. See Appendix A.10. O

5 Concluding Remarks

In this paper, I presented the verification result of a continuous-time utility maximization prob-
lem frequently used in macroeconomics. I demonstrated that the value function actually solves
the associated HJB equation in the constrained viscosity sense. Furthermore, the value function
is continuously differentiable in the interior of its domain, so that it can solve the HJB equation
in the classical sense in the interior. Finally, a candidate optimal control is admissible, opti-
mal, and uniquely identified. Therefore, a standard consumer’s problem in heterogeneous-agent
macroeconomic models is well-posed, and the HJB equation approach is valid. Subsequently,
Shigeta (2022) demonstrates the existence of invariant measure and stationary equilibrium in
the one-asset Aiyagari model.

One remaining issue is the richness of models, for example, introducing the models to other
types of uncertainty (e.g., diffusion and/or jump-diffusion) and/or discontinuous decision mak-
ing (e.g., optimal stopping and/or impulse controls). In this paper, I focused on a continuous-
control problem with Markov chain uncertainty, but the above extensions are useful for analyzing
rich macroeconomic models. However, I expect that this paper’s result can be easily extended
to a continuous-control model with impulse adjustments at exogenous Poisson timings. In par-
ticular, this type of problem has been investigated in Gassiat et al. (2014) and Rocheteau et al.
(2018). The concavity of the value function in this problem can be shown easily only by its
definition. Therefore, the DPP can be also shown, and hence the viscosity solution property of
the value function and the admissibility of candidate optimal controls can be shown under mild
assumptions.

The other potential issue is numerical computation. The model in this paper considers four

state variables: A, B, H, and Y, which are too many to apply the standard implicit method with
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fine grids. Accordingly, we need to reduce the state variables or apply another computation
method like the machine learning to solve the model numerically (e.g., Ferndndez-Villaverde
et al. (2019)). A more fundamental problem is the decision making about investing to A and
H. By continuously investing to A and H, the HJB equation has the terms whose denominators
involve 0,V; and 0,V;. By the Inada condition of v and ap, these partial derivatives tend to
go to zero when b and h become large. As a result, the numerical computation will be unstable
because we need to divide some terms by a very small positive value. Therefore, we may need to
change the variables such as b= log(b+ B +¢€), where € > 0 is a small constant. The extensions
of the models to resolve the above issues are important from the practical viewpoints, but I

leave it for future research.

A Proofs

A.1 Proof of Proposition 3

Proof of Proposition 3.

The non-empty admissible set. Fix an arbitrary ¢ € ). 1 will first show the non-empty property

of the admissible set. For any (a,b,h) € X, let (C,L,D,S) = ((9(Y") — y)/7(Y"),0,0,0).
Then, H™%0 has a strictly positive and unique solution: H[L’i;o = he~Jodr(Y)ds g1 ¢ ¢ [0, 00).
Meanwhile, by the global Lipschitz property of a — 74(i)a — wa(a,i), A%%? also has a unique
solution. Let us check A%%% > 0. First, let us consider the illiquid asset case. Let € €
(0,a) be an arbitrary constant, and let §¢ = inf{t € [0,00)]A%"" = €} be a stopping time.
Following convention, set inf() = co. For any fixed constant T' € (0,00), I have A%’i;ge =
a—i—fg/\ge(rA(Ysi)Ag’i;o—I—gA(YSi) —7A(AY50 V) ds > a since ra(i)a—ma(a,i) > 0and ga(i) >0
for any (a,i) € (0,00) x Y. Therefore, §¢ = oo and A" > a4 > 0 P-as. for any t €
[0,00). Second, let us consider the durable goods case. Then, I have A?’i;o = aelora(¥i)ds +
fg els ra(¥dr g (Yi)ds > aetal > 0 P-a.s. for any t € [0,00). Thus, in both of the cases, A%"°

is strictly positive. Further, the right-continuity and measurability of (C, L, D, S) are obvious.
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Here, consider B’s ODE under (C, L, D, S):
dvab»hyi;Cy(LOyO — (,,,.(Bg:bzhzi;c70»0707 }/tl) + f(O’ ch,l,o’ }/t’b) + y) dt,

with Bg,b,h,i;C,O,O,O = b. Then, (B?,b,h,i;c,o,o,o)te[O,OO) uniquely and globally exists since r is glob-

a,b,h,i;C,0,0,0
B
t1

ally Lipschitz. Here, suppose that there exists a time t; € (0, 00) such that +B <0,

and let us lead to a contradiction. Then, by the continuity of Bf’b’h’i;c’o’o’o and Bg,b,h,i;C,O,O,O =
b > —B, there exists a time ty € [0,¢1) such that B&’b’h’i;c’o’o’o 4+ B = 0and BXEC000, B

for any s € (to,t1]. Here, for any ty € (to,t1], the Lipschitz property of r implies

to
’b7h";C7070’0 30y 7‘; sJ,U, i h’770 ]
B?z 7 +B= t <T<B;1bh10000,}/81>+f(0’ﬂ—t1 ,Y;Z)—i—g)ds
0

t2 . : : .
Z / (T (Bg7b7h7z;07070707 YZ) - T(_Ba YZ) + T(_Ev Yt;) + ﬂ) ds

to
to ]
2 / (_LT’B;L:bzh:Z;C703070 + E‘) ds — LT’/
t t

0 0

to

(Bg,b,h,i;C,O,O,O +E> ds,

where L, > 0 is a Lipschitz constant of 7. I have used y + r(—=B,j) > 0 for any j € ).

Z,b,h,i;C,O,O,O + B > 0, but this is a contradiction.

Therefore, the Gronwall inequality implies B
Hence, Bta’b’h’i;c’o’o’0 + B > 0 for any t € [0,00), and this implies (C,L,D,S) = ((g(Y*) —
y)/Tc(Yi)7 07 0> O) S A(a’ ba h> Z)

The non-decreasing property of the value function. Second, I will show the non-decreasing prop-

erty: fix arbitrary (a,b,h) and (a’,¥',h') in X with a < o', b < b/, and h < A’. T choose
(C,L,D,S) € A(a,b,h,i) arbitrarily. I initially show A(a,b, h,i) C A(a,V/,h,i). Let B :=
BabhiC.LD.S gng B! ;= Bab hiC.LD,S Then, the Lipschitz property of r implies the unique
existence of B’. Suppose that there exists a time ¢; € (0,00) such that B, < By, and let us
lead to a contradiction. Then, by the continuity and " > b, there exists a time tg € [0,¢;) such
that B;, = By, and Bj < Bj for any s € (o, t1]. By the liquid asset’s ODE, for any t, € (to, t1],

I have

to ) ) to
B, — B, = / (T(B;,y;) _ T(Bs,y';» ds > LT/ (B. - B,) ds.
to

to
Therefore, the Gronwall inequality yields B}, > By, but this is a contradiction. Hence, Bj > By

for all ¢ € [0,00), and this implies A(a, b, h,i) C A(a, b, h,i). Thus, Vi(a,b,h) < Vi(a,b', h).
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I will next show V;(a,b,h) < V;(a’,b,h). By Assumption 1, for any j € ), there exists
a unique minimizer of d 4+ x4(d, 7), denoted by d(j) < 0, such that d(j) + xa(d(4),5) < O.
Let us consider the ODE: dA} = ((ra(Y¥) + d(Y})) A, + ga(Yy) — wa(A}, Y}))dt with Ay = o/,
which has a unique F-adapted solution. Additionally, let 84 be an F-stopping time such that
04 = inf{t € [0,00)|4; = A%*P}. Furthermore, let D’ = (D})tejo,00) e a deposit/withdrawal

rate process such that

D d(Yy) ifte[0,04),

Dt 1ft€ [QA,OO).
By definition, D’ is right-continuous and F-progressively measurable. Then, we have A?/’i;D/ >

A?’i;D > 0 P-a.s. for all t € [0,00). This implies that

Dy AP P 4 x A (Dy, Y AP > d(YH AP 4 x4 (d(Yy), Vi) APEP

> d(Y) AL+ xa(@d(Y)), V)AL = DAY 4 xa (D YO AL it t < 0,

and Dy AP 4x4(Dy, Y APP = DAY 5P 4x a(Dy, Y AL 5P i £ > 0.4, Therefore, Dy AfP +
Xa(Dy, Vi) ASSD > pra® 5D o (D) AYSP for all £ € [0, 00). Similar to the case of the non-

! .. ! -,
decreasing property of V; with respect to b, we can show B WhEGEDLS 5 pabhiGLDS - p
g property p ) t t

Therefore, all admissible (C, L) under (a, b, h,i) can be financed by (D', S), and (C, L, D', S) is
admissible under (@', b, h, ). Furthermore, we can also show u(Cy, Ly, A?/’i;D/, Bf/’b’h’i;C’L’D/’s, ch’i;s, Y)) >
w(Cy, Ly, APHP | BRohiCLD.S  ghiss yiy Hence, Vi(a, b, h) < Vi(a',b, h).

I will then show V;(a,b,h) < Vi(a,b,h'). Let us consider the stochastic ODE: dH; =
—0p(Y:)H{dt with H) = h/, which has a unique solution: H] = h'e” Jo Su(Y)ds, Additionally,
let O be an F-stopping time such that 0y = inf{t € [0,00)|H; = Hfls} Furthermore, let

8" = (S})te[o,00) be an investment rate process such that

0 iftel0,0g),
5= [0,0m)
Sy ifte [GH,OO)

By definition, S’ is right-continuous and F-progressively measurable. Then, we have S{ch 58" <

StHZL’i;S and ch,’i;sl > ch’i;s P-a.s. for all ¢ € [0, 00). Hence, by the same argument in the case
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of A, T have Vj(a,b,h) < Vi(a,b,1).

The concavity of the value function. Third, I will show the concavity. Fix arbitrary (ZL\,?)\, /ﬁ) and

(Ei,g, %) in X, and take an arbitrary k € [0,1]. I choose arbitrary (6, E, ﬁ, §) € A(&,E,ﬁ, i) and

(6, L,D, §) € A(H,Z,TL, i). Let us consider the following stochastic ODE with respect to A*:
AAf = (ra()AF + kDATP + (1= W)DAT™ + (V) — ma(Af, Y1) ) dt,

with Af = a* := ka+ (1 —k)a. Then, by the global Lipschitz property of a — 74(i)a — 7 4(a, 1),

there exists a unique solution. Furthermore, since a — 7(a, ) is convex, I have

Al — (RATEP + (1 - 1) AT = / t (ravi)(Af = (kAP 4 (1 - k) ATD) )
0

> [ (a0 (45 = (kA2 4 (1 ) 43P)

+ maRATEP 4 (1= K)ATP, Y]) = 70 (AE, V7)) ds,

+ hra(ATP,Y]) 4 (1= k)ma(ATEP, Y] = ma(A%,Y]) ) ds

CRE-]

for any ¢ € [0,00). Thus, the non-decreasing property of 74 and the Gronwall argument
assuming a contrary imply AF > kAf’i;D +(1- k)Af’i;D > 0 for any ¢ € [0,00). Let us define a
process DF := (Df)te[o,oo) and S* = (Stk)tG[O,oo) such that

RATED (1 = ) ATED

Dk .— D+ Y% p,
¢ Akt AF K

oo Qo (R SISV & (- Ban (S, Y)Y
t = == ==
KH!5S 4 (1 — k) HMS

9

for all t € [0,00). By the admissibility of ((3, E,ﬁ,g) and ( Z,D,S), DF* and S* are right-
+

continuous and F-progressively measurable. Let H* := kHM5S (1-— k:)H’N“i;g > 0 and h* :=

kh+ (1 — k)h. Then, I have
Af =t [ ((ra2) + DE)AE + ga(v]) — malaf, ) )ds,
0

HF = h* ¢ / t (aH (SkH’“Y> - 5H(Y;)H§) ds,
0
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P-a.s. for all ¢ € [0,00). Hence, A*¥ and H* are the illiquid asset process and the human capital
process starting at (A, HY) = (a*, h¥) and controlled by (D, S¥), respectively.
Let x4 : (k:Aa’Z’D +(1- k:)Aﬂtd’i;D)/Aff~C € (0,1]. Then, by the convexity of x4 and a', and

by the scaling property x(cd,j) < cx(d, j) for any (c¢,d,j) € [0,1] x R x Y, I have

(DF + xa(DF, Vi) AF < kD, AP 1 (1 — k) Dy ATSP
4i:D 5o ai;D R E
+ <k’At’ ’DXA(QCtDt, Y )+ (1 —-k)Ay ’DXA(ﬂCtDt, Y, )) ;t
< k(Dy + xa(De, Y1) AP + (1 = k)(Dy + xa(Dy, Vi) AP, (A1)

SEHF < kS, HMS 1 (1 k) HM (A.2)

for any t € [0, c0).

Let C* := kC + (1 — k)C, LF := kL + (1 — k)L, b* := kb+ (1 — k)b > —B, B* =

k pk pk .0k Tk Dk gk B 3546 T.D.5 ~ P ey
BotbhhtsCh LA DESE B . BEbhECLD.S and B ;= BEbECLD.S

Y

. Here, suppose that there
exists a time ¢; € [0, 00) such that Bff < k§t1 + (1 —k)B,, and let us lead to a contradiction.
Then, since Bs are continuous and b* = Bf = kBo + (1 — k) By, there exists a time to € [0, 1)
such that Bf = kB, + (1 — k)By, and B¥ < kB, + (1 — k) B, for any s € (to, 1]. Then, since r
is concave, f is jointly concave, and the inequalities (A.1) and (A.2) hold, for any ts € (tg,t1],

I have

BE - (kﬁm +(1- k)étQ) > /tz (T(Bf,yj) - r(kés +(1- k)és,Y;)) ds

to
to - ~
> L, /to (B§ _ (kBs T(1- k)Bs)> ds.

Thus, the Gronwall inequality yields Bfl > kﬁtl +(1— k)étl, but this is a contradiction. There-

fore, BF > kB, + (1—k)B, > —B for any t € [0,00), and I can conclude that (C*, L*, D* §%) €
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A(a® b, h* i). By the joint concavity and non-decreasing property of u, I have

[o@)
Vi(d® b5, n") > B [ / e—ptuwf,Lf,Af,Bf,Hf,mdt]
0
oo o~ o~ ~ A~ T .a .
> kE |:/ 6ptu(CthA?’z.D’Bt7H[L’Z’S7}/tZ)dt:|
0
OO o~ o~ ~ ,.~ o~ 7 A.~ .

+(1—k)E [ /0 e Ptu(Cy, Ly, AP By HM5S Y;)dt] .

Since I have chosen (C‘,E,f)ﬁ) and (5,E,ﬁ,§) arbitrarily, the inequality V;(a¥,v*, h¥) >

~
~

kVi(a, b,ﬁ) + (1 = k)V;(@, b, h) holds. Thus, V; is jointly concave on X.

The other claims. The joint concavity of V; on X implies the local Lipschitz continuity of V;

on X (Theorem 10.4 in Rockafellar (1970)). Therefore, V; is continuous in the interior of
its domain, and (a,h) — Vj(a,—B,h) is continuous on (0,00)? since (a,h) — V;(a,—B,h)
is concave on (0,00)2. Finally, I check the lower boundary of V;. For any (a,b,h) € X,

((9(Y") = y)/7(Y"),0,0,0) is in A(a, b, h,i). Thus,

‘/i(aa ba h)
o —pt i i a,i0 @bhi(g(YH)=y) /7e(Y),0,0,0 ka0 4
ZE 0 € U((Q(Yt)—y)/Tc(Yt),O,At 7Bt ’Ht ’Y;)dt
min{u((g — y)/7¢, 0,5)}

> Ooefpt min{u((g — y)/7T¢,0,7) Hdt = ey
> [ e mintul(o - )/7.0.0) g

A.2 Proof of Proposition 5

Proof of Proposition 5. Fix an arbitrary i € ). Let us show that V;(a,b,h) — Vi(a,—B,h) as b |
— B for any fixed (a, h) € (0,00)%. By the non-decreasing property of V; with respect to b, I have
Vi(a,—B,h) < limy_p Vi(a, b, h) for any fixed (a, h) € (0,00)?. To show the opposite inequality,
I use the first DPP (2.5). Fix any (a,h) € (0,00)? and let T € (0,00) be an arbitrary constant.

Then, ((9(Y") ~y)/7(Y"),0,0,0) € A(ae= AT B heSnT ). Furthermore, A‘:’FG%OAIMTJ;O >

ST - ~ —(0Ar )T _B.h SyT ;. Y’L _ - Y’L 707070
a and HE"H0 > b hold. For B, T write By, = Bj* BRI 000 g
notational simplicity. Then, it can be easily seen that limp_,q ET = —B P-a.s. Let us consider
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the deterministic ODE dEt = (r(ﬁt,j) + y)dt with EO = —B. It can be easily seen that
—-B< Et < B, for any t € [0,00). Furthermore, I have Et > — B on some interval (0, tg] by the
strict inequality 7(—B,i) +y > 0 and the continuity of b — 7(b,i). Therefore, by the first DPP
(2.5), I have

_ T i _ o _
Vi(ae_(O/\ﬁA)T, ~B, heéHT) >E / e Pt (u(g(}/t) y707A216_(O/\£A)T,z;07Bt,nge‘sHT;O’Y;i>>dt
0

TC(Kti)

_ —(OAr )T ;.0 == ST ;.
te pTVY% (A%e ,Z,O’ BT7 ng ,’L,O):|

> /T e Pt min{u(g_g 0,7)}dt + E [e_”TVYZ' (a, Br h)}

- 0 jey = ?C bl b T )
1—e T 9—y =

> 7% ninfuwZ=Z 0, E[Vi ,B,h},

z—, mindu(=——=,0,5)} + B |Vy;(a, Br, )

where I have used the non-decreasing property of V' with respect to a, b, and h. By the definition
of the Markov chain, I have
Vi(ae= ()T _B hegHT) > ﬂmin{u(u 0,7)}}
(2 ) = — p Jey = FC b b
+ > B(vi =j)(Vila, Br,h) = Vila, Br, b)) + Vi(a, Br,h). (A.3)
Je\{i}

Since V is bounded on X x ), I have %irrh Z P(Y) = j)(Vj(a,ET,h) — Vi(a, Br, h)) = 0.
—

JEV\{i}
Therefore, I finally obtain

Vi(a,—B, h) im Vi(aef(OMA)T, -B, heSHT) > lim V(a, ET,h) = lim V;(a,b,h),
T—0 bl—B

=%
where I have used the continuity of (a, h) — V;(a, —B, h) in the left equality. Hence, V;(a, b, h) —
Vi(a,—B,h) as b | —B holds for any fixed (a, h) € (0, 00)?.

Since V;(a, b, h) is continuous in each argument on X when the other arguments are fixed,
and since it is non-decreasing in each argument, we can conclude that Vj(a,b,h) is jointly

continuous on X (see Kruse and Deely (1969)). O
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A.3 Proof of Proposition 7

Proof of Proposition 7. For simplicity of notations, I write a triplet of the three asset processes

as X = (A4, B, H) and introduce the infinitesimal generator Lx at = = (a,b, h) € X such that

L3504 (x) = Bypi(x) (r(b, i)+ f(lhy i) + g(i) — Te(i)e — (d + xal(d, i))a — BH(i)sh)

+ 0upi(@) ((ra(D) + d)a + 9a(0) = mala,) ) + Ohpi(@) (ur(sh,) = o ()R ).

for any smooth function ¢ on X x ). Furthermore, let V, be a gradient operator with respect
to = such that V() = (Oapi(x), Oppi(x), Onpi(z)). Throughout this proof, for any constant
r € X and n > 0, let B(x,n) := {2/ € X|||2' — z|| < n}, where || - || is the Euclidean norm on
R3. The following proof is standard for the viscosity solution property of the value function in
a stochastic environment, as in Gassiat et al. (2014).

The wviscosity supersolution property of the value function. Fix an arbitrary x = (a,b,h) € X.

Let ¢ = (¢i)icy € Ci(X) be a smooth test function such that

0=Vil@) = pilw) = mingVi(e) - wi(a")},

for all i € Y, where O is an open subset of X with x € O. Note that the non-decreasing property
of V; with respect to b and h implies Oyp;(z) > 0 and Ippi(z) > 0.
Fix an arbitrary i € ). T also choose a quadruplet of constants (c,l,d,s) € C x [0,L] x R x

[0,00) arbitrarily. Consider the system of stochastic ODEs as follows:

AB, = (r(Bu¥) + (12 Y) + g(07) = 7oV )e — (d+ xald, ¥7) ) & — B (V) s, )t
aA; = ((ra(¥) + DA+ (7)) = ma(An ¥7) )t

dfl, = (ay (s, Y;) — 5H(Yg)ﬁ1t>dt, Ay=a, By=b, Hy=h.

It is obvious that the above system has a unique F-adapted solution, and Et > —B holds on

some short interval [0,¢] by b > —B. Additionally, let 6 be an F-stopping time such that
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0 := inf{t € [0,00)|B; = —B or A; = a/2}. Here, I can construct a new control as follows:

(c,1,d,s) ift €1[0,0),
(Ct7Lt7DtaSt) =

((g — y)/7e,0,0,0) if t € [0,00).

Then, Bf’b’h’i;C’L’D’S > —B for all t € [0,00) by the Gronwall argument. Furthermore, the
right-continuity and measurability of (C, L, D, S) are immediate, so that it is admissible under
(a,b,h,i). Note that § > 0 P-a.s. by b > —B and a > a/2.

Fix a sufficiently small n > 0 such that b —n > —B, a — n > a/2, and B(z,n) C O.
Let 7 be an F-stopping time such that 7 := inf{t € [0,00)|X; ¢ B(z,n)}, where X =
(AP gabhiCLD.S  [rhiSy  Additionally, let (t,)n,>1 be a sequence of strictly decreasing
and positive real numbers such that ¢, | 0 as n — co. Finally, let (§,)n>1 be a sequence of
F-stopping times such that &, = 7 A t,, for all n > 1.

By the first DPP (2.5), I have

&n ~ ) ~
Vi(z) > E [ / e Pu(Cy, Ly, Xy, V) dt + e—ﬂfnvyg (Xgn):| .
0 n

Since p; < Vj for all j € Y and since ¢;(x) = Vi(z), I obtain

&n - ) ~
¢i(z) 2 E [/ e "'u(Ch, Ly, Xy, Y, )dt + 6_’)5"%/5' (Xgn)] -
0 n

Applying the generalized Ito formula to e_p'cpy_i()N( .) from 0 to &,, I have

&n ~ ) ~
0>E {/ €_pt{u(ct, L, X, YY) = poys (Xi)
0

+ ﬁ)C(t’Lt’Dt’St‘PYti ()N(t) + Z )\YtLj <<Pj ()Zt) — Py ()Z})) }dt} )
JEV\{Y}
where I have used the fact that ¢ is bounded on B(z,n) by its continuity. Hence, the stochastic
integral minus its compensator in the Ito formula is a true martingale, so that I can apply the
optional stopping theorem. Furthermore, the integrand in the above expectation is bounded
on [0,&,). Recall that (Y,C, L, D,S) is right-continuous. Thus, on a short interval depending

on w € {2, the integrand is right-continuous P almost surely. Furthermore, the continuity of
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X implies that, for almost sure w € Q and sufficiently large m > N(w), &m(w) = tm holds.
Therefore, by dividing the above expectation by ¢, and letting n go to infinity, the bounded

convergence theorem and the mean value theorem yield

0> ule.dw.i) - pVila) + L5 pi@) + Y Ay (Vi) - Vi),
JEV\{i}
Since (z,i) = (a,b,h,i) and (c,l,d, s) are chosen arbitrarily, the above inequality implies the
viscosity supersolution property of the value function on X.

The viscosity subsolution property of the value function. Fix an arbitrary = = (a,b,h) € X. Let

O be a subset of X with € O. Here, suppose that the closed boundary of O, denoted by
00(C 0), can only include the lower boundary of b: 90 C 9X. Let ¢ = (p;)icy € Ci(X) be

a smooth test function such that

0=Vi@) — i) = max{Vi(@) — i)},

for all 2 € Y. Fix an arbitrary ¢ € ). Here, I hypothesize that

pei(@) = Ml Vagi(@) = Y- g (s(0) = @i@)) > 0,
JeY\{i}
and Opp;(z) > 0 and dpp;(x) > 0. If the hypothesis is false, then this directly implies the viscos-
ity subsolution property, so that I derive a contradiction to the hypothesis. By the continuity
of the Hamiltonian #; on X x R x (0,00)2, for any small € > 0, there exists a constant n > 0

such that

pon(@) = Hala', Vaer@)) = 3 M (0i@) —en@) 2 6,
JEY\{k}

and Oppr(2') > € and Oppp(z’) > € for all ' € B(x,n) C O and k € YV, where YV is a subset
of Y with i € Y. As in Gassiat et al. (2014), I suppose, without loss of generality, that there
exists a constant 0 > €/p such that Vi (z') — pp(2') < = for any 2’ ¢ B(xz,n) and k € ).

By the second DPP (2.6), there exists (C, L, D, S) € A(a,b, h,i) such that

1—e7”

2p

Vi(z) — e <

ON1
<E[ / e " u(Cy, L, Xp, Yi)dt + e DV (Xon) |
0
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where X = (A®HD  BabhiCLD.S  [rhiS) and 6 is an F-stopping time such that 6 := inf{t €
[0,00)|X; ¢ B(x,m) or Y ¢ YN}, Since gip(z') — 8 > Vi(a!) for o/ ¢ B(z,n) and k € Y and

since @;(x) = V;(x), I have

1—e"

2p

pi(z) —€

ON1

o1 . R
<E [/ e P'u(Cy, Le, X, Yi)dt + e 7Oy, (XG/\I):|
0
_JE [e"’(eAl)]l{H <1.
Applying the generalized Ito formula to e™" ¢y ()A( .) from 0 to 8 A 1, T have

1—e"

2p

— €

o1
<E {/ €_pt{u(ct, Ly, X3, YY) — P‘Pyti(Xt)
0
Ct,Lt,D¢,St v v v
+LPIPS G (R + Y v (R0 — ey (R0) fat]
JEV\{Y;}

—§E [e*/ﬂwmn{e < 1}} ,

where I have used the fact that ¢ is bounded on B(z,7), and then the stochastic integral minus
its compensator in the Ito formula is a true martingale, so that I can apply the optional stopping

theorem. By the definition of the Hamiltonian, I have

1—¢e7?

0>-—
€ %

ON1 R . N
+B| /O e oy (K1) — Hys (R0, Vapys (X))

- 3 Ay (wj()?t) — oy ()?t)) }dt] OB [e_p(e/\l)]l{ﬁ < 1}] (A4
JENNY)

Since X € B(z,n) and Y € YN on [0,0 A1), and since {Y} # Y; } has Lebesgue measure zero

on [0,00) P-a.s., I have

PPy ()?t) - Hyti ()?m Vm%"y;’ ()?t)) - E )\Ytg,j (S@j()?t) — Py ()?t)> 2 €
JEV\{Y}
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on [0,0 A1) dP x dt-a.e. Thus, (A.4) implies that

1 — ¢—P(OA1)

p

1—e7?
2p

> €

2p

0> —e

+E |€

+ 0 PONI1{g < 1}]

1+er)— S E [n{e > 1PN ] 1+e?)— SPO > 1)
2 p
>

(1+eP)—Ser=S

€
— = 1—e?)>0,
2p p 2p( )

where I have used the inequality € < §p. However, this is obviously a contradiction. Therefore,

I obtain the viscosity subsolution property of the value function on X. O

A.4 Proof of Lemma 9

Proof of Lemma 9.

The strictly increasing property of the value function in b. It is obvious that V;(a,b, h) < 0 for

any (a,b,h,i) € X x Y. Fix (a,b,h,i) € X x Y. Here, I hypothesize V;(a,b,h) = V;(a, V', h)
for some O > b, and let us lead to a contradiction. Then, since V; is non-decreasing in b,
Vi(a,b,h) = Vi(a,b,h) for any b € [b,V/]. This implies that V; is partially differentiable with
respect to b on (b,b'). The partial derivative is 8bVi(a,g, h) = 0 for any be (b,b). Then, since
V; is concave and non-decreasing, 8b%(a,g, h) = 0 implies that 8;“%@,3, h) = Bb_‘/;(a,/b\, h)=0
for any b> b, where 8; Vi and 9, V; are the right and left partial derivative of V; with respect
to b. Therefore, V;(a,t’, h) = V;(a,b, h) holds for any b' > b.

I will show that V;(a,b,h) = 0 under the hypothesis. For any (¥/,7) € [0,00) x ), since
r(0,7) > 0 and r is globally Lipschitz, I have r(b',i) > r(b',i) — r(0,4) > —L,t’, where L, > 0
is a Lipschitz constant. Let m > L, be a finite constant. Then, for any (t,',i) € [0,00)? x Y,
I have 7(e™™V i) +me™™ > 0 and r(e”™V i) + me ™V — oo as b’ — oco. Here, I choose
(C,L,D,S) = ((g(Y?) + r(e™™, Y*") + me™™V)/7.(Y"),0,0,0) for any ¥ > bV 0. Then,
Cr = (g(Y) +r(e™ ™V, V) + me ™) /7.(Y}) € C. Meanwhile, by the Gronwall inequality, we

a,b’ i (g(Y)+r(e™ ™ Y +me™ ) /7.(Y?),0,0,0

can easily see that B;’ —e ™Y >0 for any t € [0, 00),

and this implies ((g(Y?) + r(e”™¥,Y?) + me ™) /7.(Y"),0,0,0) € A(a,b, h,i). Therefore,
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the definition of the value function yields

Vi(a,b,h) = Vi(a, V', h)

[ Yi —mip/ yi —mtpy § ) '
>E [/0 Py, <g( Y+ (e : (};i)t ) + me 70,A?,z,076mtbleZL,Z,O’}/"Il) dt} .
c\"t

Hence, the bounded convergence theorem yields V;(a,b, h) = limy o Vi(a,b’,h) > 0. Thus, I
have V;(a,b, h) = 0.

Here, I derive a contradiction from V;(a,b,h) = 0. I have

0= ‘/Z'(aa b, h) — sup E |:/ €_ptu(0t, Lt’A?ﬂ:D’ B?,h,h,%;C,L,D,S, chﬂ;s, }/;Z)dt:| )
(C,L,D,S)EA(a,b,h.i) 0

Thus, there exists a sequence (C™, L™, D", S™),>1 C A(a,b, h,i) such that

n—o0

o0 y e n ). n n n n > QM :
0 — hm supE |:/0 efpt (u(ch7L;L’Ag727D ’B;I,b,ha’b,c ,L™,D".S 7Ht}177/75 7}/252)>dt:| )

The above equality implies that C}* — oo as n — oo dP x dt-a.e. However, such plans are not
admissible because B; must become smaller than —B P-a.s. since an admissible L; is bounded
and d + x4(d) — oo as d — —o0. In the case that A or H tends to go to infinity dP x dt-a.e.,
we need that D" or S™ tends to go to infinity, but it is not admissible as well. Therefore, the
hypothesis is false, and V;(a, b, h) is strictly increasing in b.

The strictly increasing property of the value function in h. Next, I will show that h — V;(a, b, h)

is strictly increasing on (0, co) for any (a, b, ) € (0,00) x [-B, 00) x Y. I hypothesize V;(a,b, h) =
Vi(a,b, 1) for some (a,b,h) € X and I’ € (0,00) with i’ > h, and lead to a contradiction. By the
same argument as in the case of b — Vj(a,b, h), this hypothesis implies V;(a, b, h") = Vi(a,b, h)
for any h' > h. Fix an arbitrary constant . € (0, L). For any b’ > h, let (C, L, D, S) = ((g(Y*)+
fle, HY 40 Yy /2 — y)/7e(Y"),1c,0,0). Then, it can be easily seen that Bf’b’h/’i;C’L’D’S > —-B

and Bf’b’h/’i;C’L’D’S — o0 as b — oo for any t € [0,00). Thus, (C,L,D,S) € A(a,b,},1).
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Furthermore, ch "0 > ple=3ut Therefore, by the definition of the value function, I have

Vi(a,b,h) = Vi(a, b, 1)

o0 Vi) +0.5f (e, We=0ut Vi) — iy - __—
e Pty g( t ) f( e t ) y’ I, A?,z,o’ B;z,b,h ,Z,C,L,D,S’ h,e_(SHt, }/;z dt
0 (YY)

>E

)

for any h’ > h. Then, the bounded convergence theorem and monotone convergence theorem

yield

‘[L(a7 b? h)
o Y{) + 0.5f(le, We0mt Vi) — y » .
> ].im E [/ eiptu (g( t ) f( ¢ - t ) y) le? A?7/L707 Bg,b7h 7Z,C7L7D7S7 hleié-Ht7 Y;Z dt
0

h!—o0 TC(Y;Z)
zE[ / e—ﬂfu“ue)dt] > T,
0 P

where 1 have used f(l.,h',j) — oo as h’ — oo for any j € Y and I, € (0, L]. Since u™®(l;) — 0
as lc — [*, the above inequality implies V;(a,b,h) > 0, so that V;(a,b,h) = 0 holds. However,
this is a contradiction as observed in the case of b — Vj(a,b,h). Thus, V;(a,b,h) is strictly

increasing in h for any ¢ € ). O

A.5 Proof of Proposition 10

Proof of Proposition 10. In this proof, I employ the same notations as those in the proof of
Proposition 7 for simplicity.

Step 1. Fix (x,4) = (a,b,h,i) € X x ). Since V; is jointly concave, it satisfies the following
supergradient inequality:

Vi(a') = Vi(z) < p- (2" — @),

for any 2’ € X and p = (pa,pp, pr) € OVi(z), where dV;(z) is a closed, bounded, and convex
subset of R® (Theorem 23.4 in Rockafellar (1970), which is a version for a convex function).
0V;i(z) is typically referred to as the superdifferential of V; at .

Here, let us construct the continuous envelope functions of the partial derivatives of V;. Since
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the region of undifferentiable points of V; has Lebesgue measure zero by its concavity (Theorem
25.5 in Rockafellar (1970)), I can arbitrarily choose two sequences (zp)n>1 = (an, bn, An)n>1
and (z),)n>1 = (a,,bl,, bl )n>1 on X such that they converge to x € X, and V; is differentiable
at =, and z/, for all n > 1. Furthermore, without loss of generality, I can suppose that there
exists (a, b, h), (@,b,h) € X with a < @, b < b, and h < h such that a,,a!, € (a,a), by, b, € (b,b),
hn,hl, € (h,h) for all n > 1. Let O := (a,a@) x (b,b) x (h,h), and suppose x € O.

By the local Lipschitz property of concave functions, (V;V;(z,))n>1 and (V,Vi(x]))n>1 are
bounded. Their boundedness implies the existence of their convergent subsequences. Here-
after, I write these arbitrary convergent subsequences as (V;V;(Zy))n>1 and (Vi Vi(Z]))n>1.
Furthermore, I write their limits as V,V; = (8a‘7i,8b1~/i,8h‘7i) and fo/i’ = (8a‘~/i’,851~/i’,8h1~/i’),
respectively.

Suppose that 0,V;(Z,) — 0 as n — 0. Then, by the supergradient inequality, I have

0= lim 9V;(Fn)(¥ — byp) > lim {V,»(an,b’,%n) . Vi(:)?n)} = Vi(a, ¥, h) — Vi(a, b, ),

n—00 n—0o0

for b’ > b. However, this is a contradiction to the strictly increasing property of V; with respect
to b. Therefore, 0,V;(Z,) converges to a strictly positive value. Similarly, we can see that
OnVi(zy), OVi(Z)), and 0, V;(Z],) also converge to strictly positive values.

Since V; is differentiable at z,, for all n > 1, the supergradient inequality holds: V,V;(z,) -
(2! — &n) > Vi(a') — Vi(Zn), for any 2/ € X. Taking a limit as n — oo, I have V,V; - (z/ — z) >
Vi(z') — Vi(z), for any 2’ € X. Thus, V,.V; € dV;(x). Similarly, I have V,V/ € aVi(x).
Step 2. Here, for all n > 1, let us consider a smooth test function " = (cp?)jey such that
0 = mingeo{V;(2')—¢} (')} = Vj(@n)—¢} (Zn) for any j € V. Note that, by the differentiability
of V at 7, and by the first-order condition, Vgc(p?(in) is equal to V,V;(z,) for all j € ¥ and
n > 1. Then, the viscosity supersolution property of V yields pVi(z,) — Hi(Zpn, Vi Vi(Tn)) —

Do jen{ir Nig (VJ(ER) - Vz(fn)) > 0. Letting n go to infinity yields

pVilw) = Hi (2, VW) = D2 Ay (Vi) = Vi@)) 2 0, (A5)
JeY\i}
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where I have used the continuity of the Hamiltonian and value function. Similarly, I have

pVile) = Hi (2,V.V)) = 3 Ay (Vile) = Vi) > 0. (A.6)
JEV\{i}

I randomly choose p = (pa, Py, pr) € OVi(z). Let ¢ € C3(X) be a test function such that
pi(r' = (a6, 1)) = Vi(a) +p- (2’ = 2) + [l — 2|

and ¢; with j € Y\ {i} is a smooth function satisfying 0 = maé{{Vj(a:') —p;i(a)} = Vi(x)—p;(z).
z'e

Then, by the supergradient inequality, I have
Vi(a') = pi(a’) = Vi(e) = Vi(x) = p- (2’ —2) — [|2’ — z[* <0,

and the equality holds only when 2/ = z. Thus, 0 = maé({‘/;(:v') —pi(z")} = Vi(z) — ¢i().
z'e
Furthermore, the gradient of ¢; at = is V,¢;(z) = p. Hence, the viscosity subsolution property

of V yields

pVila) = Hilw,p) = > Ay (Vi) — Vi) <0. (A7)
JeV\{i}

Here, suppose that V. Vi # VIYZ«’ and let us lead to a contradiction. Then, for any k € (0, 1),
one can choose p € 0V;(x) such that p = kvxﬁ—k(l—k)VJ}XZ’. By the inequalities (A.5) to (A.7)

and the strict convexity of H with respect to p, I have

pVi(z) — Z Aij (V}(ﬂ?) - V%(‘T)> < Hi(z,p)

JeV\{i}
< KHi(0, Vo Vi) + (1= M2, VW) < pVi(e) = 30 g (Vi) = Vi),
JeN{i}
This is a contradiction, and thus,
(0aVi, 06Vi, Vi) = Vo Vi = VoV = (9aV, 00V, On V7). (A8)

If (z1)n>1 = (2],)n>1, the equality (A.8) implies that every convergent subsequence of (VVi(xy,))n>1

has the same limit. Hence, the original sequence converges to this limit. Furthermore, since
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(Zn)n>1 and (z],)n>1 are chosen arbitrarily, I can define the following continuous envelope func-

tion of V,V; unambiguously.

V. Vi(z), if V; is differentiable at z,

lim V,V;(2'), otherwise,
' —x

for any x € X. By construction, V,V;(z) € dV(z) for any z € X, and it is continuous.
Step 3. I shall show that the continuous envelope function is actually the partial derivative of V.
I denote the directional derivative of a function F' at x = (a,b,h) in the direction d = (¢, r,s)

by d* F(z;d) such that

d*F(z;d) := lim Flo+td) - F(a:)
tl0 t

Fix an arbitrary x € X. Note that I do not require the differentiability of V; at x. Let
d = (q,r,s) € R*\ {0} be an arbitrary direction. Then, since V,V;(z) € dVi(x), Theorem 23.2
in Rockafellar (1970) yields

A Vi(e:d) < T, Vile) - d.

Let us show the opposite inequality. Let us define a set such that L(x;d) := {2’ € X|2/ =
x+kd, for some k € R}. Iinitially suppose that I can select a sequence (z,,)n>1 = (x+tpd)n>1 C
L(z;d) such that (t,),>1 is a strictly decreasing and positive sequence with ¢,, | 0 as n — oo, and
V; is differentiable at x,, for all n > 1. Here, for any n > 1 and ¢ > 0, let A\, :=t/(t+1¢,) € (0,1)
and it satisfies = + td = (1 — \p)x + \p (2 + td) and x,, = Az + (1 — A\y) (2, + td). Since V; is
concave, I have

Vil 4 d) > (1= A)Vi(@) + Vi + td) < V&S t‘? —Vi@) 5 A (Vilan + td) — Vi(a) ).

t

Thus, for all n > 1, I have

dTVi(x;d) = lim Viw +td) = Vifw)

ATV () — : )
i " =d"Vi(xn;d) = Vi Vi(zy) - d.

> lim Vi(zp + td) — Vi(zy)
t10 t

Hence, taking the limit as n — oo, I obtain d*V;(z;d) > V,Vi(z) - d. Therefore, I have
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d*Vi(z;d) = V,Vi() - d.

If we cannot choose a differentiable sequence (zy)n>1 C L(x;d), I can choose, instead, a
sequence of directions (dy,)m>1 € R?\ {0} such that, for all m > 1, there exists a sequence
(@)p>1 = (@ + t7'dpm)n>1 C L(x;dpy,), where 7" | 0 as n — oo, and V; is differentiable at z]"
for all n > 1. Furthermore, we can suppose that d,, — d. If not, V; is not differentiable on
some measurable subset of X' having positive mass with respect to the Lebesgue measure, so
it is a contradiction. Subsequently, I have d™V;(z;d,,) = V. Vi(x) - d,, for all m > 1. Since
the directional derivative of a concave function is continuous in direction,'® I have d*V;(z;d) =
Tim_ A" Vi(w;d) = VaVila) - d.

In summary, for any = = (a,b,h) € X and any direction d = (¢,7,s) € R3\ {0}, I have

d*Vi(w;d) = V, V() - d.

Therefore, V; is linearly differentiable everywhere on X in the Gateaux sense. Since x — V,.V;(z)

is continuous, we can conclude that V; is continuously differentiable everywhere on X'. O

A.6 Proof of Lemma 12

Proof of Lemma 12.

The continuity of the Hamiltonian. Fix an arbitrary ¢ € ). First, let us consider the problem

(3.4). Asin Lemma SI.10 of Rocheteau et al. (2018), we can restrict a feasible set of consumption
C as being a locally compact correspondence with respect to (a,b, h,pp). Let K be an arbitrary
compact cube subset of X. Further, let P be an arbitrary closed interval on (0,00). For any

(¢,l,py,a,b,h) € C x [0,L] x P x I, I have

Oeu(e,lya,byhy i) — 1e(0)py < Oeuxc(c,i) — 1, inf pp — —1, inf p, <0 asc— oco.
PoEP PrEP

IBThat is a consequence of the fact that the directional derivative of a concave function is concave in
direction. Refer to Theorem 23.1 in Rockafellar (1970).
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Therefore, there exists ¢ € C such that all ¢ > ¢x are not optimal. Similarly, I have

Ocu(c,l,a,b,h,i) — 7.(1)py > Ocuxc(c,i) — Te sup pp — o0 as ¢ — 0.
pPrEP

Therefore, there exists c¢x € C such that all ¢ < ¢ are not optimal. Both of ¢ and ¢x only

depends on P and K. Thus,

M(pp,a,b, h,i) = sup  {u(c,l,a,b,h,i) + pp(f(l, h,i) — 7e(i)c) }
(e)eCx[0,T]

= max 7{u(c7l7a” b? h? Z) +pb(f(l7 h7l) _Tc(i)c)}’
(e,l)€lexe exc] x[0,L]

for any (pp,a,b,h) € P x K. Hence, Berge’s maximum theorem implies that a pair of the
maximizer (c*(py,a,b, h,i),l*(pp,a,b,h,i)) is continuous on P x K. We can easily extend the
continuity in P x K to that in (0, 00) x X. Therefore, (py, a,b, h) — M(py, a, b, h, i) is continuous
on (0,00) x X for any i € Y. The above also implies that c* is always an interior solution.

Here, let us consider the Hamiltonian which can be expressed as follows:

Hi(aa b7 hapanpbvph) - M(pbv a, b7 h? Z)
+ ((pa — pp)d" (Pas v, 1) + PoXA(d" (Pas P, 1), i))a
+ prhay ((Sh)*(l?b, Ph, 1), l) — puBu (1) (sh)* (py, ph, 1)

+ pa(ra(i)a + ga(i) — mala, i) + py(r(b, i) + g(i)) — prdu(i)h, (A.9)

where d*(pa, Py, 1) = (axa) ™" (Pa/pp—159), and (sh)* (py, ph, 1) = (Qwcrr) ™ (Ba (4)py/pn; ). The
continuity on X x R x (0, 00)? is obvious, so I will check the strict convexity. Since it suffices to
show the convexity of the Hamiltonian with respect to (pa, p, pn), I here fix (a,b, h,i) € X x Y
arbitrarily.

The convezity of the Hamiltonian. First, let us consider the convexity of p, — M (pp,a,b, h,).

I initially consider the interior solution case, and next consider the boundary solution case. In

the interior solution case, ¢* and [* € (0, L) satisfy the first order condition such that

Oeu(c*, " a,b,h,i) — 1.(i)ppy =0, and  Ju(c*, 1%, a,b, h,i) + ppyo, f(I*, h,i) = 0.
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Since O.u, Oyu, and J;f are continuous in (c¢*,!*) and since Jyf < 0 and the Hessian matrix
of u with respect to (c,l), denoted by H(u), is negative definite in (c,l) € C x (0,L), the
implicit function theorem implies that there exists a neighborhood of p,, denoted by 73, such
that (c*(py, a, b, h,i),1*(py,a,b, h,i)) € C x (0, L) is differentiable with respect to p, on 73, and

the derivatives are

1
Op, * (Ppy+ - +) 0 0 Te(7)
" = | B )+
Opp I (o, - ) 0 Ouf(ls,---) =of(l*,---)
=:A(py) =:x(pp)

Then, A(py) is negative definite. Meanwhile, by the envelope theorem, I have 0, M(py, a,b, h, i) =
f(*(py,a,b,h,i), h,i) — 7.(i)c*(pp, a, b, h,i). Therefore, I have

Te(% Op, c*(pp, - - -
6PbeM<pbv a,b,h,i) = — © ) v ) = —x(py) - (A(ps)z(pp)) > 0.

—Of(I, ) Oy 1* (Do -+ )

Hence, M is strictly convex on P.
Here, let us show that p, — I*(pyp, - - - ) is non-decreasing if [* is an interior solution. By the
first order condition, I have

af(* i) (et I*,a,b,h,i)
(i)  Qeul(ct,l*a, b h,i)

Let us consider the situation that p; changes pj in P. Then, the above equality holds even
when pj. If ¢*(p,,---) > ¢*(pp,---), then since (¢,1) — —dul(c,l,---)/0culc,l,---) is strictly
increasing and I — 0, f(l,---) is non-increasing, I have I*(p,---) < I*(pp,---). Similarly, if
(P, -) < c*(pp,--+), then I*(p),---) > I*(ps, - - - ). Here, suppose that pj < py. Then, by the
first order condition with respect to ¢, I have d.u(c*(pp, - - ), " (pp, - -+ ), -+ ) > pp. Hc*(p), ) <
c*(pp, - --), then since decu < 0, I have dqu(c*(py, -+ ), *(pp,--+),--+) > pj. Further, since
*(py,--+) = *(pp, - -+ ) and Oqu > 0, I also have dou(c*(py, -+ ), 1" (P}, -+ ),--+) > pj, which is a
contradiction. Therefore, ¢*(py,---) > ¢*(pp,---). If ¢*(py,--+) > " (pp, -+ ), then I*(p},---) <
(pp,---). I ¢*(p, -+ ) = c*(pp, - - ), then since deu(c*(py, -+ ), *(pp,- -+ ),--+) > p}, and Ogu >

0, I have I*(p,---) < I*(ps,---). Hence, p — I*(pp,---) is non-decreasing if [* is an interior
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solution. Thus, by the continuity of [*, there exists an interval (py,pp) € (0,00) such that
I* € (0,L) if py € (p,Pv), I* = 0if p, > 0 and p, < pp, and I* = L if p, < oo and p, > py.
Therefore, [* is non-decreasing on (0, 00), and M is strictly convex on (py, pp).

I here consider the boundary solution case, i.e., I* = 0 or L. I suppose p, # pp and py # Dp.
Since ¢* is always an interior solution, it satisfies the first order condition. Therefore, the implicit
function theorem yields Op,¢* = 7.(7)/0ccu(c*,*, a,b, h,i), and hence 0Op,p, M (ps,a,b, h,i) =
—(7¢(i))?/Bccu(c*, 1*,a,b,h,i) > 0. Thus, M is strictly convex on (0,p,) and on (py,o0).
Furthermore, since d,,M is continuous, 0, M is strictly increasing on (0,00). Therefore,
pp — M(pp, - -+ ) is strictly convex on (0, 00).

Next, I shall verify the convexity of the terms related to p, (the second line in (A.9)). I

write H A(pa, pp) as these terms. Then, I have

a
Po0dax A(d*(Pa, b, 1), %)

apaHA(paapb) = (TA(Z) + d* (ptupba Z)) a, apapaHA(paapb) = > 07

aprA(paapb) = - (d*(paapbv Z) + XA(d*(pa7pb> Z)a 7‘)) a,
paa
PyOaax a(d* (Pas pp, 1), 1)

DPal
p[%addXA (d* (pau Db, 2)7 /L)

>0, 8paprA(pa7pb) = -

apbpb Ha (pa, pb) =

In addition, 0y, p, HAOp,p, Ha — (3papb7-[A)2 = 0. Therefore, (py,pp) — Ha(pa,ps) is (at least
weakly) convex on R x (0,00), and p, — HA(pa, pp) is strictly convex on R for any p, € (0, 00).
Finally, T check the convexity of the terms related to pj, (the third line in (A.9)). I write

H i (py, pr) as these terms. Then, I have

212
Op, HE (v, pr) = —Br (1) (sh) " (po, Pry 1), Opyp, Hu Py, PR) = _phazxaH((él}llsi)(;b,ph,i), ) > 0,
Opy Hrr (py, pr) = ar ((sh)™(py, pas 1), 1),

(B (1))} (Br(@))*po

Opppn Hir (Py,pR) = — >0,  Opyp, He(0s,vn) =

p%angZH((Sh)*(pb, DPh, i)v Z) p;zlaxxaH((Sh)*(pba Ph, i)a Z) '

Tn addition, Ay, p, H 110, p Hir — (Opyp, Hir)? = 0. Thus, (py, pr) — Hr(py, pr) is (at least weakly)
convex on (0,00)%, and p, — Hu(py,pr) is strictly convex on (0,00) for any p, € (0,00). In
summary, (pa,py,Pr) — Ha(Pass) + Hu(py,pr) is convex on R x (0,00)2, and (pa,pn) —

Ha(paspv) + Hier(po, pr) is strictly convex on R x (0,00) for any py € (0,00). Accordingly, the
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Hamiltonian, H;(a, b, h, pa, Pp, Pr) = M+Ha+H g+ linear terms, is strictly convex with respect

to (pa, Py, pr) on R x (0,00)2, for any fixed (a, b, h,i) € X x V. O

A.7 Proof of Lemma 13

Proof of Lemma 13.

Step 1. Fix an arbitrary (a, h,4) € (0,00)% x Y. The inequality (A.3) is

= 1—e T g—v
V; —(OAKA)T’ ~B.,h opTy > 2 "¢ ° s 2720
(ae B, he®"") > p r]%l)r}{u( = i)}
+ > PO =) (Via, Br.h) = Vi(a, Br,h)) + Vi(a, Br, h),
JEVNLH}

for any T > 0, where B is a solution to the deterministic ODE dB; = (r(B,i) + y)dt with

~ Br+B IR P
By = —B. Here, by the mean value theorem, I have %iinm T;_ = = %iino T /0 (r(By, 1) +y)dt =
1—e?T P(Y} =j
r(—B,i) +y > 0. Meanwhile, I also have lim L 1, and lim M = A, for any
- 7—0 pT T—0 ’

j € Y\ {i}. Furthermore, since (a,h) — Vj(a, —B,h) is concave and then locally Lipschitz, I
have

- —(0Ar )T _ suTy\ _ 1/ _
lim Vz(ae At — B he ) V;(a, Evh)

< égh0; Vi(a, — - ~Vi(a,— .
Jim T < 6phoy, Vi(a,—B, h)—(0Ar 4)ad, Vi(a,—B,h) < oo

Therefore, dividing (A.3) by ET 4+ B > 0 and taking the limit as T" — 0, I obtain

mfuZ—Z o i) - (Vi(a.—B.h) — Vi(a. —
TR0 - 3 (Vi B Vil -B.n)
v S

+3hd; Vi(a,—B, h) — (0 A1 4)ad; Vi(a, —B, h))

2 lim V%(Cl, BTa ];L\) - V;((l, _Ea h) — lim ‘/Yi(aa bv h) - ‘/i(aa _Ea h)
T—0 Br+B bl—B b+ B

=0, Vi(a,—B,h). (A.10)

Thus, 8; Vi(a,—B,h) is finite. Furthermore, since the value function is bounded, the upper
boundary of 6;1/;(@ —B, h) only depends on the values of hd, V;(a, —B, h) and ad; V;(a,—B, h).
Meanwhile, (a, h) — V;(a, —B, h) is concave on (0,00)?. Thus, the locally Lipschitz property of
V; implies that 9, Vi(a, —B,h) and 9, V;(a,—B,h) are locally bounded and 9, V;(a, —B,h) is
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also locally bounded on (0,00)2. The locally bounded property of 8; Vi(a, —B, h) implies that
HVi(a,b,h) 1 GJV;(CL, —B,h) as b | B since Vj is concave. Hence, the right derivative is right
continuous.

Step 2. Next, let us consider d,V;(a, —B, h) and 0,V;(a, =B, h). By the concavity of (a,h) —
Vi(a,—B,h) on (0,00)2, Vi(a, —B, h) is differentiable almost everywhere. Here, fix an arbitrary
(a,h) € (0,00)2. Then, the supergradient inequality yields 9,V;(a, b, h)(a’ —a)+0,V;(a,b, h)(b' —
b) > Vi(a', V', h) — Vi(a,b,h), for all (a’,V') € (0,00) x (—B,00) and b € (0,00). Letting (b,d)

go to —B, by the continuity of V;, I have
(bEInB 8(1‘/;(0’7 b7 h’)) (a/ - CL) Z ‘/i(a/a _Ba h) - ‘/;(CL, _E) h))

for any a’ € (0,00). Therefore, this implies

‘/’i(a/7 _ﬁ7 h) - ‘/’i(a7 _E7 h)

lim 9,V;(a,b,h) > ; . ifd > a,
bl—B a —a

7 ,> _B7 h) — i\t _Bv h .
lim 9,V;(a,b,h) < Vi@, —B )/ Vi(e,—B ), ifad <a
b—B a —a

Thus, I obtain 9 V;(a, —B, h) < limy,—p 9,Vi(a,b, h) < 8, Vi(a, —B, h). Therefore, d,Vi(a, b, h) —
d.Vila,—B,h) as b | —B if 9,Vi(a, —B, h) exists. Similarly, d,V;(a,b,h) — 9, Vi(a, —B,h) as
bl —B if 0V;(a,—B, h) exists.

Step 3. Finally, let us show that 9,Vi(a, —B, h) and 8,Vi(a, —B, h) exist for all (a, h) € (0,00)?
and that (a,h) — (8.V;(a, —B, h), 8] V;(a, —B, h), 0, Vi(a, —B, h)) is continuous on (0, 00)?. Fix
an arbitrary (a,h) € (0,00)?, and let (ay,hy)n>1 be an arbitrary sequence such that a, — a
and h, — h as n — oo, and 9,V;(an, —B, hy,) and 0, V;(an, —B, hy,) exist for all n > 1. With-
out loss of generality, there exists (a,a,h,h) € (0,00)4 with @ < @ and h < h such that
a < a, < aand h < h, < h for all n > 1. Then, by the locally bounded property of
8;%(@ —B,h), (('%FVZ-(an, —B, hy,))n>1 is bounded. Similarly, by the local Lipschitz property
of (a,h) = Vi(a,—B, h), (0,Vi(an, —B, hy))n>1 and (0 Vi(an, —B, hy))n>1 are bounded. There-
fore, a convergent subsequence of (9,V;(an, —B, hy), 8;%(%, —B, hy), 0 Vi(an, —B, hn))n>1 €x-
ists. T also write (9,V;(an, —B, hy,), 8;%((1”, —B, hy,),0nVi(an, —B, hy))n>1 as an arbitrary con-

vergent subsequence.
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Since the Hamiltonian is continuous when the partial derivatives of V; with respect to b and h
are positive, their positivity needs to be checked. The limit of (OJW(CL”, —B, hy))n>1 is strictly
positive because ﬁngi(an, —B,hy) > Vi(an, b, hy) for any b > —B and (a,h) — 0Vi(a,b, h)
has a strictly positive minimum on [a,@] x [h, h] by its continuity. Meanwhile, by the strict
increasing property of V; with respect to h, I have 0, V;(an, —B,h,) > 0 for all n > 1. Here,
suppose O V;(an,—B,h,) — 0 as n — oo. Since (a,h) — Vi(a,—B,h) is concave and is

differentiable at (ay,, hy,), the supergradient inequality yields

0= lim {aa‘/i(ana —-B, hn)(an - an) + ah‘/i(any -B, hn)(h/ - hn)}

n—o0

> hm {‘/i(a’m _57 h/) - ‘/’i(an7 _Ev hn)} - ‘/;(CL, _Ba h/) - ‘/’i(av _Ea h)

T n—oo

If b/ > h, this is a contradiction, and hence 9,V;(a,, —B, h,,) converges to a strictly positive
value.

For any b € (—B, o0), by the viscosity supersolution property of V; on X, I have

p‘/i(an7 b7 hn) - Hi(any b7 h?’u 8@%(“717 b7 h’n)a 8b‘/;(an7 b7 hn)a ah‘/’i(ana b7 hn))

= > A (Vilan, b ) = Vilan,b b)) 20,
JeV\{i}

for all n > 1. First letting b go to —B and next letting n tend to go to infinity, I have

pVila,~B.h) — > Niy(Vila,~B,h) = Vi(a,~B. 1))
FEV\{i}

> H, (a,~B,h, lim 0Vi(an, ~B, ha), lim 9F Vi(an, =B, ha), 1im_ OnVi(an, —B,hn))
n—o00 n—o00 n—00

Then, as in the proof of Proposition 10, the argument of “does not admit concave kinks” yields
the unique continuous envelope function of (8,V;(a, —B, h), 8] V;(a, —B, h), 8, Vi(a, —B, h)). There-
fore, I can conclude that (a,h) — V;(a,—B,h) is differentiable everywhere. The continuity of

the partial derivatives on X’ can be shown by the “does not admit concave kinks” again. O
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A.8 Proof of Lemma 16

Proof of Lemma 16. 1 arbitrarily fix (a,b,h,i) € X x Y. Let us denote by (ai,b:, hi) a local
solution to the system of the ODEs (4.4) in state ¢ starting at (a, b, h). Furthermore, let T, > 0
be a time by when (a%, b, hi) can be defined. Then, one can easily observe that hf > he %1t > ()
for all t € [0,7.). Additionally, since 9,V*/3,V* > 0 and z — (9,x)!(x;4) is non-decreasing,
I have D* > (9,;x)"1(—1) := minjey(dzXx)*(—1;4) > —oc. Thus, in both of the illiquid asset

case and the durable goods case, I have ai > aeTar0TO0 (=D S 0 for all ¢ € [0, T¢).

Here, let us show b; > —B for all t € [0,T.). I define the saving rate si out of X such that
s%‘)(ala b,a h,) = Sé(alv _§7 h,) + T(b,a Z) - T(—E, Z)

for any (a/,b',h') € (0,00) x (—00,—B) x (0,00). Then, by the state-constrained boundary

condition (4.2), I have

si(a’ b W) = si(d,—B,W)+r{b,i) —r(=B,i) > r{t,i) — r(-B,1i), (A.11)
for any (a/,b', 1/, i) € (0,00) X (=00, —B) x (0,00) x V. Here, suppose that bj, < —B for some
t1 € [0,T.). Then, there exists a time to € [0,¢1) such that b, = —B and b, < —B for all
s € (to,t1], since b’ is continuous and b > —B. By the inequality (A.11), for any s € (tg,t1], I

have
d (bg + E)
ds

R D)

= si(al, b, hi) > r(bi,i) — r(=B,i) > L, (bg +§).

Thus, the Gronwall inequality yields bf;l +B > 0, but this is a contradiction. Therefore, bi > —B
for all t € [0,T¢).

Here, I derive the upper boundary of a’ + b’ 4 h'. Since f(I, h,4) is non-decreasing in | and
concave in h, there exist two constants L > 0 and K7 such that f(l, hyi) < f(L,hyi) < K+Lsh
for any (I, h,i) € [0, L] x (0,00) x V. Let f(h) := K%+ Lzh. Furthermore, since dyap(z,1) = 0
as ¥ — oo for any i € Y, I have hy := (max, ;)efo,00)xyin (%,7) — Bu(i)z}) V 0 < co. Then,

without loss of generality, I take the Lipschitz constant of r, denoted by L, > 0, being larger
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than 74 V 0 and Ly. By the system of the ODEs (4.4), I have

d(ai + bl + hi - . 1i . N N ) i -
(atdttt) < by, i) + f(IF, by, i) + g(i) — Bu(i)s;hy +ra(i)a; + ga(i) + ap(s;hy, i)
< Ly(a} +b}) + Ly B+ r(=B,i) + f(hi) + G+ G + har

< Ly(a + b, +hy) + LiB+T g+ K5 +g+ga+ hu,

for any ¢ € [0,7¢), where g, := maxjeyga(j), T-p = maxjey |r(—=B,j)|, and (If,s}) =

(L} (al,bi, hi), Sf(ai,bi, hi)). Hence, a simple integration exercise yields
al 4+ bi 4+ hl < (a +b4+h+ (Lr§+§+§A +7-p+ K;+ hM)t> ebrt, (A.12)

for any t € [0,7T.). Thus, a* + b° + h' is dominated from above by a finite process that can be

defined on [0, 00). Since a?, b%, and h? are bounded below, they do not blow up in finite time. O

A.9 Proof of Proposition 17

Proof of Proposition 17. It suffices to show that the extension of the value function V* satisfies
the four conditions in Proposition 15. First, the extension of the value function is in C (W),
and it is a constrained viscosity solution to the HJB equation (3.1) on X by Proposition 7.
Second, since the value function is bounded, the martingale condition and the limit growth
condition are satisfied. Therefore, I need to show the admissibility of (C*, L*, D*, S*).

I show the existence of asset processes starting at any (a,b,h) € X and controlled by the
candidate optimal control (C*, L*, D*, S*). Fix an arbitrary ¢ € )). Then, a local solution to
the ODEs (4.4) exists by Peano’s existence theorem. Let T, be the largest time by when a local
solution can be defined. Here, hypothesize that T, is finite and let us lead to a contradiction.
Then, it can be easily seen that there exists a finite limit of the local solution (aiTe, biTe7 hiTe) =
lim;_,7, (@} + b¢ + hi) € X since the local solution is bounded in finite time by Lemma 16.
For this convergence, I refer to Lemma 2.14 in Teschl (2012) as well. Therefore, at the time

Te, we can obtain a new local solution to the ODEs (4.4) starting at (a’ﬁ;pe, biTe, hiTe). However,
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this is a contradiction, and hence T, = oo. This implies that the ODEs (4.4) has a global
solution. For the system of stochastic ODEs, we can also identify its solution by extending
the solution to (4.4). For example, when Yy = i, we can obtain the solution to (4.4) starting
at (a,b, h) in state i, up to the first changing time of Y. If Y changes from i to j at time 7,
then we can obtain the solution to (4.4) starting at (a%,b’, ht) in state j. Repeatedly extending
the solution as above, we can obtain a solution to the stochastic ODE. By construction, this
extension satisfies 4; > 0, H; > 0, and B; > —B, P-a.s. for any t € [0,00). The continuity of
the extension is immediate, but we need some technical arguments to show the adaptedness.
For any given i € Y, let (®(t,7,1)).c[0,00) be a solution to the ODEs (4.4) in state 7 starting at
x € X. Invoking the measurable selection argument as in Zubelevich (2012), we can show that

the mapping (¢,x) — ®(t,x,7) is Borel-measurable. Then, let 71 be the first changing time of

Y, and let us consider an at-most-one-change solution such that
Pl (t,2,4) = Wm > t}®(t,,1) + Y71 < 3Ot — 71, ®(71,,9), YY),

for any (¢,7,i) € [0,00) x X x V. ¢'(¢,x,i) is Fy-measurable by the Borel-measurability of ®.

Here, let us define an at-most-n-times-changes solution recursively:

¢n+1(t7 €, ,L) = ]1{7—71+1 > t}¢n(t7 €z, Z) + ]I{Tn+1 < t}(I)(t — Tn+1, ¢n(Tn+1a €z, Z)’ Y;anrl)v

for any (t,z,4) € [0,00) x X x Y, where 7, is the n-th changing time of Y. By the mathematical
induction, we can prove that ¢"(¢,z,4) is Fi-measurable for any n > 1 and ¢ € [0,00). Since
the Markov chain Y almost surely changes at most finitely many times in finite time, we
can easily see that ¢"(t,x,7) point-wisely converges to the aforementioned extended solution
as n — oo, P-a.s. Thus, the value of the extended solution at time ¢ is F;-measurable for any
t € [0,00), and hence the extended solution is F-adapted. The right continuity and measurability
of (C*, L*, D*,S*) are evident. Therefore, (C*, L*, D*, S*) is an admissible feedback control,

and it is an optimal control of the utility maximization problem. O
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A.10 Proof of Proposition 18

Proof of Proposition 18. The strict concavity of V;* on X is immediate, due to the existence
of optimal controls and the strict concavity of w. I demonstrate the uniqueness of the opti-
mally controlled asset processes. Fix an arbitrary (a,b,h,i) € X x Y. Let us denote opti-
mally controlled asset processes starting at (a, b, h,i) by (ﬁ, B,H ) and (j, B,ﬁ ), respectively.
Let us also denote the optimal controls based on (g, B, ﬁ) and (j’ E, I:T) by (6’, L, D, §) and
(6,E,13,§), respectively. I hypothesize that (6,2,5,5) #* (6,E,13,§) on some measurable
subset of Q x [0, 00) having positive mass with respect to dP x dt, and lead to a contradiction.
Here, as in the proof of Proposition 3, I choose k € (0, 1) arbitrarily and introduce a new control
as follows:

kAtDt (1—k)A; ~
A AP

CF=kC,+(1-k)C,, LF¥:=kL,+(1—k)L, Df:=

[2)

G o <kaH(§tht, Vi) 4 (1 — k)aw (S Hy, Yii); Y;’)
- kH, + (1 — k)H, ’

for t € [0,00), where A* is a solution to the following stochastic ODE:
dAF = (TA(Yti)A::g + kA Dy + (1 — k) A Dy + ga(Y/') — m(Af, Y?)) dt,

with A} = a. Note that as in the proof of Proposition 3, we can see A¥ > kA, + (1- k)gt >0
P-a.s. on [0, 00). Furthermore, let H* := kH + (1—k)H. Then, A* and H* are an illiquid asset

process and a human capital process controlled by (Dk , Sk), respectively, and

(DF +xa(DF,Yi)) A < k(De + xa(De, YY) — k) (D + xa(Dr, Y})) A,

SFHF < kS.H, + (1 — k)S,H,

for all t € [0,00). Here, let

Cl = k‘(ﬁt + XA(ﬁt,Yti))/Tt + (1 - k)(ﬁt + XA(lA)t,YtinTt - (Df + XA(Dfa Yti)>Af

+ (V) (kS Hy + (1~ K)8.H, — SEHE) > 0,
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for all ¢ € [0,00). One can easily observe that (C* +C™*/7.(Y?), L¥, D¥, S*) is admissible under
(a,b, h,i). Meanwhile, let B* = BasbhiCr+O [re(Y),LRDRS® 4 q it can be easily observed that
Bf > k:ét +(1- k)gt for any ¢ € [0, 00). By the strict concavity and strictly increasing property

of u, I have

WMMEEUe%@@wq%ﬁ%wAw%WMﬂﬂ
0
>E [/ e Pu(CF LF kA, + (1 — k) Ay, kB, + (1 — k)By, HY, Yj)dt]
0
> kE [/ e_ptu((jtvEtﬁtaét,fft,ﬁ)dt] +(1-kE [/ e u(Cy, Ly, Ay, By, Hy, Yy )dt
0 0

= kVi(a,b,h) + (1 — k)Vi(a,b,h) = V;(a,b, h).

The second or third inequality is a strict inequality by the hypothesis, but this is a contradiction.
Therefore, (5’,5,5,5) = (é,i,ﬁ, §) dP x dt-a.e.

Here, we can suppose that a unique optimal control (C*,L*, D*, S*) satisfies (4.3) for a
triplet of optimally controlled asset processes (A*, B*, H*), and it is locally bounded by def-
inition. Furthermore, inf,co ) S > 0 P-a.s. for any finite 7' > 0. Given (C*, L*, D%, S%), 1

consider the following system of stochastic ODEs with respect to (A**, B**, H**):

aB;* = (r(By Vi) + F(LE, HE YY) + g(Y) = 1Y) G

—(Dr + xa(DF.Y0)) A = B (V) S; H;” ) dt,
((ra(V7) + D) A7 + ga(¥F) — ma(47, ) ) dt,
dH;* = (o (S7H* Y) = 0 (V) H;" )t

(A.13)
dAr*

\
with (A", Bg*, H;*) = (a,b,h). An F-adapted solution to the initial value problem (A.13)
is unique since the driver with respect to (A**, B**, H**) is locally Lipschitz.'* Further, all
the optimally controlled asset processes solve (A.13). Therefore, the optimally controlled asset

processes are unique up to indistinguishability. O

14We can first show the uniqueness of (A**, H**) and then the uniqueness of B**.
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B Adapted Solution to Stochastic ODEs

This section introduces the formal definition of an F-adapted solution to stochastic ODEs.
This definition follows from a concept of the strong solution to stochastic differential equations
(SDEs). Suppose that Z is an F-progressively measurable and right-continuous process taking
values in RY, where N is a finite natural number. Following the main text, let us denote a
right-continuous, K-state, and F-adapted Markov chain by Y. As mentioned in the main text,

I consider the following type of a stochastic ODE with respect to X € R on [0, T.
dXy = F(t, Xy, Ys, Zy)dt, (B.1)

with Xy = xg, where x is an Fy-measurable and finite random variable on (2, F,[P) and F is
a measurable function on [0,00) x R x I x RV, Here, I suppose that (t,z,2) — F(t,x,j,z) is
continuous for any fixed j € ), and (F (¢, z, s, Zt))te[o,oo) is right-continuous and F-progressively

measurable for any fixed x € R. Then, I can define the F-adapted solution as follows:

Definition 19 (F-adapted solution to stochastic ODEs) For any finite T > 0, a stochas-
tic process X = (Xt)iecpo,r) i an F-adapted solution to the stochastic ODE (B.1) on [0,T]
starting at xo if (a) X is continuous P-a.s. and F-adapted; (b) for any t € [0,T], the following
inequality holds P-a.s.:

’/OtF(s,XS,Y;,ZS)ds‘ < o0,

and (c) for any t € [0,T], X satisfies the following P-a.s.:
t
X; = xg +/ F(s,Xs,Ys, Zs)ds.
0

Then, I obtain the following standard properties:
Proposition 20 Fiz an arbitrary T > 0.

1. (Existence) Suppose that there exist a constant Cr > 0 and a measurable function ¢ :

o7



[0,T] x RN — [0,00) such that

|F(t,2,i,2) — F(t,y,1,2)| < Cplz —yl,

F(t,2,¥0 Z)| < Cp(L+ [2]) + sup 6(s, Z2) < oo,
s€[0,T]

for any (t,z,y,i,2) € [0,T] x R2 x Y x RN, P-a.s. Then, there exists a unique F-adapted
solution to the stochastic ODE (B.1) on [0,T] starting at xg.

2. (Uniqueness) Fiz an arbitrary w € R and let Ny be an arbitrary neighborhood of w.
Further, suppose that there exists a finitely positive measurable function M, : [0,T] x

RN — (0, 00), which may depend on w and Ny, such that

|F(t,z,i,2) — F(t,y,i,2)| < My(t,z)|lz —y|, and sup My (s, Zs) < 00,
s€[0,7

for any (t,x,y,i,2) € [0,T] x N2 x Y x RN, P-a.s. Then, an F-adapted solution to the
stochastic ODE (B.1) on [0,T] starting at z¢ is unique up to indistinguishability if it

exists.

The proof of Proposition 20 is obvious by applying the same argument as the deterministic
ODEs, so I omit it. In the main text, I consider the three-dimensional stochastic ODE with
respect to (A, B, H). However, given (Y,C,L,D,S), A and H are solvable alone, and B’s
stochastic ODE is one-dimensional given (A, H,Y,C, L, D, S). Therefore, it suffices to consider

the one-dimensional stochastic ODE as in the equation (B.1).
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