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1. INTRODUCTION

1.1. The problem. This paper investigates the optimal stopping problem for a one-dimensional spectrally negative Lévy
process, a class of real-valued Lévy process with no positive jumps. Let the spectrally negative Lévy process X = {X;;¢t > 0}
represent the state variable defined on the probability space (2, 7, P), where €2 is the set of all possible outcomes, and P is
a probability measure defined on 7. We denote by F = {F, };>¢ the filtration with respect to which X is adapted, assuming
that the usual conditions hold.

For a spectrally negative Lévy process, its Laplace exponent ¢ is given by

1
(L.1) () = —v0 + 50292 + / (¥ —1 — Ox1(_y 0y (x))I(dx),
(70070)

where v € R, o > 0, and II is a measure concentrated on (—oo, 0) satisfying f(—oc,O)(l A x?)I(dz) < oo. Itis well-known
that 1) is zero at the origin, convex on R and has a right-continuous inverse:

®(q) :=sup{A>0:9(\) =q}, ¢>0.

Moreover, it is well known that X; — oo as t — oo almost surely if and only if ¢'(0+) > 0, oscillates if and only if
¥'(04) = 0 and X; — —oo as t — oo almost surely if ¢’ (0+) < 0.
The jumps of the process have a finite mean | (—00,0) |y|TI(dy) < oo and there is no diffusion component o = 0 if and only

if the paths have bounded variation. Then we may rewrite (1.1) as

Mm:w+/

(70070)

(ee"’” — 1) II(dz),

where

(1.2) 5=—G+/ xmmg
(~1,0)

is the drift coefficient.
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Let £ be the infinitesimal generator of X, which is given as

(13) L) = @)+ 50 @+ [ )~ 1)y o) @) )

Let ¢ > 0 be a constant and g(-) be a non-negative Borel function such that E[e ™97 g( X, )] is well-defined for all F-stopping
times 7. We denote by

(1.4) v(z) =supE?[e T g(X,)], z € R
TET

the value function of the optimal stopping problem with reward function g and discount rate ¢, where the supremum is taken
over the class T of all F-stopping times.

We define the stopping region I' and continuation region C' as follows:
(1.5) '={zeR:v(x)=g()} and C={zeR:v(zx)>gx)}.
We make the following assumptions. These assumptions are maintained throughout the paper.

Assumption 1. (i) ¢ is bounded on R.

(ii) The Lévy measure 11 satisfies

/ 2 [TT(da) < oc.
(_007_1)

(iii) I is nonzero measure; that is, there exists a Borel set A € (—00,0) such that TI(A) > 0.
(iv) II does not have atoms.

Assumption (i) and (ii) are adopted to carry out analysis based on the generator £. In fact, (i) and (ii) ensures Lg
takes finite values at points that ¢ is differentiable (resp. twice-differentiable) in the case where X has paths of bounded
variation (resp. unbounded variation). To see this, we define Iy (z) := f(—oo,—1) l9(z +y) — g(x)]I(dy) and Iz(z) :=
f(fl,o) [9(z+y) — g(x) — yI(_1,0)(y)g' ()] II(dy). It is enough to show that I; and I is finite due to the fact Lg(x) =
—vg'(x) + (62/2)g" (z) + I1(z) + I2(z). It follows from the mean value theorem that

mE@s [ ey —g@in
= /(_ o lg(z + ¢,)||y/TI(dy) (for some ¢, € (—00,0))
<swplyl [ witldy) <o
where the final inequality is obtained from (i) and (ii). As for I, it follows from Taylor’s theorem that
|I(z)| = ‘/ %g”(w + cy)y2H(dy)’ (for some ¢, € (—170))
(—1<y<0)

1
5 sup lg" (z + c)|/ y*TI(dy) < oo.
ce(—1,0) (—1<y<0)

We conclude that Lg is finite. Note that the assumption (ii) is also imposed in [3], [2], and [6]. The assumption (iii) is
introduced to facilitate the application of the maximum principle in Section 2.4. When this assumption fails, X becomes
a diffusion process, for which solution methods are already established. Thus, the assumption (iii) is made without loss of
generality. The assumption (iv) is adopted to ensure the smoothness of the scale function, which is introduced in Section 2.1.
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1.2. Literature review and research motivation. Optimal stopping problems for Lévy processes have been extensively
studied. However, much of the existing literature has focused on cases where the reward function is explicitly specified. For
instance, [25], [1], and [10] investigated the McKean optimal stopping problem (see Section 7.1), while [22] and [26] focused
on problems with power-type reward functions. The papers of [16] and [17] consider an optimal alarm problem in the context
of capital adequacy management, where the reward function is decreasing and negative in the negative region and identically
zero in the positive region.

These works identify the stopping region as a set such that the strategy of stopping (hence accepting reward) upon exiting
it would maximize the expected payoff. This approach requires a explicit representation of the expected reward, and thus
compels the authors to restrict the form of the reward function for ensuring that the expected payoff is explicitly computable.
While this approach is mathematically rigorous and yields novel results, it depends on a delicate guess-and-verify procedure.
This procedure tends to be highly problem-specific and hence to be likely to fail to offer general insights into the structure
of optimal solutions. In contrast, our work introduces an alternative approach that eliminates the requirement to explicitly
specify the reward function. That is, we employ a maximum principle for spectrally negative Lévy processes. This enables us
to verify that a candidate solution dominates the reward function without requiring its explicit functional form (see Section 5)
and to avoid the guess-and-verify approach. This is particularly helpful in cases such as Section 7.2, where the conventional
guess-and-verify method becomes intractable. In our framework, fluctuation identities do not serve as the primary analytical
tool, but rather play a secondary role when computing explicit solutions in specific examples.

Our work is also related to [30] and [15], which characterizes more general classes of optimal stopping problems using
the Wiener—Hopf factorization and the so-called averaging problem, a term introduced in [30]. What distinguishes our study
from these previous works is that we provide a systematic solution method. In [30] and [15], the solution to the optimal
stopping problem is characterized via the solution to the averaging problem. However, it is generally difficult to construct
such a solution in a tractable or unified manner. In contrast, our approach offers a step-by-step method for solving a broad
class of problems (see Section 6). Furthermore, unlike these earlier works that often restrict attention to the one-sided case,
our analysis deals with more general stopping regions.

Our method is grounded in a potential-theoretic approach. The use of the potential theory for optimal stopping problems
has been explored in some studies. One of the earliest contributions in this direction is [28], who characterized the solution to
the optimal stopping problem for one-dimensional diffusion processes using the Martin representation of the value function.
More recently, this line of methodology has been extended to multi-dimensional diffusions. For example, [12], and [9] derived
integral equations examining the stopping region through the Martin boundary theory.

While those studies focus on representing the value function itself, our work considers an extended Riesz decomposition,
allowing us to derive an integral representation not only for the value function but also for general expected reward functions
(see Section 3). Thanks to this decomposition we are able to identify necessary conditions that the solution must satisfy even
in the presence of negative Lévy jumps (see Section 4).

Additional examples of potential-theoretic approach in the literature include [11], who studied conditions under which
a point in the stopping region of optimal stopping problems for diffusion processes with reward function g maximizes g/h
for some harmonic function h. Furthermore, [13] extended the results of [30] and [15] to general Hunt processes by using
properties of excessive functions.

The rest of the paper is organized as follows. In Section 2, we provide the mathematical preliminaries necessary for this
paper. We mainly review the basic properties of spectrally negative Lévy processes, fundamental notion of the potential
theory including the Riesz decomposition and the maximum principle, and the smooth Gerber-Shiu function, which gives
an explicit representation of harmonic functions. Section 3 constitutes one of the main contributions of this paper, as it
establishes a generalized Riesz decomposition for analyzing the properties of expected reward functions. This decomposition
plays a key role in deriving a necessary condition for the value function, which is presented in Section 4. We demonstrate
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that the continuous fit condition (resp. the smooth fit condition) at the left boundary of C' — the continuation region —
is necessary when X has paths of bounded variation (resp. unbounded variation, respectively), along with the smooth fit
condition at the right boundary of C. Section 5 verifies the sufficiency of the necessary conditions derived in Section 4.
This section presents another major result of the paper. The proof primarily relies on the maximum principle, which allows
for a proof that is independent of the specific form of the reward function. The semi-explicit representation of the smooth
Gerber-Shiu function, introduced in [3] (see also (2.7) and (2.8)), plays a crucial role in the verification of the solution via
the maximum principle. These representations provide valuable insights into the smoothness and structural properties of the
associated harmonic function. In Section 6, we present a systematic procedure for solving general problems, based on the
results developed in Section 5. Readers primarily interested in applying the solution of specific optimal stopping problems to
practical settings may refer directly to the algorithm presented in this section. Section 7 presents three examples in which we
solve the specific problems following the general procedure presented in Section 6.

2. MATHEMATICAL TOOLS

2.1. Spectrally negative Lévy process and its scale function. Associated with every spectrally negative Lévy process, there
exists a (g-)scale function

W@ . R SR, ¢>0,

that is continuous, strictly increasing on [0, 00) and 0 on (—o0, 0). It is uniquely determined by

= Bay(@) _ 1
/0 c W @)de = Ty

For any Borel set A, define the hitting time

B> ®(q).

Ty :=inf{t >0: X, € A}.

Moreover, for simplicity, we write

@1 Ty i= Ty = f{t 2 0: Xy > 7} and Ty i=T(ooo = infft 2 0: Xy < £},
for £ and r in R. Then, for fixed 0 < z < a, we have the following fluctuation identities
W@ (z)
T —qT, —_ _ \"/
2.2) E [e 1{Ta<TO‘,Ta<oo}} - W@(a)
~ w (@ (7)
z | ,—qT, = 7@ () - 7@ () —— 2
2.3) E [e o 1{TQ>T(;,T;<OO}} =20 - 28wy

where
Z9D(z) =1+ q/ W@ (y)dy, = eR.
0
Here we have Z(9)(z) = 1 on (—o0, 0]. We also have

E” [e_qTO_] = 7D (z) - %W(Q) (x), x>0.

Fix ¢ > 0. The scale function increases exponentially;

. W(Q)(:r)_ 1
(2.4) A e P (2(q)

Finally, under Assumption 1 (iv), W (%) belongs to C (0, 00) if X has paths of bounded variation, and to C'%(0, co) if X has
paths of unbounded variation; see [8]. For a comprehensive account of the scale function, we refer the reader to [4, 5, 23, 24].
See also [18, 31] for numerical methods for computing the scale function.
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2.2. The potential theory. Let { H;},>( be the Markov kernel of X; for x € R and a Borel set A and for a Borel function f,
Hy(z,A) =P*(X; € A) and H.f(z) =E*[f(X:)],
respectively. Moreover, we extend this notation from deterministic time ¢ to any stopping time 7:
H, (z,A) =P*(X, € A).

For simplicity, we shall write for hitting times

Hp, = Ha.
Furthermore, in view of (2.1), we shall use, throughout this paper, the following notation for hitting times of (—o0, a) and
(—o00,a) U (b, 00):

HT; = H,, and HT;AT[) = Hgp,

respectively.
For ¢ > 0, H} is defined to indicate

Hl(z,A) =P"(X; € At < eq),

where eq is a random variable independent of X and follows an exponential distribution with rate q.
We define the resolvent kernel G = {Gy(x, A) }¢>0 as

Gy(z,A) = / e " Hy(x, A)dt forq > 0.
0

Similarly, H, f, H! f, G, f, HY are defined in the same manner.
A non-negative measurable function w is said to be g-excessive if it satisfies the following two conditions:

Hlu(z) <wu(z); t>0, xz€R,
lim H{ = ; .
im H; u(z) =u(z); zeR

A non-negative measurable function u is said to be g-superharmonic (resp. q-subharmonic) on open set G if each open
subset A C G whose closure is compact in G,

u> Hicu (resp. u < Hicu).

A g-harmonic function is defined as a function that is both g-superharmonic and g-subharmonic. A function g is said to be
superharmonic at a fixed point ¢ if there exists an open neighborhood U (¢) of ¢ on which g is superharmonic. The definition
of being subharmonic or harmonic at c is given in the same manner. A function is said to be strictly superharmonic if it is
superharmonic but not harmonic. Similarly, we define a strictly subharmonic function as one that is subharmonic but not
harmonic. Note that if g is subharmonic at a point c, then for some open neighborhood U (c), we have g(c) < Hy()eg(c) <
v(c); hence, ¢ € C by the definition of C. This property will be used later when solving the optimal stopping problem.

If u is superharmonic (resp. subharmonic) on G and Lu is defined on G, then Lu < 0 (resp. Lu > 0) holds on G. This
follows directly from the definition of the generator £ . Conversely, if Lu(x) < 0 (resp. Lu(z) > 0) for all x € G, then u is
superharmonic (resp. subharmonic) on G, as a consequence of Dynkin’s formula. For a open set G, Hgeg is harmonic on G.
It is followed from Hge = H sc Hge holds for A C GG (see Theorem 3.4.2 in [14]).

The co-resolvent kernel G = {G(z, A)} >0 is defined as

<f’ Gq> = <Gq’9>v

where <-, > denotes the inner product with respect to Lebesgue measure. It is known that G is the resolvent kernel of
X=-X ([4]; Section II.1). A g-excessive function for G is called q-co-excessive.

Given ¢ > 0, a jointly measurable function G,(x,y) is said to be the g-potential density if the following conditions are
satisfied: (i) Gy (x,dy) = Gy(z,y)dy; (i) Gy(y, dz) = G, (z,y)dx; (i) Gy(-,y) is g-excessive for each y and Gy (z, -)
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is g-co-excessive for each x. For a spectrally negative Lévy process, the g-potential density always exists and is written in
semi-explicit terms. The g-potential density is given by ([7], Corollary 8.9 in [23] )

(2.5) Gyla,y) =09 (y —2) = ' (q)e VW) - WD (z —y).

In case of ¢ = 0, under the assumption that ¢)(0+) > 0, letting ¢ | 0 in (2.5) yields
(2.6) Gla,y) = 00y —a) = —— — W(x —y).
¥ (0+)

by noting that ® is a right inverse of 1. Note that #(9)(-) (¢ > 0) is of C''(R/{0}) (resp. C*(R/{0})) when X has paths of
bounded variation (resp. unbounded variation). For notational simplicity, we write 6(°)(-) as ().

An excessive function u is called a potential if it is finite almost everywhere and satisfies limgyoo H(_s 5)cu = 0 almost
everywhere. For each y, G(-,y) is a potential since G is the co-resolvent kernel of X = —X (Proposition 13.1 in [21]).
Conversely, every potential can be represented as a composition of the potential densities G-, y); that is,

Proposition 2.1. A function u is a potential if and only if there exists a measure i such that
u=Gpu:= / G(,y)u(dy).
(700700)
Moreover, the following decomposition holds for excessive functions that are finite almost everywhere:

Proposition 2.2 (Riesz decomposition). Every excessive function that is finite almost everywhere can be uniquely decomposed

as
u=Gu+h,
where (1 is a measure and h is a harmonic function.

For the proofs of these results, see Proposition 7.6 and Theorem 2 in [21], respectively.

2.3. The smooth Gerber-Shiu function. Let g be continuous and left-differentiable at every point. For a € R, let h, be
a harmonic function on (a, 0o) satisfying the boundary condition h,(z) = g(z) for x < a (and b/, (a+) = ¢’(a) when X
has paths of unbounded variation). This function is called the smooth Gerber—Shiu function, and it is known that it can be
represented in terms of W and Z as follows ([3]):

@7 hO(2) = gla) + ¢/ (a—) (& — a) — / WO —a— y)a(y)dy,
2.8) B () = g'(a—) - / Ju(x — a— y)W(dy),
[0,x)

where .J, is given by

Ja(z) = ¢'(a=)Y"(0+) — q(¢'(a—)z + g(a)) + / (9(x +a—2z) —gla) + ¢'(a—)(z — x)) I(—dz).

(w,00)

When ¢ = 0, we simply write h, instead of h,(lq). From (2.7) and (2.8), h((lq) and h((lq)/ are continuous . For each z > a, the
maps a — pl® (r) and a — h,(f)’(x) are continuous if g is of C'*-class. Moreover, note that limg1, hé’i’) = plo by (2.7).

The asymptotic behavior at infinity is given by (Lemma 5.7 in [3]):

() 2
(2.9 T ) g ‘(1

I ey = A, where s(a) = g (am) + gisglo) ~ La(@(a),

2 d(q)

with L denoting the Laplace transform and g(z) = f(m 00) (9(x +a — z) — g(a)) II(—dz). In particular, x(a) is continuous
if g is of C'-class.
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Using this formula, one obtains (Proposition 5.4 in [3])

(2.10) HDg(z) = b9 (z) = WD (z — a)r(a),
b) — hi? (b
2.11) Hg(z) = h{ (z) + WD (z — a)g&/)(q)(b - ((I)) .

When X has paths of bounded variation, HY g(x) and H ‘gqg g(x) are of C1(a, ) and C'(a,b), respectively if g is of
C-class. When X has paths of unbounded variation, they are of C?(a, c0) and C?(a, b) if g is of C*-class.
We define hfffﬁ as follows:

@.12) W) = gla) + ' a)a =) - [ WO @ a ) du(y)dy.

For later reference, we introduce the smooth Gerber—Shiu function of the exponential. Define the two-variable scale
function Z,(x, ) (see [3]) as
(2.13) Zy(x,0) = e 4+ (q— 1/)(9))/ ee(x_y)Wq(y)dy.
0
It is known that Z,(- — a, ) is the smooth Gerber-Shiu function of et —a) ([3, Corollary 5.9.]). Moreover, the Laplace
transform of Z,(z, §) with respect to z is given by ([2, Remark 5.2.])
P(s) =) 1

(2.14) LZy( 0)) = = = =

To simplify notation, we write Z; as Z.
2.4. The maximum principle. We prove a maximum principle for g-subharmonic and g-superharmonic functions.

Proposition 2.3. Ler f : R — R be a function such that (L — q)f(c) is defined for a fixed point c. If f(¢) > 0 (resp.

fle) <0), f'(c) =0and f(c) > f(z) (resp. f(c) < f(x))forallx < ¢ then (L — q)f(c) <0 (resp. (L—q)f(c) > 0)
holds.

Proof. Assume that f satisfies f(c) > 0, f'(¢) = 0 and f(c) > f(z) for all z < ¢. We prove f”(c) < 0. Assume to the
contrary that f”(c¢) > 0. Then, there exists ¢ > 0 such that f'(x) < 0 for x € (¢ — €, ¢), which is contradict to f(c) > f(z)
for all # < c. Since f(—oo,O) (fle+y) — f(e) II(dy) < 0 from the assumption that IT is nonzero and f(c) > f(x) for all
x < ¢, we obtain Lf(c) = (62/2)f"(c) + f(—oo,O) [f(c+y) — f(e)]1I(dy) — qf(c) < 0. The remaining part can be shown
in the same manner. U

Proposition 2.4. Let f : R — R be a q- subharmonic (resp. q- superharmonic) function on an open interval (a,b), where
—00 < a < b < oo If fis not constant, then f restricted to (—oo, b) does not attain its maximum (resp. minimum ) at any

point in (a, b).

Proof. We prove the case where f is subharmonic on (a, b). Assume that f is not constant and assume that f|_ ) attains
its maximum at some points. Then, there exists ¢ € (a,b) such that f’(¢) = 0 and f(c) > f(x) for all z < c¢. Hence,
Proportion 2.3 leads to (£ — q) f(¢) < 0, which is a contradiction to that f is ¢- subharmonic. O

Proposition 2.5. Given a function g on R and an open interval (a,b), we consider the following boundary value problem:

—~

L—q)h(x) =0 forx € (a,b),
h(z) = g(x) Sorxz < a,
h(b) = g(b).

If a solution to this boundary value problem exists, then it is unique.



8 M. EGAMI AND T. KOIKE

Proof. Since the operator £ — g is linear, it suffices to show that if h satisfies

(L—=q)h(z) =0 forz € (a,b),
(2.15) h(z) =0 forz < a,
h(b) = 0,
then h = 0. By the continuity of & and the given boundary conditions, » must attain either a maximum or a minimum in

(a,b). Thus, by Proposition 2.4, h is constant, and we conclude that h = 0. O

3. THE RIESZ REPRESENTATION OF H'.g

We shall give an extended version of Riesz representation of expected reward functions H¢.g for closed interval A = [a, b]
and the discount rate ¢ > 0 and let £, := £ — ¢q. From here on, ¢ > 0 is fixed. Also, when no confusion can arise, we refer
an g-excessive function as an excessive function.

The proof makes use of the adjoint operator L of the infinitesimal operator L, which is given by

£ia) = =5 + 520 @+ [ (e ) - £e)  ycao W) @] Tidy),

(—O0,0)

where 1:I(A) = II(—A). Keep in mind that Assumption 1 is imposed throughout the paper. Except within the statements of

the propositions, we do not explicitly restate this assumption.

Proposition 3.1. We assume Assumption 1 holds. Let A = (a,b) C R. Assume that g : R — R is of C*(R \ [a, b)) (resp.
C?(R\ [a, b)) if X has paths of bounded variation (resp. unbounded variation). Then, we obtain the Riesz decomposition

Hicgla) = [ Golo,puldy) + hia)

c

where h is the g-harmonic function with h(co) = g(00) and h(—o0) = g(—00) and p a signed measure. Moreover, 1. can be
identified as follows: if X has paths of bounded variation,

p(de) = —LoHacg(z)dz ; © < a,z > b,
(3.1) p({a}) = —6AH scg(a),

p({b}) = —6AH-g(b),
and if X has paths of unbounded variation,

(dz) = —LyHaeg(x)dx ; x < a,x > b,
(3.2) p({a}) = —% A(Hacg) (a),

({b}) = —% A(Hacg) (),
where we denote Af(x) := f(z+) — f(z—).

=

To prove this proposition, we prepare the following two lemmas.
Lemma 3.1. Let f be of class CZ(R). Then there exist g-potentials f1 and f2 and a q- harmonic function h such that
f=h-Fa+h

Proof. Let F and F_ be the positive part and negative part of (—L,) f, respectively, and let f1 := G,F and fo := G F_.
Since G is a strongly Feller operator ([19]), f1 and f is finite everywhere. Now, fi and f> are potential from Proposition
2.1.Lethbesetash = f — f1 + fa = f — Gy(—L,) f. Thenwe have L,h = L,f — L,Gy(—Ly)f =Lyf —Lyf =0. O

Lemma 3.2. Let f be of class CZ(R) . The following three statements are equivalent:
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(i) There exists q-potentials f1 and fo such that f = f, — fo.
(it) limz| 00 f(z) = O holds.
(iii) Gq(—Ly) f = f holds.

Proof. ()= (ii): Itis trivial from the definition of a potential.

(ii)= (i): We consider the decomposition of f = f; — fo+hin Lemma 3.1. Since f; and f> are potential, lim|,| o f1(2) =
lim|;| o fo(z) = 0. Combining the assumption (ii), we obtain lim|,| o h(x) = 0, which means that & = 0 since A is
g-harmonic. Hence, f = f; — fo.

(ii))= (i): It is immediate form Lemma 3.1.

()= (iD): f = fi — fo = Go(=Lg) [ — Go(—Lg) f2 = Go(=Ly) [ 0

Proof of Proposition 3.1. Let L, = £ — ¢ and fix f € C§°(R) arbitrary. For simplicity, we write in this proof L,, L4, Gy,
Gq and H 4c as L, [Z, G, G and H , respectively. First, we have

(—Lf, Hg) = (—Lsf, Hg) +(—Lof, Hg) + (—L;f, Hg) + ¢(f, Hg),
where Ls f(z) == 6 f'(x), Lo f () == 302 f"(x) and Lif(x):= Je lf(x+y) - f(2)] TI(dy).

Since H g is harmonic in A and Hg = g in A¢, Hg is of C*(R\{a, b}) in the bounded variation case and of C%(R\{a, b})
in the unbounded variation case. Using integration by parts, we obtain

(—Lsf, Hg) = (f,v(Hg)") —6f(a)AHg(a) — 5 f(b)AHg(b),

(~Lof, Hy) = (f, ~ 50" (Hg)") + 30° (@) AHg(a) + 30> I () AHg(0)

- 30 @A) (0) = 5 FO)A ) 0),
(=L;f,Hg) = (f,~L;Hg).

Hence it follows that
(3.3) (~Lf, Hg) =(f,~LHg) + f(a)| - 5AHg(a) - %oWHg)’(a)}
F50)] ~ 5AHg(B) ~ 50*A(Hg) ()]
/() [ 50*AHg(@)] + 7' 0) [ o? A g)].
If X has paths of bounded variation, then ¢ = 0 and thus (3.3) is
(~L1,Hg) = (f.~LHg) + f(a)] - 50Hg(@)] + 1(0)] - 55H9(0)] = [ Fwutan)
where p is given in (5.5). If X has paths of unbounded variation, then we have AHg(a) = AHg(b) = 0 and thus
~ 1 2 l 1 2 l
(<1, Hg) = (f,~LHg) + [(a)| - 30°A(HI) (@] + F0)| - 30°AHgY )] = [ Fw)ntdy),

where p is given in (5.6).
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Next, it follows that

G4 [ 1wt = [ D)

- /AC (/ —Ef(x)G(x,y)dx) 1(dy)
= /A —Lf( </ G(x,y)u(dy)> dz
—(-L

z)
i, /A G (. wuldy)),

c

where the first equality follows from Lemma 3.2 and the second is due to G, (y, dz) = Gy (z, y)dz. From (3.3) and (3.4), we
have for any f € C§°(R)

(3.5) (~Lf,Hg) = (-Lf, /A G(y)u(dy)).

Define h := Hg — [,. G(-,y)u(dy). We shall show that h is harmonic to complete the proof. Since the proof for the case
where X has paths of bounded variation can be carried out exactly in the same manner, we will provide only for the case of
unbounded variation. For this purpose, we show that / is of C%(R). Note that Hg is of C?(R\{a, b}) as seen above. By the
specification of p,

0'2 0'2
GG y)uldy) = -5 A(Hg) (a)G(w, a) + /A y b}(—ﬁHg)(y)G(Ly)dy - 5 A(Hg) (0)G(x,b).
Note that in the Lévy case, G(x,y) has a representation 6(y — x) as in (2.5) and (2.6), from which we see that 0(-) is of
C?*(R\{0}) and hence [ G(-,y)u(dy) is of C?(R\{a, b}). Therefore, s0 is h.
Similarly to (3.3), we have, for any f € C§°(R),

(3.6) 0= (=Lf,h) =(f,—Lh) + f(a) { — 6Ah(a) — %O’QAhl(a)}

Ac

1)~ 52n(b) - %JQAh’(b)]

/ 1 2 ! 1 2
+f'(a) [ 50 Ah(a)} + 1'(b) [ 50 Ah(b)]
where the first equality is due to (3.5). This formula implies that Ah(a) = Ah(b) = Ah'(a) = AR/(b) = 0. Thus, h is of

C*(R). Moreover, observing the first term of the right-hand side of (3.6), since h is of C?(R\{a,b}), we have Lh = 0 on
R\{a, b}. Hence we have for z < a,

0= £h(x) = @)+ 30K @)+ [ [hle+) ~ )~y ) ()] Hds).

To apply the dominated convergence theorem, we establish the following estimate. Note that »’ is bounded in view of
Assumption 1 (i) because h — g tends to zero as x — £oo. The latter statement is in turn follows from the definition of /& and
the fact that [,. G(-,y)u(dy) is a potential. For each = < a, we have

[ et )~ h@) =y @) (@) Ty
(—00,0)
s/ |h<x+y>—h<x>\n<dy>+/ (e +y) — h(z) — 1.0 () (@)] T(dy)
(—o0,—1) (~1,0)
< / W ( + 2 (9))) [yl TI(dy) + / W (z + ea())] |y TI(dy)  (for some 1 (y) < —1and — 1 < ex(y) < 0)
(—o0,—1) (

< sup | pITIy) + sup 1) / 2 TI(dy) <

(—o0,—1) z€(—1,0



A POTENTIAL-THEORETIC APPROACH TO OPTIMAL STOPPING IN A SPECTRALLY LEVY MODEL 11

where the second inequality is obtained from the mean value theorem and Taylor’s theorem. Letting 1 a, we obtain from
the dominated convergence theorem,

0= (@) 4 3t @)+ [ hacty) — @)~ i @ @] )

by the fact that b € C*(R) shown above. By applying the same argument to the case = > a, we obtain

0=—yh'(a) + %a%’%aﬂ + / [h(a+y) — h(a) — yl_1,0)(y)A (x)] IL(dy).

(—00,0)
It follows that h"'(a—) = h”"(a+). Similarly, we obtain h”'(b—) = h”’(b+). We have shown that h belongs to C?(RR). Hence
since Lh = 0 holds on the entire real line, we have shown that A is harmonic. O

We prepare the following corollary for use later.

Corollary 3.1. Let A = (—o0,c)U(a,b) C R and assume c < a. Assume that g : R — R is of C1(R\ ((—o0, c]U[a, b])) N
C(R) (resp. C%(R\ ((—o0,c] U[a,b])) N C(R)) if X has paths of bounded variation (unbounded variation). Moreover, we

assume that g is differentiable at c. Then, we obtain the Riesz decomposition

Hicgla) = [ Gola,puldy) + hia)

where h is the q-harmonic function with h(co) = g(o0) and h(—o00) = g(—o0) and u a signed measure. Moreover, i can be
identified as follows: if X has paths of bounded variation,

p(dz) = —LHYg(z)dz ; z < c,e < x < a,x > b,

{c}) = —0AH g(c)

{a}) = —0AH}.g(a),

{b}) = —0AH3.9(b),

I
7

(
(
(
1(

and if X has paths of unbounded variation,

p(dz) = —LoHYcg(z)dz ; x < c,e < @ < a,x > b,

(
n({c}) = 5 A(HY.g) (c),
n({a}) = - A(HY.g) (a),
u({b}) = —% A(H%.q) (b)}.

In particular, if ¢ = 0 and g attains its maximum at ¢, then p({c}) = 0 holds in the both cases.

Proof. The proof in the former part follows the same argument as in Proposition 3.1. To prove the last statement, assume that
g = 0 and g attains its maximum at c. Then, we have H 4.g(x) = g(c) for x € (—o0,c] and Hacg(x) = g(x) for z € [c,a).
By the continuity of g, we have AH 4cg(¢) = 0. Moreover, since g’(¢) = 0 from the assumption that ¢ attains its maximum
at ¢, we obtain A(H 4<g)’(c) = 0. Therefore, we obtain p({c}) = 0 in both bounded and unbounded cases.

O

4. NECESSARY CONDITIONS

We present a necessary condition for the optimal stopping problem by using the Riesz representation given in Section.3.
When X has paths of bounded variation, the continuous fit condition is a necessary condition, while for unbounded variation,
the smooth fit condition is required. This result is consistent with, and can be seen as a generalization of, previous findings
such as those by [1, 17, 25].
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From here on, we consider only the case where
q = 0and lim X; = oo almost surely under P.
t—00

This assumption does not affect generality. If ¢ = 0 and X oscillates, then the problem is trivial. Since, for any point z,
the probability of reaching z in finite time is 1 regardless of the initial distribution, the optimal stopping time 7* is given as
7% =inf{t > 0 : X; = max g} if g attains its maximum. There is no optimal stopping time if g does not attain its maximum.
In cases where ¢ > 0 or [¢ = 0 and lim;_,,, X; = —o0], the problem can be reduced to ¢ = 0 and lim;_, ., X; = oo by the
exponential change of measure:
dp®
dP* |7,

@.1) () (Xe—a)-at

Then, we have
E%[e~%g(X,)] = 2@z [6*<1>(Q)Xtg(Xt)gP(Q)(Xt*m)*qt]
— 2@z [efé(q)th(Xt)}
= "R [§(X,)),
where g(z) = e~ ®@)e g(z) and EE denotes the expectation operator under PP. Note that a straightforward calculation yields

4.2) $(0) = (0 + (q)) — g,
(4.3) Lj(z) = e DL — g)g(x),

where 1) is the Laplace exponent and £ is the generator of X under P. This identity is used in practical applications; see
Section 7.1. Moreover, since ¢/ (0+) = 1'(®(¢)) > 0 on the account of the strict convexity of ¢ and ®(¢) > 0, (X,P)

always drifts to infinity. Hence this case can be reduced to ¢ = 0 and lim;_, ., X3 = co.

In the following, we use the notation
HT; =H,, and HT{/\Tb =H,p.

Proposition 4.1. We assume Assumption 1 holds. Suppose that X has paths of bounded variation (resp. unbounded varia-
tion). Let —00 < a < b < o0o. Suppose that g satisfies the same assumptions as in Proposition 3.1. If v(x) = H,g(x) , then

we have

Hog(a) = gla) (resp. (Hag)'(a+) = ¢/(@)).

Ifv(x) = Hypg(x), then we have

Hypg(a) = g(a) (resp. (HaJ,g)’(a—l—):g’(a)>7
Hapg(6) =) (resp. (Hapg) (=) = g/ (0))

Remark 4.1. (i) If X has paths of unbounded variation, then H,g(a) = g(a)and H,g(b) = g(b) holds automatically,
since any point a and b are regular in this case.
(ii) In the case of v(x) = H, pg(x), even when X has paths of bounded variation, the identity (H, ,g)'(b—) = ¢'(b)
holds, as is implied by Proposition 5.3.

Proof of Proposition 4.1. We use the fact that the value function is excessive majorant of g (Theorem 1 in [29] ). First,
we consider the case that X has paths of bounded variation (resp. unbounded variation) and v = H,g. Since v = H,g
is excessive, the corresponding signed measure 4 in Proposition 3.1 must be a measure from Proposition 2.2. Thus, it is
necessary that ©({a}) > 0, which is equivalent to AH,g(a) < 0 because we have § = ¢/'(0+) > 0 from the assumption
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X; — oo ast — oo almost surely(resp. A(H,g) (a) < 0 because of 02 > O). On the other hand, since v = H,g is
majorant of g and g(z) = H,(x) forz < a, AHgg(a) >0 (resp. A(Hgg) (a) >0 )is necessary. Thus, AH,g(a) =0, so

that H,g(a) = g(a) (resp. (Hag) (a+) = ¢'(a) ) is obtained.
The argument in the latter case proceeds in exactly the same manner as in the first part. (|

5. SUFFICIENT CONDITIONS

In this section, we present sufficient conditions under which the necessary condition derived in Section 4 becomes suffi-
cient. We verify these conditions separately in the cases where the stopping region is one-sided (Section 5.1) and two-sided
(Section 5.2), respectively. Again keep in mind that Assumption 1 is imposed throughout the paper. Except within the state-
ments of the propositions, we do not explicitly restate this assumption.

The key idea in the proofs of these propositions is to apply the maximum principle (Proposition 2.3) in order to show that
the candidate value function is a majorant of g. Since the use of this maximum principle as a verification tool for the optimal
stopping problem is methodologically novel, we include the full proofs here in the main text rather than relegating them to an
appendix.

These sufficient conditions also serve as powerful tools for solving a wide range of optimal stopping problems for spectrally
negative Lévy process in a systematic way. Their general usage is described in Section 6. We also provide concrete examples
in Section 7. These subsequent sections will make it clear that the verification presented here is comprehensive.

If ¢ attains a maximum, then let § := max{x : g(z) > g(y) forall y} and let § := H_ gg. Note that we have

gB) if x<p

(5.1) g(x) =
glx) if =»>p

Assumption 2 (Assumptions on g). We present some assumptions for the reward function g. If g attains its maximum, we

interpret the following conditions as applying to g instead of g. If g does not attain its maximum, we formally set f = —oo:

(a) g is a non-negative, continuous function such that g # 0 and lim,_, - g(z) = 0.

(b) There exists £y € R such that Lg(x) > 0 for z € (£y,0) and ¢’ (Lo+) > ¢’ (Lo—).

(c) There exists a € R such that Lg(x) < 0 for x € (—00, a).

(d) There exists finitely many points {p1,...,pn} € (—00,{y) such that g belongs to C1(R \ {p1,...,pn,lo}) and
g (pit) > g (pi—) fori = 1,...,n if X has paths of bounded variation, and to C*(R \ {B8,p1,...,Pn,l}) N
CYH(R\ {lo}) if X has paths of unbounded variation.

Lg<0 Lg>0

ST J
)
o

FIGURE 1. The real line with points a < £g; the red segment represents the region (£g, co0) where £g > 0, and the blue segment
represents (—oo, a) where Lg < 0.

Remark 5.1. At first glance, the reader may suspect that a and ¢ are arbitrarily assumed to be optimal boundaries. However,
this is not the case. These points do not actually serve as optimal boundaries.

The relative positions of a and ¢, are illustrated in Figure 1. The assumptions (a), (b) and (c) are in place throughout the
remainder of the paper. The reader may regard these assumptions as ad hoc and expedient. However, they are in fact nor. We
shall now discuss the motivation and justification of each assumption.
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(a) The assumption lim,_,~, g(z) = 0 does not restrict the generality of the problem. To see this, we consider the case
where the assumption is not satisfied. If lim,_, o g(x) = M for some 0 < M < oo, then we can solve the problem
by taking the reward function as g — M. If lim,_,, g(x) = oo or the limit does not exists, then, for any fixed x,
there exists y > x such that g(y) > g(x). Hence, combining this with the assumptions that ¢ = 0 and X; — oo
as t — oo, we obtain Hy g(z) = ¢g(y) > g(x). Thus & € C, and thus; C = R. The rest of the conditions in the
assumption (a) are standard.

(b) Since lim, o, g(x) = 0 from the assumption (a), lim,_,~ ¢'(z) = lim,_~ ¢”(x) = 0 if the limits exist. On the
other hand, [, (y<0) [g(x 4+ y) — g(x)]II(dy) > O for sufficiently large « from the assumption (a). Hence, we obtain
Lg(z) =g (x) + %zg”(m) + f(y<0) l9(z 4+ y) — g(x)]II(dy) > O for sufficiently large . Thus, there exists £, € R
such that Lg(x) > 0 for z € (¢y, 00); that is, under the assumption (a), the first assumption of (b) is always satisfied.
However, the second assumption might not be satisfied. That is, there may exist £ € R such that Lg(x) > 0 for
z € (Lo, 00), while ¢’ (lo+) < g'(bo—).

(c) Here we assume that g(x) is eventually not subharmonic as x goes negatively large. Let us point out that it is
unnecessary to consider this case where there exists a such that Lg(z) > 0 for x € (—o0,a). If g attains its
maximum at 3, then L§(x) = 0 for z < /5 holds; and thus, the case of Lg(x) > 0 does not arise. If g does not attain
its maximum, then it follows from the proof of Proposition 5.1 that there exists no optimal stopping time. Thus,
this case is of no significance. As a result, without loss of generality, we may assume that there is no a such that
Lg(x) > 0for x € (—o0, a). However, it cannot be said that assumption (c) holds in general: we cannot rule out the
possibility that the set {z : Lg(x) > 0} may have infinitely many connected components, although this is rather a
restricted case.

From the above discussion, we conclude that these assumptions generally hold, except in the following two exceptional
cases: when there exists £y € R such that Lg(z) > 0 for z € (¢y, o0) and ¢’ (¢p+) < ¢’ (¢p—); or when the set {x : Lg(z) >
0} has infinitely many connected components.

As for the assumption (d), as we shall explain in Section 6, situations that satisfy (d) naturally arise in the process of
solving a broad class of problems . Let us emphasize, through the setup in the assumption (d), that we can take care of a
reward function which fails to be differentiable at a point. A function of this kind includes payoff of typical options contract
(see Section 7).

We refer to Assumption 2(a) simply as the assumption (a), whenever there is no risk of confusion. The same convention
applies to Assumptions 2(b), (c), and (d).

Remark 5.2. We provide some information that may be helpful in solving actual problems.
(1) A tractable sufficient condition for the assumption (b) is as follows:
(b’) There exists xq such that g(z) = 0 for all z > z.
(ii) If g attains its maximum, then the assumption (c) is automatically satisfied by choosing a = (.

We shall show in Propositions 5.1 that the following is a necessary condition for the existence of the optimal stopping

time:
(A) There exists a negatively large a such that Lg < 0 on (—o0,a) and he(x) > g(z);z > a,

where h,, is the smooth Gerber-Shiu function for ¢ = 0 defined in (2.7). In particular, h, is harmonic on (a,c0) and
satisfies the boundary condition h,(z) = g(x) for z < a. In addition, if X has paths of unbounded variation , it satisfies
hl (a+) = ¢'(a). We refer this condition as Condition (A) hereafter. Figure 2 illustrates the relative positions of g and its
smooth Gerber—Shiu function when g satisfies Condition (A).

We investigate the behavior of the smooth Gerber—Shiu function h, depending on the sign of Lg in Lemmas 5.1, 5.2, and
5.3 below.
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a a’ h,a/

FIGURE 2. Relative position of h, and g is presented. Though h, is not majorant of g, h, is majorant of g if we take a sufficiently

large in the negative direction. Hence, g in this figure satisfies Condition (A).

Lemma 5.1. If g satisfies Lg < 0 on (a,b), then for a < b, f := h, — g is strictly increasing on (a,b). In particular, h, > g
on (a,b).

Proof. We only provide a proof for the case where X has paths of unbounded variation to avoid repeating analogous reason-
ing'. We have f = 0 on (—o0,a), Lf > 0 on (a,b) and f'(a+) = 0 by the definition of h,. We prove that there exists £ > 0
such that f > 0 on (a,a + ). It follows that for z € (a,a + (b —a)/2) =: E,

0 < ¢:=min—Lg(z) = min Lf(z)
zeE el

< L1@) =05+ 3@+ [ [Fe) = 1) vl o 0 @),

where the first inequality is obtain from L£g < 0 on (—o0,b). Letting « | a, we obtain, from the dominated convergence
theorem as in the proof of Proposition 3.1 and the fact that f'(a+) = 0,
1 1
D<@t gt @t [ [fa4) — 56) vl ) @) = 30 (@),
—00,0

and thus f”(a+) > 0. This and f’(a+) = 0 imply that f > 0 on (a,a + ¢) for some ¢ > 0. Therefore, if f is not strictly
increasing at some points on (a, b), there exists ¢ € (a,b) such that f'(c) = 0 and f(c) > f(z) for z < c. However, it would
follow from Proposition 2.3 that —Lg(c) = Lf(c) < 0, which contradicts to Lg(c) < 0 because of ¢ € (a,b). Therefore, f
is strictly increasing on (a, b) and f > 0 on (a, b). O

Lemma 5.2. If g satisfies Lg < 0 on (az,a1) for az < ay, then we have hq, > hg, on (ay,00).

Proof. Choose a; and ay such that a; < aq and we show that h,, < hg, on (a1,00). Let f = h,, — g. From the previous
lemma, f is strictly increasing and f > 0 on (a3, a1). Define h := hg, — hg,, which is harmonic on (aq, 00). Since h = f
on (—o0,a1], we have h = 0 on (—o0, azs], h > 0 on [az,a1] and h'(a1) = f’(a1) > 0. Now, assume to the contrary that
h is not strictly increasing at some points on (a1, 00). Then, there exist ¢ > a; such that 2'(¢) = 0 and h(c) > h(x) for all
x < c. Hence, Lh(c) < 0 is obtained from Proposition 2.3, which is a contradiction to the harmonicity of h at ¢ € (a1, 00)
and we conclude h is strictly increasing on (a;, o). Since h(aq) > 0 holds, we obtain h > 0 on (a;, o), which is equivalent
t0 hg, < ha, On (ag, 00). O

Lemma 5.3. If g satisfies Lg > 0 for an open interval (£,r), then hoy(x) < g(x) for x € (¢,7), where hyy is defined in
2.12).

'In the bounded variation case, f(a) = 0 holds by the definition of f and we can derive f’(a+) > 0 in the similar manner.
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Proof. Define s := g — hyy. Similar to the argument for f in Lemma 5.1, since s is subharmonic on (4,7) and s = 0 on
(=00, ], s is strictly increasing on (¢, r). In particular, s > 0 on (¢, r). O

Recall the definition of the stopping and continuous region I" and C'in (1.5).

Proposition 5.1. Assumptions I and 2 (a), (b) and (c) are in place.

(I) Assume that g does not attain the maximum. If Condition (A) is violated, then there exists no optimal stopping time;
that is, v(x) > Hrg(x) for some .

(Il) Assume that g attains its maximum. Then, § satisfies Condition (A).

Proof. (I) g is superharmonic on (—o0, ¢) for some ¢ from the assumption (c). Take an arbitrary a € (—o0,£). We
prove that a € C. Let @ < a. Since Condition (A) is violated, we have hz(z) < g(z) for some z > a. On the other
hand, h;(a) > g(a) from Lemma 5.1 and the assumption (c). Since g and hg is continuous, there exists b such that

ha(b) = g(b) holds. It follows from (2.11) and Lemma 5.2 that we obtain
v(a) > H, 3(a) = hala) > hag(a) = g(a),

Hence we obtain a € C, and thus (—o0, ¢) € C since q is arbitrary.

From the above result, C' has a connected component (—oco, b) for some b > ¢. It follows that there must exist a
region [b, m] for some m < oo that belongs to I". We show that Tt is not the optimal stopping time. Assume to the
contrary that v(z) = Hrpg(z). Since the process starting from z € (—o0, b) exits C from b at finite time from the
assumption X; — oo as t — oo and the support of P*[X7,___, . € dy]is {b} (recall X is spectrally negative), we
obtain, for x € (—o0,b),

9(x) <v(z) = Hrg(z) = H(—oop)eg(x) = g(b).
It follows from this result and the assumption (a) that g attains the maximum, which is a contradiction to the assump-
tion that g does not have the maximum. We conclude that there exists no optimal stopping time.
(II) Note that point 8 defined above is well-defined due to the assumption (a). ¢ is (super)hamonic on (—oo, 3) and
we have, for z > 3, ﬁﬁ (z) = §(8) > §(x), where hg is the smooth Gerber-Shiu function for § at 3. Therefore,

Condition (A) holds.
|

5.1. One-sided stopping region. First, we consider the case where g does not attain the maximum.

Proposition 5.2 (One-sided case). Assumptions 1 and 2- (a), (b), (c), and (d) are in force. Suppose that X has the bounded

variation (resp. unbounded variation). Suppose that g does not attain the maximum. Consider the equation:
(52) Hag(a) = g(a) (resp. (Hag)'(a+) = g'(a))
The following (1) and (1I) hold:

(I) Suppose that Condition (A) holds. Then, there exists a solution a* of (5.2) such that H.~ g is a majorant of g. If
Lg <0o0n(—00,a*), v(z) = Hy-g(x). Moreover, Tr = T(_ o q+] is the optimal stopping time.
(Il) Suppose that Condition (A) does not hold. Then, (5.2) has no solution and there is no optimal stopping time.

Remark 5.3. It follows from (2.10) that (5.2) is equivalent to x(a) = 0, which is in turn equivalent to lim,_, o he(z) = 0.
To prove this proposition, we prepare the following lemmas.

Lemma 5.4. Suppose that g satisfies the assumption (d). £y is as defined in the assumption (b). If X has paths of bounded
variation, then discontinuities of k(-) for a < £y are downward jumps only, and discontinuities of a — H,g(a) are upward

Jumps only. If X is paths of unbounded variation, then k() and a — (Hyg)' (a+) for a < £y are continuous.
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Proof. If X has paths of bounded variation, it follows from the definition of « in (2.9) and ¢'(z+) > ¢'(z—) for all x in
the assumption (d) that the discontinuities of x(-) are downward jumps only. Moreover, it follows from the result above and
(2.10) that discontinuities of @ — H,g(a) are upward jumps only. The remaining statement directly follows from (2.7), (2.8),
(2.9) and (2.10). O

Lemma 5.5. We assume that the assumptions stated in Proposition 5.2 are satisfied. Define

Si={a € R| Hagla) = g(a)} (resp. § = {a € R| (Hag)'(a+) = g'(a)})
and
M :={a € R | H,g is a majorant of g}
If Condition (A) is satisfied, then S # Q.

Proof. Tt follows from Condition (A) that there exists a; such that h,, () > g(z) for all z > a;. Hence, from (2.9) and
assumption (a), we obtain r(a1) = hg, (00)/W(00) > g(00)/W(c0) = 0.

Since we have hy, 4 (z) < g(z) for € ({p, 00) from Lemma 5.3 and the assumption (b), it follows, from ¢'(¢p+) —
g’ (p—) > 0 also in the assumption (b), that hy,(z) < hgyq(x) < g(x) for x € (£y,00). Recall (2.7) for the relation
between h, () and g'(a—). It follows from hy, (z) = lim. g he,—c(x) for z > £y by the continuity of ¢’(a) for a < £y that
hey—e(z) < g(z) for some z € (¢y, 00) and sufficiently small £ > 0.

Define ay := ¢y —e. We prove h,, (00) < 0; thatis, x(az) < 0. Assume to the contrary that h,, (00) = (he, —g)(c0) > 0,
where the equality is obtained from the assumption (a). Combining this with the fact that (h,, —g) falls below zero somewhere
on (¢g,00), there exists ¢ > £y such that (he, — g)(c) < 0, (he, — 9)'(¢) = 0 and (hq, — g)(¢) < (ha, — g)(z) for all
x < c¢. Hence, from Proposition 2.3, we obtain L(h,, — g)(c) > 0, which is a contradiction to the fact that (hq, — g) is
superharmonic on (€y, 00). Therefore, it follows from x(a;) > 0, k(a2) < 0 and Lemma 5.4 that there exists a € (a1, as)
such that x(a) = 0, which is equivalent to a € S as checked in Remark 5.3 (i).

]

Lemma 5.6. We assume that the assumptions stated in Proposition 5.2 are satisfied. The sets S and M are defined as in
Lemma 5.5. If a € S N M€, then there exists a’' € S such that a’ > a.

Proof. The proof differs depending on whether X has paths of bounded variation or unbounded variation. We will prove each

case in turn.

X has paths of bounded variation:

Leta € SN M€ and then H,g is not majorant of g. We consider the following two cases depending on the regions where

H,gis below g.

Case I: First, we assume that there exists € > 0 such that H,g(c) < g(c) for all ¢ € (a,a + ¢). That is, Hyg(z) fails
to be a majorant of g(z) immediately © > a. Then, since H,g(a) = g(a) holds, there exists a; > a such that
%(Hag(y) —g(y)) < 0fory € [a,a;]. We consider the path where the process X starting from a; at time zero,

and define the following three events:

Alz{weQ:Ta‘l :oo},
As = {w €Q:T, <oo and XT;1 € (—oo,a)},
Az = {w €Q:T, <oo and XT(;1 € [a,al)}.
Note that they are disjoint each other and A; U Ay U A3 = Q. Let p; = P [A4;] fori € {1, 2, 3}. Tt follows that

Hq,g(a1) =p1-0 +p2/ Ag} +p3/[ )g(z)}P’“1 {XTJI €dz
a,ai

(700"1)

g(z)P™ {XT& €dz

Ag], and
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Hug(a1) =p1 - 0+p2/

(70070')

g(z)P* {XT; e dz A2:| +p3 /( )g(z)IP”“ {XT; edz, T, < OO‘A3:|

—p1-0 +p2/ g(2)P™ [XTH_ c dz‘AQ} —|—p3/ g(2)P™ [XT_ eds, T < oo’Ag},
(_Oova) "t ( ‘

—00,a)

=(%)

where the last equality is due to T, = T, on A,. Since T, is a hitting time, we can write T,” = T, + T, 00—

ay
for a; > a (see [27], Section II1.7). Then by using the strong Markov property at time 7, and Fubini’s theorem, we
have

(k) = 9(2) / 2 [XT; €ds, T < oo} por [XT; e dy‘Ag}
(—00,0) [a,a1) :

- /[a,al) (/(_007(1) 9(z) /[a,al) pY [XT; eds, T < oo}) P [XT% c dy’AB}
= [ Hogn [Xy < 4],
[a,a1)

Hence, we obtain

Hayg(a) ~ Hoglor) =ps | (9lu) = Hag(w) B [ Xy, € dy] 4]

[aaal)

< pa(glar) - Haglar)) [

la,a1)

por [XTJI e dy‘Ag}

= pa(g(ar) — Haglar))
< g(a1) — Hag(as),

where the first inequality is followed directly from the choice of ay. Thus, H,, g(a1) < g(a1) is shown. On the
other hand, define ay as in the proof of Lemma 5.5, in which we found k(as) < 0. Since we have H,, g(x) =
hayg(x) — W(x — az)k(az) from (2.10) and hg, (a2) = g(az) from the definition of h,, and the assumption that X
has paths of bounded variation, it follows that

Hg,g(az2) = g(az) — W(0)r(az) > g(as)

Hence by Lemma 5.4, there exists as > a’ > a1 > a such that Hy g(a’+) = g(a’) sothata’ € S
Case II: Secondly, we assume that there exists no € > 0 such that H,g(c) < g(c) forall ¢ € (a,a+¢). Then a1 := inf{z >
a: Hyg(z) < g(x)} such that a; € (a,00) exists because of our assumption a € S N M°. By the similar argument

to Case I, we have

Hy,g(ar) — Hog(ar) = p3/ (g(y) - Hag(y))P‘“ [XT;I € dy‘As] <0,

[a,a1)

where the last inequality is obtained from the choice of a;. Thus, it follows that H,, g(a1) < Hag(a1) = g(a1),
where the last equality is obtained from the choice of a;. The remaining argument is exactly same as in Case 1.

X has paths of unbounded variation:
Letus seta € S N M€, It then follows that H,g is not majorant of g. As in the bounded variation case, we divide into the

two cases.



Case I:

(5.3)

Case II:

Lemma

A POTENTIAL-THEORETIC APPROACH TO OPTIMAL STOPPING IN A SPECTRALLY LEVY MODEL 19

First, we assume that there exists ¢ > 0 such that (H,g)'(c) < ¢'(c) forall ¢ € (a,a+¢). Then, since (H,g)' (a+) =
¢'(a) holds, there exists a; > a such that ¢’(z) > (H,g)'(z) for all © € [a,a;] and define h(z) := H,, g(x) —
H,g(x) for x € R. This function solves the following boundary value problem:

Lh=0; =z € (a1,00)
lim, o0 h(x) = 0,
hz) = f(z); = <a,

where f is defined as f(z) := g(z) — Hqg(x) for z < a; and satisfies f(z) = 0 for z < a, f(z) > 0 for
x € [a,a1] and f'(x) > 0 for x € [a, a1] by the choice of a;. Note that the harmonicity of H,g(x) and H,, g(x) on
x € (a1, 00) are again due to Theorem 3.4.2 in [14], and lim,_, o, h(z) = 0 is due to the assumption that g(x) tapers
off as x — oo. Hence by the maximum principle (Proposition 2.4), h(x) < h(ay) for all z > a4. In particular,
we have h'(a;+) < 0, which is equivalent to (H,, g)' (a1+) < (H,g)'(a1+). Recalling, by the choice of a4, that
we have ¢'(a1) > (H,g)'(a1), we obtain (H,, g)'(a1+) < ¢’(a1). On the other hand, define as as in the proof of
Lemma 5.5. Then, we have k(az) < 0, in which we found Hy,,g(z) = he,g9(x) — W(z — az)k(asz) from (2.10)
and h{,,(az+) = g¢'(az) from the definition of h,, and the assumption that X has paths of unbounded variation, it
follows that

(Hap9)'(a2) = g'(a2) — W' (0)k(az) > ¢'(az)

Thus, by the continuity of z — (H,g)'(z+) (Lemma 5.4), there exists as > a’ > a; > a such that (H, g)' (a’+) =
¢'(a’), which implies o’ € S and a’ > a.

Secondly, we assume that there exists no € > 0 such that (H,g)'(c) < ¢'(c) for all ¢ € (a,a + ¢). Let a; :=
inf{z > a: Hyg(z) < g(x)} and h and f be defined as in Case I. The existence of a; < oo is guaranteed again by
the assumption a € S N M°¢. Then h solves the boundary value problem (5.3) and f satisfies f(a1) = 0, f(z) =0
for z € (—00,a], and f(z) < 0 for z € [a, a;]. By the maximum principle (Proposition 2.4), h(z) < 0 for x > a;.
In particular, h'(a;+) = 0 holds, which is equivalent to (Hg, g)' (a1+) = (Hag)' (a1) < ¢’(a1). The remaining
argument is exactly same as in Case I.

O

5.7. We assume that the assumptions stated in Proposition 5.2 are satisfied. The sets S and M are defined as in

Lemma 5.5. If a € SN M, then Lg(a) < 0 holds.

Proof. Leta € SN M.

X has paths of bounded variation: For z > a,

54

0=LH,g(x) = 6(Hag) (x) + /

(y<0)

Since H,g(x) = g(z) for < a holds by a € S, letting = | a in the right hand side of (5.4) gives along with the

(Hag(w +y) = Hag(w) | T(dy).

dominated convergence theorem as in the proof of Proposition 3.1,

(RSH of (5.4)) — 6(Ha,g)' (a+) + /

|9(a+y) — g(a)|T(dy), and
(y<0)

0=06(Hug) (at+) + /

(y<0)

Since H,g is majorant of g and H,g(a) = g(a) holds, (Hag)'(a+) > ¢'(a). Therefore,

Lota) =09 @) + |

(y<0)

[9(a -+ ) ~ gla)| 1(dy).

|9(a+y) — g(a) | Ti(dy) < 0.
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X has paths of unbounded variation: Similarly, it follows that from H,g(a) = g(a) and (H,g)'(a+) = ¢'(a) that

1
0=l LH,6() = —9'(0) + 30%(Hag) (a+) + [

[ Jotatv) ~ (@)~ y11.0 )9 @) ).

Since H,g is majorant of g and (H,g)'(a+) = ¢'(a) holds, (H,g)" (a+) > ¢''(a). Therefore, we obtain Lg(a) < 0.

Now we are ready for proving the proposition:

Proof of Proposition 5.2. (D First we show S N M # @. From Lemma 5.5, S # @. By the assumption (b), ¢; is an
upper bound of S. Indeed, for any ¢’ > {g, we have hy (z) < g(x) for x > ¢’ from Lemma 5.3. Therefore, as in
the proof of Lemma 5.5, using the maximum principle (Proposition 2.3), we obtain hy (00) < g(co) = 0, and thus;
k(¢) < 0. Hence, ¢’ ¢ S from Remark 5.3. This implies that S is bounded from above. Since a — H,g(a) and g
is continuous (see Lemma 5.4), S is a closed set. Thus, there exists the maximum element ¢ € S. It follows from
Lemma 5.6 that ¢ € M. Hence S N M is not empty.

Let a® € SN M. It suffices to show that H,«¢ is a majorant of g and excessive (Lemma 11.1 in [23]). By the
definition of M, H,-g is majorant of g. We prove that H,- g is an excessive function. It follows from Proposition
3.1 that, for z € R, We prove that H,-g is an excessive function. It follows from Proposition 3.1 that there exist a
signed measure u such that, for x € R,

Heg@) = [ Gyt
= [ G Lt )y + oGl i)
= | C@n L o)y + hw),

where h is some harmonic function and the third equality holds since AH,+g(a) = 0 (resp. A(Hg-g)' (a) = 0)
when X has paths of bounded variation (resp. unbounded variation). Recall that a* € S. Now, from the assumption
that Lg(x) < 0 holds for all z < a*, we find —LH,-g(y) = —Lg(y) > 0 for each y < a*. Hence, since p is a
measure, H,~ g is excessive.

(II) This follows immediately from Proposition 5.1 (I).

Next, we consider the case where g attains the maximum.

Corollary 5.1. Suppose that X has the bounded variation (resp. unbounded variation). Assumptions 2- (a), (b), (c), and (d)
are in force. Assume that g attains the maximum. Then, there exists a solution a* of (5.2) such that H,~ g is a majorant of g.

If L§ < 0on(—o0,a*) \ {B}, thenv(zx) = Hp 4~ g(x). Moreover, Tr = Tjg 4+] is the optimal stopping time.

Proof. Noting that Condition (A) always holds (Proposition 5.1 (II)), the proof—except for the excessivity of H,~ under the
assumption £§ < 0 on (—oo,a*) \ {8}—is exactly the same as in Proposition 5.2. The proof of the remaining part is given
below. It follows from Corollary 3.1 that there exist a signed measure p such that, for x € R,

Heg@) = [ @)
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and p is given by if X has paths of bounded variation,

p(de) = —LyHg-g(z)dz ; € (—00,a*) \ {B},
(53) p({B}) =0,
p({a}) = —6AHa-g(a),

and if X has paths of unbounded variation,

p(dr) = —LyHq-g(x)dz ; x € (—00,a”) \ {5},

(5.6) u({8)) = 0

p{a}) = =5 A(Ha-g)'(a),

We obtain u{a*} = 0 from a* € S and obtain p(dz) = —LHyg(x) = —Lg(x) > 0 for z € (—o0,a*) \ {8} by the

assumption. Therefore, y is a measure, and thus; H,- g is excessive. |

5.2. Two-sided stopping region. In two-sided stopping region case, we impose the following assumption (e) instead of (d).
If g attains its maximum, we interpret the following conditions as applying to g instead of g. If g does not attain its maximum,

we formally set § = —oc:

(e) There exists p; < -+ < p, < £ < r < { satisfying the following conditions:
(i) gbelongs to C1((—o0o,7)\{p1, ..., pn,£})if X has paths of bounded variation, and g belongs to C?((—o0,7)\
{p1, -y 0n, 4, B}) N CL((—o0,7) \ {£}) if X has paths of unbounded variation.
(i) Lg(x) > 0forxz € (¢,r)and Lg(z) < 0forx € (—o00,€) \ {p1,--.,Dn}-
(iii) g'(¢+) = g'(6-)
(iv) £ < r if X has paths of bounded variation, and ¢’'(¢+) > ¢'(¢—) or £ < r if X has paths of unbounded
variation.

We refer to Assumption 2(e) simply as the assumption (e), whenever there is no risk of confusion. Although the assumption
(e) may appear ad hoc on the surface, it is in fact not. As explained in Section 6, situations satisfying this assumption naturally
arise in the process of systematically solving a broad class of problems. Let us emphasize that we are capable of handling a
reward function which fails to be differentiable at a point. A function of this kind includes payoff of typical options contract
(see Section 7).

In this case, consider the following system for (a, b)

(Hap9)(a) = g(a)  (resp. (Hapg)'(a+) = g'(a))
(Has9) (=) = ¢/ (b)

We define the maximum solution (a’,b") of (5.7) as (i) (a, b) is not a solution to (5.7) for any a < o’ and b, and (ii) (d’, b)

5.7

is not a solution to (5.7) for any b > ¥’. By the definition, the maximum solution is unique if it exists.

Proposition 5.3 (Two-sided case). Assumptions [ and 2 (a), (b), (c) and (e) are in force. Suppose that X has paths of bounded
variation (resp. unbounded variation). Suppose that g does not attain its maximum. Define

(5.8) a' :==sup A, where A:={a:a < l}N{a: he(x) > g(x)forall x > a}

and assume that a’ > p,,.

(I) Suppose that Condition (A) is satisfied. If there exists b > a’ such that h,(b) = g(b), then (5.7) has the maximum
solution (a',b") such that o' < € <r < V. Hy g is majorant of g, and

(5.9) E = (a/,t')\ {be (a',V) : ha(b) = g(b)}.

is contained in the continuation region C. Moreover, Lg(b') < 0 holds if Lg is defined at V.



22 M. EGAMI AND T. KOIKE

(I) Suppose that Condition (A) is satisfied. If there does not exist b > a’ such that ho/ (b) = g(b), then v(x) = Hy g(x).
Moreover, Tr = T(_ ) is the optimal stopping time.

(I1I) Suppose that Condition (A) does not holds. Then, (5.7) has no solution and there is no optimal stopping time.

Remark 5.4. Recall Section 2.3 and note that (a, b) satisfies the first equation of (5.7) if and only if it satisfies h,(b) = g(b).
To show this, suppose that h,(b) = g(b). We know that h,, is the harmonic function on (a, co) with the boundary condition
ha(z) = g(z) for x < a is continuous (resp. smooth) at @ when X has paths of bounded variation (resp. unbounded
variation). Hence, with the assumption h,(b) = g(b), the restriction of h, on the set (—o0,b], that is, ha|(—sc ) is the
harmonic function on (a, b) with the boundary condition (oo ) (%) = g(x) for z € (—o0,a] U {b}. On the other hand,
H, g is also the harmonic function on (a, b) with the boundary condition H, ;g(z)(x) = g(z) for z € (—o0, a] U {b}; and
thus, by the uniqueness of the boundary value problem (Proposition 2.5), he(x) = Hgpg(x) for € (—o0,b]. Therefore,
from this and the definition of h,, we obtain the first equation of (5.7). The converse can be shown in a similar manner.

From the above argument, the system (5.7) is equivalent to the following:

(b)
ha(b) = ¢'(b).

(5.10) a (0)

9
This representation is employed in the proof of Proposition 5.3 and practical applications (see Section 7.2).

Proof of Proposition 5.3. Since this proposition can be proved using the same tools as in the proof of Proposition 5.2, the

proof is deferred to Appendix A. ]
As Corollary 5.1 in the one-sided case, the following Corollary is obtained by using Proposition 5.1 (ii).

Corollary 5.2. Suppose that X has the bounded variation (resp. unbounded variation). Assumptions (a), (b), (c), and (e) are
in force. Define define 3 and g as in (5.1). Let hq be the smooth Gerber-Shiu function for g at a. Then,

(I) If there exists b > a' such that hy (b) = g(b), then (5.7) has the maximum solution (a', V') such that a’ < £ < r <V
H g is majorant of g, and

(5.11) E = (a',b)\ {be (a,b) : he () = g(b)}.

and (—o0, ) are contained in the continuation region C. Moreover, Lg(b') < 0 holds if Lg is defined at V.
(I) If there does not exist b > a' such that hg: (b) = g(b), then v(z) = Hy§(z) = Hig .o H. Moreover, Tt = Tig . is
the optimal stopping time.

Proof of Corollary 5.2. See Appendix A. O

6. GENERAL PROCEDURE TO SOLVE OPTIMAL STOPPING

We give a general procedure to solve the optimal stopping problem (1.4) for a reward function g satisfying (a), (b), and (c)
in Assumption 2. Our strategy is to successively “eliminate” the regions where L£g > 0, starting from —oco. Recall that we
discuss the justification of these assumptions in detail at the beginning of Section 5. By following the procedure, the reader
will see that Assumptions (d) and (e) are satisfied in due course.

Assume that there exists finitely many points ¢; < r; < fo < --- < £, < 7, such that ¢'(¢,) > ¢'(¢{_), g € C*(R\
{l1,...,4,}) (resp. g € C*(R\ {f1,...,£,})) if X has paths of bounded variation (resp. unbounded variation) and Lg > 0
holds on (¢;,r;) for each i. Moreover, we assume that ¢; < r; if X has paths of bounded variation and that ¢; < r; or
g’ (€4+) > ¢'(¢_) if X has paths of unbounded variation. We refer to each interval (¢;, r;) (when ¢; < r;) and ({g, >0), and
each singleton ¢; (when ¢; = r;), as a subharmonic component. We denote by D the union of all subharmonic components.

Note that the number of subharmonic components is at least 1 since (£y, 00) is a subharmonic component. The relative
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positions of the points, for example in the case n = 4, are illustrated in Figure 3. The method of solution proceeds through
the following steps (Step 1 to Step 6).This solution process is summarized in the flowchart in Figure 5.

A 1 P T2

4y

4

Lg <0 Lg>0 Lg >0 g'(ls+)>g'(lz—=) Lg>0
A

FIGURE 3. The real line with points a < ¢1 < 71 < f2 < r2 < £3 < £o when n = 4; the red segment represents the region
D = (¢1,71) U (£2,72) U {3} U (£, 00), and the blue segment represents (—oo, a) where Lg < 0.

Step 1 (Exponential change of measure): We reduce the problem to the case ¢ = 0 and lim;_,~, X; = oo by the exponen-
tial change of measure in (4.1). The objective function after the change of measure is again denoted by g.

Step 2 (Left-side flattening): We check whether g attains its maximum. If it does, replace g with ¢ and proceed to Step 4,
where § is defined in Proposition 5.1 (ii).” If not, proceed to Step 3.

Step 3 (Verifying Condition (A): We now verify Condition (A). If the condition is not satisfied, then there exists no optimal
stopping time. If it is satisfied, we proceed to Step 4.

Step 4 (Examining the number of subharmonic components n): We examine the number of subharmonic components 7.
If n = 1, then we proceed to Step 5. If n > 2, we proceed to Step 6.

Step S (Applying Proposition 5.2): Since n = 1, we know that g satisfies the assumptions in Corollary 6.1 including the
assumption (d). We can apply Corollary 6.1 stated later. If g does not attain its maximum, then Corollary 6.1 (I) is
applied and we obtain v(z) = Hyxg(z) andT' = (—o0, a*], where a* is a solution of (5.2). If ¢ attains the maximum,
then Corollary 6.1 (III) is applied and we obtain v(z) = Hg 4-g(x) and " = [, a*].

Step 6 (Applying Proposition 5.3): (1) First, we apply Proposition 5.3 to (¢, 1) = (¢1,71). Define a] as in (5.8). Note that

g and ({1, 7r) satisfy the assumption (e) by the construction of D.

(2) If Proposition 5.3 (I) can be applied, then we obtain (a},00) € C and the problem has been solved. The
solution is v(z) = Hy g(x) and I = (—ooc, a}] (resp. v(z) = Hg 4, g(z) and T = [, a}] ) if g does not attain
its maximum (resp. g attains its maximum).

(3) If Proposition 5.3 (I) can be applied, then let (a}, b} ) be the maximal solution of (5.7). Define g1 := Hg, 1, 9.
Note that g1 and (€2, r2) satisfy the assumptions in Proposition 5.3 as noted in Remark 6.1 (i). Replace g and
(¢1,71) by g1 and ({5, 72), respectively, and return to Step 6 (1). Now either of the following two cases arises:

ygand D =R\ ((af, %) U

(a5, 00)): we are done. If Proposition 5.3 (I) can be applied to g1, we set ga := Hy 1, 91-

If Proposition 5.3 (II) is applicable for this g;, then we obtain v(z) = Hay oo Hay,

(4) We repeat this procedure, say, m < n — 1 times until either g,, becomes superharmonic on (—oo, fy) or
Proposition 5.3 (II) is applicable. Finally, in the case that g,,, is superharmonic on (—o0, £y), we apply Corollary
6.11t0 g,

Remark 6.1. To ensure that Step 6 can be carried out, we make the following two observations.

(i) We show that g, satisfies the assumptions in Proposition 5.3 . First, since (af, b]) solves (5.7), note that g; satisfies
the assumption (e) for (p1,p2) = (a},d}). Hence, it is sufficient to show that a;, > b}. Since we have g; =
Hy 4,9 = hay on (—o0,by] and g1 (by) = hfl,l (b)) from the fact that (af, b}) solves (5.7), it follows that both hl,1
and h solve the same boundary value problem: Lh = 0 on (b}, 00), h = g1 on (—oc,bj] and h'(b}) = g'(b}) ,
where hg,l is the smooth Gerber-Shiu function for g; at b;. Hence, by the uniqueness of the boundary value problem,
we obtain h;,l = hqy on [b}, 00). Hence, since h,, > g = g1 on (b}, 00) from the definition of b1, it follows that
h;,l > g on (b}, 00). Therefore, ay > bj. Refer to Figure 4 for the spatial relationship among g, g1, ha/, and hi,l.

21t would be more precise to continue using the notation g, but to avoid unnecessary complexity, we instead write g. However, the
original notation g is retained in Figure 5.
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(ii) We show that m < n — 1. Since a; < b} < b;,, holds as shown in (i), each (a;, b;) fori = 1,...,m is a connected
component of C. Thus, C' has m 4+ 1 connected components, including the connected component obtained by
applying Corollary 6.1 at the final application. However, since D has n connected components, the number of

connected components of C' is at most n. Hence, we obtain m 4+ 1 < n.

g1

al b}

FIGURE 4. g is shown as a black curve, and g is shown as a blue curve. The figure illustrates that the smooth Gerber—Shiu function
hyy for g at a/; coincides with the smooth Gerber—Shiu function hé, for g1 at b} on the interval (b, 00).
1

Corollary 6.1 (Corollary to Proposition 5.2). Suppose that X has the bounded variation (resp. unbounded variation). As-
sumptions (a), (b), (c) and (d) are in force. Suppose that g (resp. § ) is superhamonic on (—oo, £y) if g does not attain (resp.
attains) the maximum. The following (1), (II) and (III) hold:

(I) Assume that g does not attain its maximum and Condition (A) is satisfied. Then, there exists a solution a* of (5.2)
such that H,~ g is a majorant of g and v(x) = Ha~g(x). Moreover, Tr = T(_ o 4+] is the optimal stopping time.
(Il) Assume that g does not attain its maximum and Condition (A) is violated. Then, (5.2) has no solution and there is
no optimal stopping time.
(Ill) Assume that g attains its maximum. Then, there exists a solution a* of (5.2) such that H,~ g is a majorant of g and

v(x) = Hp q+g(x). Moreover, Tr = Tig 4+ is the optimal stopping time.

Proof. This statement follows immediately from Proposition 5.2 and Lemma 5.7. (]

7. EXAMPLES

7.1. One-sided stopping region case. We consider the Mckean optimal stopping problem with respect to spectrally negative
Lévy process ([25], [1], and [10]). The problem is given by

var(z) = sup E, (¢ 7g(@)), where gas(a) = (K — ).
TET

We exclude the case where ¢ = 0 but lim;_, ., X; - oo with probability 1 since there is no optimal stopping time in this
case. If ¢ = 0 and lim;_,», X; — —oo with probability 1, then the optimal strategy is to never stop due to g(—oo0) > g(x)
for all . If ¢ = 0 and X oscillates, then the process is recurrent and there exists no optimal stopping time. (Step 1) By the
exponential change of measure (4.1), this problem is equivalent to the following problem:

ont(1) = sup Baiar (x), where gar(z) = e~ @7(K — 7).,
T€T
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Yes

Step. 2: Does g attain its
C = (—o0,8) U (a1, by) U (ay, by) € = (ayby) U (az by) U U (ay, by) maximum?

Yes

Step. 3: Is Condition (A) No optimal
satisfied ? stopping time

Prop5.3(l) | Step.6

Prop 5.3 (1)
—(e e ) —

Prop 5.3 (Il)

Prop 5.3 (1)

Prop 5.3 (I1)

C = (—,f)V (a,) C = (a;, ™)

C = (—,B) U (ay,b;) U (ay ) C = (a,b,) U (az )

€ = (—=,p)V (a, b)) U (az b3) U (asz, ) C = (ap,b1) Y (az,b;) V (a3, )

FIGURE 5. The flowchart above illustrates the procedure from Step I through Step 6. In this figure, we keep the original notation g.
The function §; is defined as the result of applying Proposition 5.3 to g. However, in the main text, we do not distinguish g1 from g1,
and instead write g1 for simplicity. The functions g2, . . ., m are defined in the same way.

(Step 2) Since lim,,_ g(z) = K and g(z) < K for all x, g does not attain its maximum. For now, we assume that
Condition (A) holds. We will confirm this fact later.

(Step 4) We show that this problem satisfies the assumption Corollary 6.1 . Let L be the generator of X under P. It follows
from (4.3) and a straightforward calculation that for z < log K

L (x) = e V(L — q)gu ()

= e_q’(qn( — Le® —q(K — e’”))

= e_‘b(q)x( —¢(1)e” — q(K — ex)) <0.
On the other hand, it follows from (4.3) and a straightforward calculation that for x > log K
Lgu(x) = e DL — q)ga ()

_ ol / (K — & ¥)II(dy) > 0.
(y<log K —x)

Hence, the assumption in Corollary 6.1 is satisfies.

We proceed to (Step 5). From Remark 5.3, a € .S, where S is defined in Proposition 5.2, is equivalent to lim,_, o hqe(2) =
0. To calculate this, we identify h,,.
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Let Z (z, ) be the two-variable scale function for ¢ = 0 under P. First, we see that
(7.1) Z(x,0) = e D77 (2,0 + ®(q)),
where Z, is the two-variable scale function under P, introduced in (2.13). It follows from (2.14) and (4.2) that

L(Z(,0))s) = L& =00 1

s=0  4(s)
_ Y(s+®(q)) —v(0 + 2(q)) 1
s—0 P(s+ P(q)) — ¢

= L(e”®* 9" Z, (2,0 + ©(q)))[s].

Hence, we obtain (7.1).
By the similar discussion in Section 2.3, we know that Z (- — a,0) is the smooth Gerber-Shiu function of /¢ =) at a.
Hence, since we have, for a < log K,

g(x) = Ke ®@ag—®(@)(w=a) _ o(=®(g)+Da (=2(q)+1)(z=a)
we obtain the smooth Gerber-Shiu function of g at a as
ho(z) = Ke D Z(z — a, —®(q)) — e "D Z (1 — a0, —B(q) 4 1).

Therefore, it follows from (7.1) that, for a < log K, h,(z) = e~ ®(@* (KZq(ac —a,0) —e*Zy(x — a, 1))
Note that we have, for ¢ > 0 or 6 £ 0,

— T -0
(7.2) lim Z, (. f)e—*@) _ Tim. 1+ (q ¢i9(;)(£0_:)m YW, (y)dy
(g —¥(0))e ""Wy(2)
w00 (B(q) _e)e@(q)je)x ’
_ q—(0)
P (®()(2(q) = 0)°

where the first equality is obtained from the definition of Z(x, #), the second is followed from 1’Hopital’s rule, and the final

b

is followed from (2.4). In the case where ¢ = 0 and § = 0, we have Z(x,0) = 1. Hence, it follows that lim, . he(z) = 0

is equivalent to

_q 2(9-1Y)
(13) o | e (Falyitis) it a>0

log K¢’(o+)jﬁ%§) if ¢=0

As noted at the beginning of this section, we may assume that X has positive drift when ¢ = 0, so that ¢/'(0+) > 0. Hence,

the argument of the logarithm in (7.3) is positive in the case ¢ = 0, and the expression is well-defined. Hence, this yields
S = {a*}. Therefore, we obtain from Corollary 6.1 that I' = (—o0,a*] and vyr(z) = Hy-g(x) = KZy(x — a*,0) —
e Zy(z — a*,1). The corresponding graph of the solution is shown in Figure 6.3

Finally, we confirm Condition (A). First, we consider the case where ¢ > 0. For any fixed z, it follows that

lim he(z) = lim e @ (KZq(x —a,0) —e*Zy(x — a, 1))

a——00 a——00
= aEIPoo e~ 2@ (KZq(x —a,0)e” @@= _ iz (z —q, l)efcb(q)(z*a)).
Since we have lim,_, o e~ 2@ = o0 and lim,_,_ oo KZ (z — a,0)e"®@@—a) _ e Zy(x — a,1)e"®@-a)) —

Km € (0,00) from (7.2), we obtain lim,_, o he(z) = 00 > g(z). Hence, Condition (A) is satisfied for ¢ > 0.

3For the numerical analysis, we take ¥ (6) = 6 — A(1 — p(p + 0) ') with p = 1.5, A = 1, and ¢ = 1.2.
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Next, we assume that ¢ = 0. Then, noting that Z(z, 0) = 1, by the same calculation, we have lim,_, o ho(z) = K > g(z).
Hence, Condition (A) is satisfied.

One-sided stopping region
T T T T

FIGURE 6. One-sided stopping region case

7.2. Two-sided stopping region case. We define the reward function g as follows:

K —e*, if x <d,

P (5 ety i~ 0} ez

where K > 0,1 > 0, d < log K are constants. To simplify the discussion, we assume ¢ = 0. If lim;_,,, X; = —oc holds with
probability 1 or X oscillates, then there is no optimal stopping time as in Section 7.1. Hence, we can assume lim;_, o, X; = 00
holds with probability 1 without loss of generality; and thus, we can skip Step I. Let v be the value function. To exclude
trivial cases, we additionally assume that the functions g and v, intersect for z > d and d € (a*,log K'), where vy and a*
are defined in Section 7.1. Let p > d be the smallest intersection point of g and vy;. Note that as d — log K, the problem
reduces to the McKean optimal stopping problem in Section 7.1.

We can show that g does not attain its maximum and satisfies Condition (A) by the same argument in Section 7.1 (Step 2
and Step 3).

(Step 4) We show that ¢’(d+) > ¢'(d—) to carry out Step 4. Under the assumption ¢'(0) > 0, the scale function W is
increasing and concave (see [2] and [8]), which implies that Z(-, 1) is also increasing and concave. Hence, since we have
ha(x) = K —e®Z(x — a, 1) as seen in Section 7.1, it follows that h, () is convex on (a, c0). Recall that the functions g and
UM |(a*,00) = ha- intersect for z > d and d € (a*,log K'). Assume to the contrary that g'(d+) < ¢'(d—). It follows that for
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any x > d

where the first inequality is obtained from the fact that he« is convex and h/.(a*) = gar((a*), the second inequality is
obtained from hg+(d) = vpr(d) > gar(d), the third inequality is obtained from the strictly concavity of g on (—oo, d), and
the final inequality is obtained from the assumption that ¢’(d+) < ¢’(d—). This contradicts to the assumption that g and
UM |(a*,00) = ha~ intersect for x > d. Therefore, since we have g'(d+) > g'(d—), the number of subharmonic components
n > 2 when X has paths of unbounded variation. Moreover, we can prove n > 2 holds in the case where X has paths of
bounded variation. Since the proof is technical, we defer it to Appendix. We proceed to (Step 6).

(Step 6) Consider the system in (5.10). We have h,(z) = K — e*Z(x — a,1) as seen in Section 7.1. For a < d, since g
is superharmonic, h,(x) is decreasing in a for each z. Moreover, h, is convex by the same argument as above. Therefore,
the system in (5.10) has at most one solution. Since Z(-,1) is bounded, h, > g for sufficiently small a. On the other hand,
h} and g intersects Hence, (5.10) has the unique solution (a, b) such that a < a* < d < b. Since (—o0, a) is superharmonic
from a < d, it follows from Proposition 5.3, that (a, b) is contained in the continuation region.

Finally, define g; := H, ;g and we solve the problem for the reward function g; by applying Corollary 6.1. Note that
it satisfies the assumption in Corollary 6.1 due to that g; is superharmonic on (—oco,d + (K — e?)/l) and is subharmonic
on (d+ (K — e%)/l,00). The latter is clear from the fact gy = 0 on (d + (K — e?)/l,00). To see the former, we define
s(z) = ho(x) — g1(z) for x € (—o00,d + (K — e4)/l). Then, s = 0 on (—00,b), and s is increasing and concave at
(b,d+ (K —e?)/l). Thus, s is subharmonic on (—oo, d+ (K —e?)/l). Hence, g; is superharmonic on (—oo, d+ (K —e?)/1).
Therefore, we can apply Corollary 6.1.

Define S and M as in Proposition 5.2. By Remark 5.3, S can be characterized as

S = {aeR:—2l+w’(0)((K—ed)—l(a—d)) —/0 da:/(m’oo)H(dz) (gl(x—l—a—z)—gl(a)):O}.

From Corollary 6.1, if S'is nonempty, then there exists @ € S N M. In this case, the stopping region I" and the continuation
region C' are given by I' = (—o0, a] U [b,a] and C = (a, b) U (a, 00), respectively. If S = @, thenT' = @ and C = R.
To obtain a numerical solution, we specify X as the process whose Laplace exponent is

(74) $(0) =l = A1 — p(p+6)7"),

where c is the drift rate, A > 0 is the rate of arrival rate, and ¢ > 0 is the parameter associated with the exponentially
distributed jumps. We assume that ¢ — A/p > 0 so that ¢)'(0) > 0. Then, the scale function W, as given in [20], and the
function Z(+, 1), obtained from Equation (5.17) in [3], are expressed as follows:

1 A —(p—c Nz _ —A —(u=c"' Nz v(1)
W((E)_<]_—|—C'u_)\(1—€ ( A) )),Z("E,l)—w_)\we ( A) +1/)/(0)
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Moreover, S is identified by

S = {a eER: <c— :) (l(d—a) —I—K—ed> — lll/(o m)(gl(a—y) —gl(a))/\ue_“ydy}.

The parameters are set as 4 = 1.5, A =1, ¢ = 1.2, K = 8,1 = 0.4, and d = 1.8. Under these values, the computed solutions
are a = 1.5986, b = 3.7229, and a@ = 5.8136. The corresponding graph of the solution is shown in Figure 7.

7 Two-sided stopping region

FIGURE 7. Two-sided stopping region case

7.3. Hump-shaped case. We consider the following hump-shaped reward function:
g(x) = max{1 — 2%, 0}.

We assume that ¢ = 0, lim;_, ., X; = oo P-a.s., and f(z<0) |z|II(dz) < oo to simplify the discussion. Since we have ¢ = 0
and lim;_, o, X = oo P-a.s., (Step I) can be skipped. (Step 2) g attains its maximum at 0; and thus g is given by

1 if <0,
glz)=491—2%2 if 0<z<1,
0 if = >1.

We denote § as g again, and we proceed to (Step 4).
(Step 4) We verify that g satisfies the assumption in Corollary 6.1. We have

(7.5) Lg(z) = =225 — 0 + I(x), with I(z)= /( ) [9(z +y) — g(x)|II(dy),
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where ¢ is defined in (1.2). Note that I(0) = 0 by the definition of g. Furthermore, since g is concave, I is increasing and
convex. First, we show that I is increasing. For z € Rand p > 0, we have I (z+p) = f(_oo 0) [g(x+p+y)—g(z+p)|II(dy) >
J: (—00,0) [9(z + y) — g(x)]1I(dy) = I(x), where the concavity of g is used to obtain the second inequality. Second, we show

that I is convex. For o € (0,1) and z, 2’ € R, we have

Iax+(1-a)2’) = /( ) l9(e(z +y) + (1 = a) (2’ +y)) — glaz + (1 - a)a’)]TI(dy)

<[ aglery) (- a)gl+y) - agle) - (1 - alg(e ()
(=00,0)
=al(z)+ (1 —a)I(z'),

where the concavity of g is used to obtain the second inequality.

It follows from the fact that I is increasing and convex and I(0) = 0 that £g(0) < 0 and the sign of Lg changes once at
most in (0, 1). Moreover, g is (super)harmonic on (—oo, 0) and subharmonic on (1, 0o). Therefore, g satisfied the assumption
in Corollary 6.1.

(Step 6) The remaining steps are the same as in Section 7.2. To obtain a numerical solution, the Laplace exponent of X is

specified as (7.4). Then, we obtain from a straightforward calculation

S = {ae (0,1) : (c—)\/u)(l—aQ)—i—é\ [e’““t—(ua—l)]}.

The parameters are set as 4 = 1.5, A = 1 and ¢ = 1.2. Under these values, the computed solutions are S = {a*} with
a* = 0.7260. Hence, the stopping region I" and continuation region C'is given by I' = [0, a*] and C' = (—00,0) U (a*, o).
The corresponding graph of the solution is shown in Figure 8.

Hump-shaped case

0.9

Function value
o
(4]
T

04

03

02

01

FIGURE 8. Hump-shaped case
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APPENDIX A. PROOFS

We collect in this appendix the proofs of Proposition 5.3, Corollary 5.2, and n > 2 in Step 4 for the bounded variation case
in Section 7.2.

Proof of Proposition 5.3. Before we start, the reader should be reminded of (2.7), (2.12), and the observations that follow as
well as the « function defined in (2.9). First, we show that @’ < ¢. Consider the case where ¢ < r. Since we have hyy (z) <
g(z) for z € (¢,r) from Lemma 5.3, it follows from the assumption (e), ¢’(¢+) — ¢’(¢—) > 0 that hy(z) < hpy(z) < g(z)
for x € (¢, r). It follows, from he(x) = lim. o he—c(x) for > £ by the continuity of ¢’(a) for a < ¢, that hy_.(z) < g(z)
for some z € (¢,r), and thus; a’ < ¢. The remaining case to consider is £ = r when X has paths of unbounded variation.
Then, from the assumption (e), we have ¢’(¢+) — ¢’ (¢—) > 0; and thus, h)(¢{+) = ¢'({—) < g’ (¢+) by (2.8) for the equality.
Fix sufficiently small § > 0. From the continuity of ¢’ on (¢, ¢ + 0), hj(z+) < ¢'(z+) for x € (¢,¢ + §). Hence, we obtain

gl +0)=g(t)+ f”é '(z+)dx = he(l f”é (z+)dz > he(l f”é hy(xz+)da = he(£ + 0). Therefore, it follows
from h, = lim, o h¢—. and the same dlscuss1on for the case where é < r that a’ < £ holds.

Next, we prove

(A1) ha () > g(z) for all x.

If he'(x) < g(z) for some z, then it follows from the continuity of a + h,(z) and Lemma 5.2 that hy/_.(z) < g(x)
for sufficiently small ¢ > 0, which is a contradiction to the definition of a’. Here, note that the continuity of the mapping
a +— he(x) and the assumptions in Lemma 5.2 follow from the fact that g is of class C'* (resp. class C?) at an neighborhood
of a’ if X has paths of bounded variation (resp. unbounded variation). This regularity of g is in turn a consequence of the
assumption (e) and a’ > py,.
(I) We start the proof of (I). First, by the assumption, we have
(A2) ha (x) = g(x) for some z > a’.
From (A.1) and (A.2), there exists a closed set Ey C (a’, 00) such that E§ is not empty and

ha(z) = g(x); x € Ef,
he (z) > g(x); x € Ey.

(A.3)

We show that E§ is compact. Assume to the contrary that E§ is not compact. Then, (¢,00) C Ef for sufficiently
large ¢. Thus, he(x) = g(z) for all € (¢,0). Letting x — oo, we obtain, from assumption (b), h,/(c0) = 0.
Hence, we can apply Proposition 5.2 and the optimal stopping problem has a one-sided stopping region, which is
a contradiction to the assumption of this proposition. Therefore, E§ and let b’ be the maximum element of ES. In

particular,
(A4) ha (V') = g(b).
Next, we prove that
(AS) ho (V) = o' (V).

Note that h,, (') < ¢'(b') holds: assume to the contrary that h,,(b') > ¢ (b') holds, it follows from (A.4) that
ha' (b —€) < g(b — ¢) for a sufficiently small £ > 0, which contradicts (A.3). Similarly, we can show the converse
direction h,, (') > ¢'(b'). To prove this, it suffices to consider &’ + ¢ instead of b’ — . Therefore, in view of
Remark 5.4, it follows from (A.4) and (A.5) that (a’,b") solves (5.7). The fact that this solution (a’,b") is maximal
and the fact that H,/ ,yg = h, is majorant of g are clear from the construction of (a’,b'). Thus, E = (a/,b") N Ey
holds, where E is defined in (5.11). Moreover, since v(z) > Hy pyg(x) = he (z) > g(x) forz € E = (a/,b') N Ey
from (A.3), F is contained in C.
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Finally, we prove that Lg(b’) < 0. We only provide a proof for the case where X has paths of unbounded variation
to avoid repeating analogous reasoning*. Noting that h:l/, ) > g"(V') from (A.3), (A.4) and (A.5), we obtain
o2
£9(t) = 890) + GO+ [ (gl +9) o)),
y<0

=m0+ G O [l )~ ),

2
< S ) + T + [ o ) — o ($)]I) = Lho () =
(y<0)

where the second equality is obtained from (A.4) and (A.5) and the final equality is obtained from the harmonicity
of har ().

(IT) We now proceed to the proof of (IT). By the assumption, ko (z) > g(x) for all z > a’ Let d > a’ be arbitrary. By

(A.6)

the assumption for contradiction, hq (x) > g(z) for x € [a/, d]. Take any = € [a/, d]. It follows from the continuity
of a + hy(x) and Lemma 5.2 that A/ () (x) > g(x) for sufficiently small e(z) > 0.

Since hq/yc(5)(-) and g are continuous, there exists a open neighborhood U (x) of z such that hg/y.(z) > g on
U (z). Hence, by the compactness of [a’, d], there exists finite many points 21, Zs ..., 2x (N < co) such that

[a’,d] C U U(z;).

Define e4 := min{e(z;) : ¢ =1,...,N} > 0. Then hg 4. > gon [a,d] for any € € (0,¢,4). Thus, by the definition
of a/, we obtain

For any 0 < € < g4, there exists « € (d, 00) such that hy/ 4. (x) < g(x).

Take d > x¢, the latter defined in the assumption (b), and ¢ € (0,e4). Note that hy/4c(y) < 0 for some y €
(d, 00) from (A.6) and hgrye = g > 0 0on (—o0,a’ +¢]. Then hg/ 4 (x) < 0 for all z > y. Indeed, if hy/4c, () >0
for some = > y, then there exists ¢ > x such that hy/y(c) < 0, h,,, (c) = 0, and hy/y(c) < harqc(x) for all
x < ¢, and thus; Lhy 1(c) > 0 from Proposition 2.3, which is a contradiction to the fact that /.. is harmonic on
(a/ +&,00).

Now we have obtained h,/y.(x) < 0 for all z > y. In particular, x(a’ + €) = limg_, o arge(@) < 0, where

W(z—a'—¢)
the first equality is obtained from (2.9). Taking the limit as ¢ — 0 and using the continuity of  at a’, we obtain
k(a') = limg_y 00 V[f (a;(fa),) < 0. On the other hand, recall that we started with the assumption that h, (z) > g(x)

for all x > a’, we have k(a') = lim,_, o Vé’(ag;(fa),) > limy oo W(gggf)a,) > 0. Hence, k(a’) = 0. Therefore, from

(2.10), Hyg(z) = hg(x) > g(z) for x > a/. Combining this with H, g(z) = g(x) for z < «’, it follows that
H,:g is majorant of g. Moreover, since g is superharmonic on (—oo, a’) from the assumption (e), we could apply

Proposition 5.2 to conclude that the optimal stopping problem has a one-sided stopping region.

(III) Finally, (IIT) follows from Lemma 5.1.

O

Proof of Corollary 5.2. In the proof of Proposition 5.3, we should note that Lemma 5.3 can be applied in a neighborhood of

a’ because g is of class C? near a’. Therefore, in the case where ¢ attains its maximum at 3, it is necessary to show that

B < a' in order to ensure that § is C? in a neighborhood of a’: recall that § is not assumed to be in C? at 3. The inequality

B < a follows immediately from the definitions of 8 and a’. We now show that 8 # a’. Suppose, to the contrary, that

B = a’. Then, by the proof of Proposition 5.3, (A.2) holds, i.e., there exists z > [ such that fzg(x) = ¢(z). However, since
we have §/(8) = 0 and §(x) = §(8) for all z < 3 by the definition of 3, we have hs(z) = §(8) > §(z) from (2.7), which

*In the bounded variation case, hq/ (') = g(b') holds and we can derive h.,, (b') > ¢’(b') in the similar manner.
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is a contradiction. Therefore, 3 < a’ holds. The rest of the argument proceeds in exactly the same manner as in the proof of
Proposition 5.3.
O

Finally, we prove n > 2 holds in the bounded variation case in Step 4 in Section 7.2.

Proof. Assume to the contrary that n = 1. Let f(x) = liz<py(var — g). We have f = 0 on (a*, p) from the fact that
vy = g on (—o0, a*]. By the construction of p, var > g on (a*, p); and thus, f > 0. Since f'(a*) = v}, (a*) — ¢'(a*) =0
holds, v1s|(4,00) = Pa*|(a*,00) 18 cONvex on (a*, c0) and g is concave on (a*, d), it follows that f(d) > f(x) for x € [a*, d).
Moreover, since g is linear on (d, p), vps is convex on (d,p) and g(p) = var(p) holds, it follows that f(d) > f(x) for
x € (d, p]. Hence, f attains its maximum at d.

Consider the Riesz decomposition of H(,, .- f. Note that H(,, )< f also attains its unique maximum at d. As in the proof

of Proposition 3.1, we obtain the following decomposition:

Hp,ooye f(x) = /(_oo . G(z,y)u(dy) + h(z),

where h is a harmonic function and p is a signed measure such that

w(dy)  =—Lf(y); y € (—oo,p)\ {d},
p({d}) =0,
p({p}) = —0(Hp,oo)e f(p+) — Hip,oo)e f(0—))-

Note that ;1({p}) = —0(H(p,c0)e f (p+) — H(p,o0)e f(0—)) = —0H ;, o0)e f (p+) < 0. Moreover, since —Lf(y) = Lg(y) <0
for y € (—o0,p) \ {d} from the assumption of contradiction, — is a measure; and thus, —H, ) f is excessive. Hence,
it follows that {H;, oc)c f(X¢)}+>0 is submartingale ([14, Proposition 2.1.1] ). Therefore, letting 5(d) be a bounded open
neighborhood of d and letting 74 be the first exit time from B(d), it follows that H(;, ooy f(d) < E4[H(p, o0)e f(Xinr,)] =
JH (p,oo)e f (y)P?(Xnr, ). However, this contradicts the fact that H (p,0o)e f attains its unique maximum at d. Therefore, we
conclude that n > 2.

O
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