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Abstract

This paper builds a two-country, two-sector (manufacturing and agriculture), non-scale
growth model and investigates the relationship between trade patterns and the growth
rate of per capita real consumption. If the population growth rate of the home country is
higher than that of the foreign country, the following results are obtained. (1) Under au-
tarky, the growth rate of per capita real consumption is higher in the home country than
in the foreign country. (2) Under free trade, if the home country completely special-
izes in manufacturing and the foreign country asymptotically completely specializes in
agriculture, then the growth rate of the foreign country is higher than that of the home
country, though this trade pattern is not sustainable in the long run. (3) Under free
trade, if the home country produces both goods and the foreign country asymptotically
completely specializes in agriculture, then the growth rates of the home country and the
foreign country are equal, and this trade pattern is sustainable in the long run.
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1 Introduction

This paper builds a two-country, two-sector, non-scale growth model and investigates the
relationship between trade patterns and economic growth. We investigate how the per capita
growth rate of a country changes depending on the sector in which the country specializes.

Some other studies analyze the relationship between trade patterns and growth.1 Kaneko
(2000) builds a growth model with human capital accumulation and shows that the relation-
ship between the terms of trade and growth depends on whether the country specializes in
the consumption goods sector or the investment goods sector. If the home country special-
izes in the investment goods sector, its growth rate does not depend on the terms of trade. On
the other hand, if the home country specializes in the consumption goods sector, its growth
rate does depend on the terms of trade and increases as the terms of trade improve. However,
Kaneko’s (2000) model is a small-open-economy model, and hence, the terms of trade are
given exogenously.

Kaneko (2003) builds a two-country, two-sector, AK growth model and endogenizes the
terms of trade. He finds that if a country with a lower growth rate than its trade partner under
autarky has a comparative advantage in the consumption goods sector, then the country can
narrow or even reverse the growth gap by opening trade.

Felbermayr (2007) describes a situation where a capital-abundant North and a capital-
scarce South trade with each other. In his model, the trade pattern is endogenously deter-
mined, and he analyzes the situation where the North produces investment goods and the
South produces consumption goods. The production technology of investment goods is AK
and that of consumption goods is decreasing returns to scale. Along the balanced growth
path, the Southern terms of trade are continuously improving such that even the decreasing-
returns-to-scale South can grow at the same rate as the North. Therefore, the South can
eliminate the growth gap by opening trade.

The above studies use scale-growth models. That is, population size positively affects
per capita growth. This assumption, however, seems counterfactual. Jones (1995) attempts
to remove the scale effects and presents a non-scale growth model in which the growth rate
of output per capita depends positively on the population growth rate and not on the size of
the population. That is, the higher the population growth rate, the faster the country grows.2

1Wong and Yip (1999) present a small-open-economy, two-sector model of endogenous growth with capital
accumulation and learning by doing and analyze the relationship between economic growth, industrialization,
and international trade.

2For a systematic exposition of scale effects and non-scale growth, see Jones (1999). For more sophisti-
cated non-scale growth models, see also Kortum (1997), Dinopoulos and Thompson (1998), Peretto (1998),
Segerstrom (1998), Young (1998), and Howitt (1999).
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In this paper, we build a two-country, two-sector, non-scale growth model in which man-
ufacturing has increasing returns to scale and agriculture has constant returns to scale. We
investigate the relationship between trade patterns and the growth and income gaps between
the two countries under free trade in the long run.3

We use the non-scale growth model for two reasons. First, we can obtain sustainable
income per capita growth even though population growth is strictly positive, and second,
we do not need to impose knife-edge conditions on the parameters of the model. To our
knowledge, this model differs from almost all other models in that we explicitly consider
population growth. In addition, existing models belong to the AK class of models, and as
such, impose knife-edge conditions on the production functions.

According to the analysis, we find that the difference between the population growth
rates of the two countries affects the trade patterns and the relationship between the per capita
growth of the home country (Home, hereafter) and that of the foreign country (Foreign,
hereafter). In this paper, without loss of generality, we assume that the population growth
rate of Home is greater than or equal to that of Foreign.

We first discuss the case where Home and Foreign have equal population growth rates.
Under autarky, the per capita consumption growth rates of the two countries are equal. Under
free trade, two trade patterns may be realized in the long run. First, Home diversifies while
Foreign asymptotically completely specializes in agriculture along the balanced growth path
(BGP, hereafter).4 This trade pattern is sustainable, which means that if an economy is lo-
cated on the BGP, then it continues on the BGP over time. Second, Home completely spe-
cializes in manufacturing while Foreign asymptotically completely specializes in agriculture
along the BGP. This trade pattern is also sustainable. If population growth is equal in the two
countries, then under both autarky and free trade, per capita consumption growth is equal.

Next, we discuss the case where the population growth rate is larger in Home than in For-
eign. Under autarky, per capita consumption in Home is larger than in Foreign. Under free
trade, two trade patterns may be realized. First, Home diversifies while Foreign asymptoti-
cally completely specializes in agriculture along the BGP. This trade pattern is sustainable.
In this case, per capita consumption growth is equal in the two countries and is the same
as per capita consumption growth in Home under autarky. Therefore, Foreign’s growth rate
under free trade is higher than under autarky, and the growth gap under autarky vanishes.

3Our model is based on the work of Christiaans (2008). He extends Wong and Yip’s (1999) model and
develops a small-open-economy, non-scale growth model in which agriculture has constant returns to scale
and manufacturing has increasing returns to scale and examines the dynamics as the economy moves toward
the long-run equilibrium.

4The word “asymptotically” means that the agricultural output converges to zero, but it never vanishes
because we assume that Foreign’s capital stock is strictly positive. See also Christiaans (2008).
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Second, Home completely specializes in manufacturing while Foreign asymptotically
completely specializes in agriculture along the BGP. However, this trade pattern is not sus-
tainable. While Foreign is on the BGP, its per capita consumption growth exceeds that of
Home. Therefore, the growth gap under autarky is reversed. However, as stated above, this
trade pattern eventually becomes unsustainable and shifts to the first trade pattern. At this
point, the growth rates of per capita consumption in both countries are equal.

The rest of the paper is organized as follows. Section 2 presents the framework of the
model and analyzes the equilibrium under autarky. Section 3 presents a free trade equi-
librium corresponding to each trade pattern and investigates whether each trade pattern is
sustainable. Section 4 compares the growth rates of per capita real consumption under au-
tarky and free trade in both countries. Section 5 concludes the paper.

2 The model

Consider a world that consists of two countries: Home and Foreign. Both countries produce
homogeneous manufactured and agricultural goods. The manufactured good is used for both
consumption and investment whereas the agricultural good is used only for consumption.

2.1 Production

Firms produce manufactured goods XM
i with labor input LM

i and capital stock Ki and pro-
duce agricultural goods XA

i with only labor input LA
i . Here, i = 1 and i = 2 denote Home

and Foreign, respectively. Both countries have the same production functions, which are
specified as follows:

XM
i = AiKαi (LM

i )1−α, where Ai = Kβi (1)

= Kα+βi (LM
i )1−α, 0 < α < 1, 0 < β < 1, α + β < 1, (2)

XA
i = LA

i . (3)

Here, Ai in equation (1) represents an externality associated with capital accumulation,
which captures the learning-by-doing effect à la Arrow (1962). Substituting Ai into equation
(1), we obtain equation (2), which shows that manufactured goods production has increasing
returns to scale with β corresponding to the extent of the increasing returns. Equation (3)
shows that agricultural goods production has constant returns to scale.

Suppose that labor supply is equal to the population and that the population is fully
employed. Moreover, suppose that the population grows at a constant rate ni and the initial
population is unity in each country: Li(t) = LM

i (t) + LA
i (t) = enit, ni > 0.
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Let pi denote the price of manufactured goods relative to agricultural goods. Then, the
profits of manufacturing and agricultural firms are given by πM

i = piXM
i −wiLM

i − piriKi and
πA

i = XA
i − wiLA

i , respectively, where wi denotes the wage in terms of agricultural goods and
ri denotes the rental rate of capital.

From the profit-maximizing conditions, we obtain the following relations:

pi
∂XM

i

∂LM
i

= wi = 1, (4)

∂XM
i

∂Ki
= ri with Ai given. (5)

From equation (4), we find that the wage is unity as long as agricultural production is posi-
tive. We assume a Marshallian externality in deriving equation (5); profit-maximizing firms
regard Ai as exogenously given. Accordingly, firms do not internalize the effect of Ai.

2.2 Consumption

For simplification, we make the classical assumption that wage income and capital income
are entirely devoted to consumption and saving, respectively.5 In the canonical one-sector
Solow model, under the golden rule steady state where per capita consumption is maxi-
mized, consumption is equal to the real wage and all profits are saved and invested. Hence,
our assumption has some rationality and can be interpreted as a simple rule of thumb for
consumers with dynamic optimization (Christiaans, 2008). We define real consumption per
capita ci as ci = Ci/Li = (CM

i )γ(CA
i )1−γ/Li, where Ci denotes economy-wide real consump-

tion. In this case, a fraction γ of wage income is spent on CM
i and the rest 1 − γ is spent on

CA
i .

piCM
i = γwiLi, (6)

CA
i = (1 − γ)wiLi. (7)

Moreover, the following relationship between real investment Ii and saving holds: piIi =

piriKi. From this equation, we obtain the rate of capital accumulation:

K̇i

Ki
= ri. (8)

That is, the rate of capital accumulation is equal to the rental rate of capital. A dot over a
variable denotes the time derivative of the variable (e.g., K̇i ≡ dKi/dt).

5The same assumption is also used in Krugman (1981), which considers a two-country, two-sector, North-
South trade and development model.
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2.3 Equilibrium under autarky

Under autarky, both goods have to be produced. The market-clearing conditions are as fol-
lows: XM

i = CM
i + Ii and XA

i = CA
i . Note that wi = 1 under autarky. From the market-clearing

condition for manufactured goods, we obtain pi, which is used to derive each sector’s em-
ployment share: LM

i /Li = γ and LA
i /Li = 1 − γ. Therefore, under autarky, each sector’s

employment share is constant.
Under autarky, the relative price of manufactured goods is given by

pi =
(γLi)α

(1 − α)Kα+βi

. (9)

We now derive the BGP under autarky. Along the BGP, the rate of capital accumulation
is constant and equal to the rental rate of capital, which is given from equation (5) by ri =

αKα+β−1
i (γLi)1−α. From this, the BGP growth rates of Ki and pi are, respectively, given by

g∗Ki
=

1 − α
1 − α − β ni > 0, (10)

g∗pi
= − β

1 − α − β ni < 0, (11)

where gx ≡ ẋ/x denotes the growth rate of a variable x and an asterisk “∗” denotes a BGP
value. The rate of capital accumulation is positive and proportionate to population growth,
and the relative price of manufactured goods is decreasing at a constant rate.6

3 Equilibrium under free trade

Suppose that Home and Foreign engage in free trade at time zero. If K1(0) > K2(0), then
from equation (9), p1(0) < p2(0) because L1(0) = L2(0) = 1. Thus, if K1(0) > K2(0),
Home has a comparative advantage in manufactured goods and Foreign has a comparative
advantage in agricultural goods. In the following analysis, we assume that K1(0) > K2(0).

6Considering the BGP growth rate of capital stock, we introduce a new variable, scale-adjusted capital
stock: ki ≡ Ki/L

ϕ
i . The dynamics of the scale-adjusted capital stock are given by

k̇i = αγ
1−αkα+βi − ϕniki, where ϕ ≡ 1 − α

1 − α − β .

In the steady state, k̇i = 0, from which we obtain

k∗i = {[αγ1−α/(ϕni)]}
1

1−α−β .

The steady state is stable because dk̇i/ki|ki=k∗i = −k∗i [(1 − α − β)αγ1−α(k∗i )α+β−2 + ϕni] < 0.
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It is sufficient for our purpose to consider the following four trade patterns from the
viewpoint of Home:7

Case 1 : Both countries produce both goods, that is, both countries diversify.
Case 2 : Home diversifies and Foreign completely specializes in agriculture.
Case 3 : Home completely specializes in manufacturing and Foreign completely specializes

in agriculture.
Case 4 : Home completely specializes in manufacturing and Foreign diversifies.

3.1 Equilibrium when both countries diversify—Case 1

The market-clearing conditions for both goods are given by

XM
1 + XM

2 = CM
1 +CM

2 + I1 + I2, (12)

XA
1 + XA

2 = CA
1 +CA

2 . (13)

From these, we obtain

p
1
α =

γ(L1 + L2)

(1 − α)
1
α

(
K
α+β
α

1 + K
α+β
α

2

) . (14)

Each country’s employment share of the manufacturing sector θM
i is given by

θM
1 ≡

LM
1

L1
=
γ
(
1 + L2

L1

)
1 +

(
K2
K1

) α+β
α

, (15)

θM
2 ≡

LM
2

L2
=
γ
(
1 + L1

L2

)
1 +

(
K1
K2

) α+β
α

. (16)

The rates of capital accumulation in both countries are given by

K̇1

K1
= αKα+β−1

1 (θM
1 L1)1−α, (17)

K̇2

K2
= αKα+β−1

2 (θM
2 L2)1−α. (18)

7In Sasaki (2011a), a detailed analysis with the use of phase diagrams is conducted under the assumption
that n1 = n2 = n.
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First, if n1 = n2, so that L1 = L2,8 then, after enough time has passed, we obtain

lim
t→+∞

θM
1 = 2γ, (19)

lim
t→+∞
θM

2 = 0, (20)

where γ < 1/2. The manufacturing employment share in Foreign goes to zero, and Foreign
asymptotically completely specializes in agriculture. Hence, Case 1 is not sustainable when
n1 = n2.

Next, if n1 > n2, after enough time has passed, we obtain

lim
t→+∞
θM

1 = γ, (21)

lim
t→+∞

θM
2 = 0. (22)

In this case too, the manufacturing employment share in Foreign goes to zero, and Foreign
asymptotically completely specializes in agriculture. Hence, Case 1 also is unsustainable
when n1 > n2.

Figures 1 to 6 show a numerical example in which α = 0.3, β = 0.2, γ = 0.6, K1(0) = 1.2,
K2(0) = 1, n1 = 0.02, and n2 = 0.01.

[Figures 1 to 6 around here]

The above analysis shows that Case 1 is unsustainable irrespective of the size of popula-
tion growth.

3.2 Equilibrium when Home diversifies and Foreign specializes in agriculture—
Case 2

The market-clearing conditions for both goods are given by

XM
1 = CM

1 +CM
2 + I1, (23)

XA
1 + XA

2 = CA
1 +CA

2 . (24)

Hence, we obtain

p
1
α =

γ(L1 + L2)

(1 − α)
1
αK

α+β
α

1

. (25)

8In addition, if K1(0) = K2(0), the manufacturing employment share in each country is given by θM
i = γ,

which is constant. Case 1 is only sustainable in this case. However, the relative prices in both countries under
autarky are equal, and therefore trade does not occur.
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The manufacturing employment share in Home is given by

θM
1 = γ

(
1 +

L2

L1

)
. (26)

If n1 = n2 = n, the manufacturing employment share in Home becomes

θM
1 = 2γ. (27)

In this case, we need γ < 1/2 for Case 2 to hold.
On the other hand, if n1 > n2, we obtain

lim
t→+∞

θM
1 = γ. (28)

The manufacturing employment share of Home converges to γ.
The growth rate of capital stock is given by

K̇1

K1
= αγ1−α(L1 + L2)1−αKα+β−1

1 . (29)

The rate of change of capital stock growth rate is given by

ġK1

gK1

=


(1 − α)n + (α + β − 1)gK1 if n1 = n2 = n,

(1 − α)
(

L1

L1 + L2
n1 +

L2

L1 + L2
n2

)
+ (α + β − 1)gK1 if n1 > n2.

(30)

When n1 > n2 we obtain L1/(L1 + L2) → 1 and L2/(L1 + L2) → 0 after enough time has
passed, and hence,

ġK1

gK1

= (1 − α)n1 + (α + β − 1)gK1 . (31)

From this, the BGP growth rate of capital stock and the terms of trade become

g∗K1
=

1 − α
1 − α − β n1 > 0, (32)

g∗p = −
β

1 − α − β n1 < 0. (33)

Along the BGP, the terms of trade continue to decrease at a constant rate.
We now examine the conditions under which Case 2 holds in detail. Following Wong

and Yip (1999), we investigate whether or not the trade pattern is sustainable by comparing
the size of the terms of trade and that of the marginal rate of transformation (MRT) of
the production possibilities frontier (PPF) at the corner point where a country completely
specializes in manufacturing.
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First, the size of the MRT of PPF in Home is given by

−
dXA

1

dXM
1

=
[Kα+β1 (θM

1 L1)1−α]
α

1−α

(1 − α)K
α+β
1−α
1

. (34)

Second, substituting θM
1 = 1 in equation (34), the size of the MRT at the point where

Home completely specializes in manufacturing is given by

χ̄1 =
Lα1

(1 − α)Kα+β1

. (35)

[Figure 7 around here]

For Case 2 to be sustainable, we need p < χ̄1.9 Rearranging this condition, we obtain

L2 <
1 − γ
γ

L1. (36)

If n1 = n2, that is, L1 = L2, this condition simplifies to γ < 1/2. Therefore, if the
expenditure share of manufactured goods is less than 1/2, Case 2 is sustainable.

If n1 > n2, then L1 > L2. If γ < 1/2, we obtain (1 − γ)/γ > 1, and hence, condition (36)
holds. If γ > 1/2, we obtain (1 − γ)/γ < 1. In this case, if L1 is sufficiently large, condition
(36) holds. In fact, with n1 > n2, L1 becomes larger than L2 after some time has passed.
Therefore, if n1 > n2, Case 2 is sustainable regardless of the size of γ.

Note that in this case, we obtain c1 = c2 because w1 = w2 = 1 and both countries face
the same relative price p.

3.3 Equilibrium when Home specializes in manufacturing and Foreign
specializes in agriculture—Case 3

The market-clearing conditions for both goods are given by

XM
1 = CM

1 +CM
2 + I1, (37)

XA
2 = CA

1 +CA
2 . (38)

With LM
1 = L1, we obtain

p =
γL2

(1 − α)(1 − γ)Kα+β1 L1−α
1

. (39)

9Appendix A explains why Foreign cannot completely specialize in manufacturing.
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The growth rate of capital stock is given by

K̇1

K1
= αKα+β−1

1 L1−α
1 . (40)

The BGP growth rate of Home’s capital stock becomes

g∗K1
=

1 − α
1 − α − β n1 > 0. (41)

In addition, from equation (39), the growth rate of the terms of trade is given by

g∗p =


− β

1 − α − β n < 0 if n1 = n2 = n,

n2 −
1 − α

1 − α − β n1 = −
(1 − α)(n1 − n2) + βn2

1 − α − β < 0 if n1 > n2.
(42)

Hence, along the BGP, the relative price of manufactured goods continues to decrease at a
constant rate.

Case 3 is sustainable if χ̄1 < p, which can be rewritten as

L1 <
γ

1 − γ L2. (43)

First, if n1 = n2, that is, L1 = L2, this condition simplifies to γ > 1/2. Therefore, if
the population growth rates in both countries are equal, Case 3 is sustainable as long as the
expenditure share of manufactured goods is more than 1/2.

Second, we consider the case where n1 > n2, that is, L1 > L2. If γ < 1/2, we obtain
0 < γ/(1 − γ) < 1, and hence, condition (43) is not satisfied. If γ > 1/2, we obtain
γ/(1 − γ) > 1, and hence, condition (43) can be satisfied even though L1 > L2. However, as
the time passes, L1 becomes sufficiently larger than L2 and condition (43) will be violated.
Thus, if the population growth rate is larger in Home than in Foreign, Case 3 is sustainable
as long as the expenditure share for manufactured goods is greater than 1/2, but it will be
unsustainable in the long run. Once Case 3 becomes unsustainable, it will switch to Case
2.10

Note that in this case, we obtain c1 > c2 because w1 = [γ/(1−γ)] · (L2/L2) > 1 > w2 = 1
and both countries face the same relative price p.

3.4 Equilibrium when Home specializes in manufacturing and Foreign
diversifies—Case 4

The market-clearing conditions for both goods are given by

XM
1 + XM

2 = CM
1 +CM

2 + I1 + I2, (44)

XA
2 = CA

1 +CA
2 . (45)

10Appendix B explains why Case 3 switches to Case 2.
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From these equations, we find that the terms of trade satisfy the following equation:

(1 − α)
1
α p

1
αK

α+β
α

2 = γL2 − (1 − α)(1 − γ)pKα+β1 L1−α
1 . (46)

From this equation, p is implicitly and uniquely determined, and hence, p is a function of
K1, K2, L1, and L2: p = p(K1,K2, L1, L2).11

The growth rate of the capital stock in each country is given by

K̇1

K1
= αKα+β−1

1 L1−α
1 , (47)

K̇2

K2
= α(1 − α)

1−α
α p

1−α
α K

β
α

2 , (48)

where p is endogenously determined by equation (46).
The employment share of manufacturing in Foreign is given by

θM
2 =

(1 − α)
1
α p

1
αK

α+β
α

2

L2
. (49)

In this case, analytical solutions are hard to obtain, so we conduct numerical simulations.
Using equation (46), we obtain the time derivative of p as follows:

ṗ =
γL̇2 − (1 − α)2(1 − γ)pKα+β1 L−α1 L̇1 − (1 − α)(1 − γ)(α + β)pKα+β−1

1 L1−α
1 K̇1 − α+βα (1 − α)

1
αK

β
α

2 K̇2

1
α
(1 − α)

1
α p

1−α
α K

α+β
α

2 + (1 − α)(1 − γ)Kα+β1 L1−α
1

.

(50)

Substituting equations (47) and (48) into equation (50), we obtain the differential equation
of p.

With initial conditions K1(0), K2(0), L1(0), L2(0), and the parameters, we can obtain the
initial value of the terms of trade, p(0), using equation (46). Using this initial value p(0) and
equation (50), we obtain the time path of p(t).

From the numerical simulation, we find that regardless of whether n1 > n2 or n1 = n2,
the manufacturing employment share in Foreign tends to zero in finite time, that is, θM

2 → 0
(see Figures 7 to 10). Therefore, Case 4 is unsustainable in the long run.

[Figures 7 to 10 around here]

If p is extremely large when switching from autarky to free trade, Home completely spe-
cializes in manufacturing while Foreign diversifies. However, since p continues to decrease
over time, Foreign asymptotically completely specializes in agriculture (Case 3).

11The left-hand side of equation (46) is an increasing function of p, whereas the right-hand side of this
equation is a decreasing function of p. Plotting both functions, we find that the intersection of the functions is
unique and gives an instantaneous equilibrium value of p.
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4 Per capita consumption growth rates

Consumption is defined as wages only, and hence, the growth rate of per capita real con-
sumption is equal to the growth rate of the real wage.

gci = gwi − γgpi . (51)

Here, the real wage is deflated by the consumer price index pγi .12

To obtain gci , we must determine the growth rate of the nominal wage and that of the
terms of trade. Note that as long as agricultural goods are produced, the nominal wage is
equal to unity, that is, wi = 1, which means that gwi = 0 as long as XA

i > 0. However,
when a country completely specializes in manufacturing under free trade, we obtain wi =

[γ/(1 − γ)] · (L2/L1) > 1, which means that gwi = n2 − n1 < 0.

4.1 Autarky

Under autarky, the growth rate of per capita consumption is given by

gAT
ci
=

γβ

1 − α − β ni > 0, (52)

where AT denotes “autarky.” From this, if n1 = n2, we obtain gAT
c1
= gAT

c2
, and if n1 > n2, we

obtain gAT
c1
> gAT

c2
.

4.2 Case 2

When Home diversifies and Foreign asymptotically completely specializes in agriculture,
the growth rates of per capita consumption are equal and are given by

gFT2
c1
= gFT2

c2
=


γβ

1 − α − β n > 0 if n1 = n2 = n,

γβ

1 − α − β n1 > 0 if n1 > n2,
(53)

where FT2 denotes “free trade” in Case 2.

4.3 Case 3

When both countries completely specialize, if n1 = n2 = n, both countries’ growth rates are
given by

gFT3
c1
= gFT3

c2
=

γβ

1 − α − β n > 0. (54)

12Strictly speaking, the consumer price index is given by γ−γ(1 − γ)−(1−γ) pγi . However, we use pγi because
the constant terms have no effect on the results.
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On the other hand, if n1 > n2, both countries’ growth rate are given by

gFT3
c1
=
β − (1 − γ)(1 − α)

1 − α − β n1 + (1 − γ)n2, (55)

gFT3
c2
=
γ(1 − α)
1 − α − β n1 − γn2 > 0. (56)

gFT3
c2 > 0 necessarily holds because the condition under which gFT3

c2
> 0 becomes

n2 <
1 − α

1 − α − β n1, (57)

which necessarily holds because n1 > n2.
The coefficient on n1 in gFT3

c1 can be positive or negative. Indeed, under the restriction of
α + β < 1, the term β − (1 − γ)(1 − α) can be positive or negative. Therefore, an increase in
the population growth in Home can either increase or decrease the growth rate of per capita
consumption in Home.

We consider the conditions under which gFT3
c1 > 0 holds. If the coefficient on n1 is

positive, we always have gFT3
c1 > 0. Even if the coefficient on n1 is negative, there exists a

combination of n1 and n2 that satisfies n1 > n2 and gc
FT3
1
> 0:

n2 >
(1 − γ)(1 − α) − β
(1 − γ)(1 − α − β) n1. (58)

These results are similar to those obtained by Sasaki (2011b). He builds a non-scale
growth, North-South economic development model and shows that along the BGP, both
countries grow at the same rate but per capita incomes grow at different rates because of
the differences in population growth. In Sasaki (2011b), the growth rate of per capita con-
sumption in the North may be increasing or decreasing in Northern population growth but is
increasing in Southern population growth, and the growth rate of per capita consumption in
the South is decreasing in Southern population growth but is increasing in Northern popula-
tion growth. We obtain similar results with the North corresponding to Home and the South
corresponding to Foreign.

However, this paper does differ from Sasaki (2011b) in two ways. First, in Sasaki
(2011b), the production pattern is fixed and given exogenously, and population growth in the
North is lower than that in the South, which corresponds to n1 < n2 in this paper. The low-
population-growth North produces only manufactured goods, whereas the high-population-
growth South produces only agricultural goods. However, in our model, the trade patterns
are endogenously determined, so that the country with high population growth specializes
in manufacturing and the country with low population growth specializes in agriculture in
the long run.
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Moreover, in Sasaki (2011b), if n1 < n2, we obtain gc1 > gc2 . That is, the growth rate
of per capita consumption in the low-population-growth manufacturing country is higher
than that of the high-population-growth agricultural country. In this paper, by contrast, if
n1 > n2, we obtain gFT3

c1 < gFT3
c2 . That is, the per capita growth rate of the high-population-

growth manufacturing country is lower than that of the low-population-growth agricultural
country.

4.4 Comparison between autarky and free trade

In this subsection, we assume n1 > n2.
Under autarky, we have gAT

c1
− gAT

c2
= n1 − n2 > 0, and hence, there exists a growth gap.

Proposition 1. Suppose that population growth in Home is higher than in Foreign. Then,
under autarky, the BGP growth rate of per capita consumption in Home is higher than in
Foreign.

When Home diversifies and Foreign asymptotically completely specializes in agriculture
(i.e., Case 2), we have gFT2

c1 − gFT2
c2 = 0, and hence, the growth gap disappears.

Proposition 2. Suppose that when switching from autarky to free trade, both countries di-
versify. Then, in the long run, Home diversifies and Foreign asymptotically completely spe-
cializes in agriculture. This situation is sustainable. Moreover, the growth rates and levels
of per capita consumption in both countries are equal.

When Home completely specializes in manufacturing and Foreign asymptotically com-
pletely specializes in agriculture (i.e., Case 3), we have gFT3

c1 − gFT3
c2 = −(n1 − n2) < 0, and

hence, there exists a growth gap.

Proposition 3. Suppose that when switching from autarky to free trade, Home completely
specializes in manufacturing and Foreign asymptotically completely specializes in agricul-
ture. This situation is sustainable for a while. Moreover, the growth rate of per capita
consumption in Foreign is higher than that in Home, but the level of per capita consumption
in Foreign is lower than that in Home.

We now compare the growth rates under autarky with those under free trade. When
Home completely specializes in manufacturing and Foreign asymptotically completely spe-
cializes in agriculture, we obtain the following relations:

gFT3
c1
− gAT

c1
= −(1 − γ)(n1 − n2) < 0, (59)

gFT3
c2
− gAT

c2
=
γ(1 − α)
1 − α − β (n1 − n2) > 0. (60)
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From these, we have gFT3
c1 < gAT

c1
and gFT3

c2 > gAT
c2

. Next, we obtain

gFT3
c1
− gAT

c2
=
β − (1 − γ)(1 − α)

1 − α − β (n1 − n2), (61)

gFT3
c2
− gAT

c1
= γ(n1 − n2) > 0. (62)

Accordingly, we have gFT3
c2 > gAT

c1
. Moreover, if β − (1 − γ)(1 − α) > 0, we have gFT3

c1 > gAT
c2

,
and if β − (1 − γ)(1 − α) < 0, we have gFT3

c1 < gAT
c2

.
From the above analysis, we obtain the following three sets of inequalities:

Case 2 : gAT
c2
< gAT

c1
= gFT2

c1
= gFT2

c2
, (63)

Case 3a : gAT
c2
< gFT3a

c1
< gAT

c1
< gFT3a

c2
, where β − (1 − γ)(1 − α) > 0, (64)

Case 3b : gFT3b
c1
< gAT

c2
< gAT

c1
< gFT3b

c2
, where β − (1 − γ)(1 − α) < 0. (65)

Therefore, we obtain the following two propositions:

Proposition 4. Suppose that under free trade, in the long run, Home diversifies and Foreign
asymptotically completely specializes in agriculture. The growth rate of per capita con-
sumption in Home under free trade is equal to that under autarky, whereas the growth rate
of per capita consumption in Foreign under free trade is higher than that under autarky.

Proposition 5. Suppose that under free trade, in the long run, Home completely specializes
in manufacturing and Foreign asymptotically completely specializes in agriculture. The
growth rate of per capita consumption in Home under free trade is lower than that under
autarky, whereas the growth rate of per capita consumption in Foreign under free trade is
higher than that under autarky. In addition, the growth rate of Home under free trade may
be higher or lower than that of Foreign under autarky.

In Case 2, agricultural production is positive and hence, wi = 1 in both countries. In
addition, the terms of trade are common to both countries. Therefore, the growth rate of per
capita consumption is equal in both countries, that is, gFT2

c1 = gFT2
c2 .

In Case 3, the growth rate of the nominal wage is different in each country. In Home,
gFT3

w1 = −(n1−n2) < 0, whereas in Foreign, gFT3
w2 = 0. Therefore, the growth rate of per capita

consumption in Home is less than that in Foreign, that is, gFT3
c1 < gFT3

c2 .

5 Conclusions

This paper has built a two-country, two-sector, non-scale growth model and has investigated
the relationship between trade patterns and per capita growth.

15



If population growth is greater in Home than in Foreign, Home becomes a manufactur-
ing country and Foreign becomes an agricultural country when switching from autarky to
free trade. However, based only on this specialization pattern, we cannot say that Foreign
becomes worse off because the per capita growth rate under free trade exceeds that under
autarky.

In the case where Home completely specializes in manufacturing and Foreign asymp-
totically completely specializes in agriculture, the per capita growth rate of Foreign exceeds
that of Home, although this trade pattern is unsustainable in the long run.

Therefore, in both cases, Foreign can be better off under free trade than under autarky.
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Appendix

A Why Foreign’s complete specialization in manufactur-
ing is unsustainable

The slope of the PPF at the corner point where Foreign completely specializes in manufac-
turing is given by

χ̄2 =
Lα2

(1 − α)Kα+β2

. (A-1)

When Foreign specializes in agriculture, the growth rate of χ̄2 is given by

gχ̄2 = αn2 > 0. (A-2)

Hence, the slope of the PPF at the corner point continues to become steeper, which means
that Foreign cannot completely specialize in manufacturing.

B Why Case 3 switches to Case 2 with the passage of time

As stated above, even if the BGP in Case 3 exists, the economy cannot remain on this path
for long. Even if χ̄1 < p holds at first, it will become χ̄1 ≤ p after some time. Then, Case
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3 is unsustainable and switches to Case 2. At the very moment when Home switches from
Case 3 to Case 2, the absolute value of the rate of change of the terms of trade and that of
the MRT are given by

|gp| = (α + β)
K̇1

K1
− α[σ(t)n1 + (1 − σ)n2], (B-3)

|gχ̄1 | = (α + β)
K̇1

K1
− αn1, (B-4)

where σ(t) ≡ L1(t)/[L1(t) + L2(t)]. From these, we obtain

|gp| − |gχ̄1 | = α(n1 − n2)[1 − σ(t)] ≥ 0. (B-5)

When n1 > n2, σ(t) converges to unity after enough time has passed. Then, we have |gp| =
|χ̄1|, and both p and χ̄1 decrease at the same rate.
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Figure 1: Capital stock in Home in Case 1
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Figure 2: Capital stock in Foreign in Case 1
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Figure 3: Growth rate of capital stock in Home in Case 1
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Figure 4: Growth rate of capital stock in Foreign in Case 1
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Figure 5: Manufacturing employment share in Home in Case 1
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Figure 6: Manufacturing employment share in Foreign in Case 1
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Figure 7: Production possibility frontiers in Home and Foreign

� � � � � � � � � � �
�

� � � �

� ��� � �

� ��� � �

� ��� � �

� ��� � �

���

Figure 8: Capital stock in Home in Case 4
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Figure 9: Capital stock in Foreign in Case 4
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Figure 10: Terms of trade in Case 4
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Figure 11: Manufacturing employment share in Foreign in Case 4
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