Appendix D: Proofs of Proposition A1l and Claim 1

Proof of Proposition Al. (i) From (43) in the proof of Lemma 2,
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[Proof for % < 0] When s; > 1—a < 1—a—s <0,
inside the big parenthesis of (D1) is negative.

When s; < 1—q, d(“;l#‘glh") < 0if —aly+(1—a—s)8et < 0 because —ah;+(1—a—s;))5et >
ﬁ{(l —oz)[ﬁlF(e“')—1—(51f08+ ef(e)de} — [QZF(6+)+6lslfOe+ ef(e)de]} for the expressions inside the paren-
thesis. —ah;+(1—a—s;)8et <0 holds iff s; > (1 — a) — ozéle%—l(sl), where e™(s;) is, from (7) and
(5), a solution for

—d(“jl’;lh") < 0 because the expressions
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s; — [(1 —a) — 04&7%@} increases with s; because
El d€+
~aen)? sy
> 1—a%%j)2 > 0. (from (37) in the proof of Lemma 1). (D4)



h h . h
Further, at sy = sj* = (1 —a) —agL, st > (1 — ) — aéle:—l(SZ). Hence, if (1 — a) — aé—T’() <

0<et(0) < %, (1—a)(ly+8et)— hl(eJr s1) < 0 holds for any s; and thus % < 0 for any

s1. €7(0) is the solution to 2= F(e™)e™ + [ ef Yde = fogef(e)de%—[l—F(é)]E from (D3), thus this
is the case when many 1nd1v1duals have limited Wealth

. ah, h e e h
Otherwise, i.e. eT(0) > {T—ajs;» there exists unique s; € (0, s7%) satisfying s; = (1—a)—aéle+l(s?)
and —ahy+(1—a—s;)§e™ < 0 for s; > s?. Thus, M < 0 for s; > s? (Note that this is a sufficient

but not necessary condition. d(u;l#;”) < 0 could hold for smaller s; or for any s;, if the expressions

inside the big parenthesis of (D1) is negative.)
Proof for (w"h") > 0] As shown above, dwnhn) (i posmble only when s; < 1—a, in which
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+
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which holds iff s; < 1—a— a%, where e (s;) is a solution to (D3).
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increases with s; if “0pgr— > ize"(0).

This can be proved as follows. The derivative of the expression with respect to s; equals
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+ [ erte)de] (e, sz>e+f<e+>+a2hz[ Het— [ ef(e)dd feNet [fy e f(e)de]
i erte)de] {a—o) 2 [[Fef(e)det 1~ F(@)E] +hulet s)et f(e)}
{e%[f(f*eﬂe)def alFE)et = [ e (e)dd 1 >e+}ahl I Fe)+éus [ e ()de] gy
+ [ ere)de] mulet, syt et a2y [Feet — [ ef(e)ad et)et [ [ e (e)de]

11—«

=1-

from (37))

— (from (D2))
[ ererde] Jo—o s [f;ef(e)deﬂl—F(a]a} Fhi(et, s)et ()

{e%[ 06+ef(e)der—a[1—hl(e+, Sl)ézs}leM Pet — f }f )e+}ahl <6lslf0 efl(e de) h,(:;sl)
+{ei+ [ OeJref(e)de} 2—oz {F(@Jr)e‘F —foeJref(e)de}f(eJr)e‘F}aﬁl [ﬁlF(e‘*')]ﬁijsl)—i— [fOeJref(e)de} hy(et, sp)etf(e™)

[ Jete f(e)de] 2{(1—a)f—+l [fj;e f(e)de+[1—F(€)]€] Fhy(et, sp)et f(e+)}
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where the second equality is from (D2), which can be expressed as ahl[ et f Te f(e }
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+(0)
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ds;

(ii) From (43) in the proof of Lemma 2,
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[Proof for M > 0] If the expression inside the big parenthesis of (D8) is positive, (1 —s;—
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Real solutions to (D9) could exist only if the expression inside the square root is non-negative
(from the second equation),
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e>A(e)= 5 (D11)
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because the derivative of (D10), which can be expressed as 5, With
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slAh( )€(0,1) satisfying (D9) exists and is unique when e>a<%—;+e+(0)) and e>A(€) or when

et (0)> 112 hl and e > A(€), because [1] the RHS of (D9) decreases with e™(s;) and thus s;, [2] the
RHS at 51 = 0 is greater than 0, which holds clearly for the above ranges of e from (D9), and [3]
the RHS at s; = 1 is smaller than 1.
[1] can be proved as follows. The derivative of the numerator of the RHS of (D9) with respect
to et equals
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The second term inside the big parenthesis of the above equation is negative because
h
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Then, the RHS of (D9) decreases with e™ when the solution is slAh(e) because

2
2 e —l a eall
{[( —a) — {2l +4<—a+6 - ))&e} (1+0)? {— (1—a)— 2 (14-0) +2 6&}
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[3] is true since



[(1—a)—(1+a)5eﬁl( )]+\l [(1—a) 1+0); hl(l)r+4< a+e+(h)>£le

<1
2

N [(1—a) (1+a)5e+(1)} +4< a+ +(4)>5h (1+0) <1+5 =

2(1+0) 5l + (-0 ~da (14 5 2 ) & < (40214258 ) (D16)

2

o , and e>A(e),
because [1] the RHS of (D9) increases with e*(s;) and thus s; from (D13) and (D14), [2] the RHS

at s; = 0 is greater than 0, and [3] the RHS at s; = 1 is smaller than 1. [2] and [3] hold clearly for
the above range of e and e (0) from (D9).

slAl(e) € (0, slAh(e)) satisfying (D9) exists when e™(0) > 1+ b oe<a <—’ +e™(0)

slAl( ) >0 does not exist when < 1+ %l or when e>« (Q —1—6) which is clear from (D9).

Finally, it is formally proved that L(s;) >0 and thus (wlh’) >0 when s; € [max(() S|, l( e)) slAh( )] .

This is true because for s; greater than slAl(e), 51 < slAh( ) 1rnphes from (D9)

[1-a)- (1+a)5leﬁl(sl)}+¢ [(1-a) - (1+0) 5= | +4< a+e€+ah> By

(s1) | e
s <

2
(- the RHS decreases with s;)

h 12 e—agl) p
& 25— [1-0) - (+a) 7] < | [1-0)-1+a) 2] +4{ —at Tt |

& s [1-0)— 1+ o)y )]}2 <[0-0)-a+a )}2+4< a+e+(j;> 5

be

et (s1)

h
s > Slﬁ(e) & 281> [(1—04) (1—|—a) 516?? )] [(1—04) (1+a) 6162(3 )} —|—4< oH— ) by

[ . the RHS increases with ;]

2 E—O[g
&= 251—[(1—a) (1+a)6leﬁ(sl)] > $ [(1—@)_(14_04)616%(51)} +4< ot 5l> hy

& —s?—f—[(l—a) (1+a)5eﬁ(31)} ( at- (h)> 6%;; >0
& L(s))=—eet(s)s?+ [(1—a)e+(sl)—(1—|—a)%—ﬂesl+ [—oz <%—;—|—e+(sl)> —i—e] %—ll > 0. (D17)

d(wih
To summarize the result, (a) % > 0 for s; < slAh(e) when e > a(%—f%—é) and when € <
S ’

(R
a (= +€
tak ce(a(&+e(0).a(2+7)), and > A7) = onss B dwil)
Lt itz [0 07— ()3 k

>0

Dla(%—l’—i—E) > A(€) holds in the former case.



for s; € [sfl(e),sfh(e)} when et (0) > = a% and e € [A(e) a (%—l’—i-eJr(O))) (c d(;l);lhl)

)
s E[ (0 A ) A Lol o+ ltaly Iy
1 € {max (0, s;;(e)),s;,,(e)] when &> =25, e7(0) < 25 F, and e € [A(€) o 3 +€)) and when

et(0)> 2k, cefa(Bet (0)),a(3—;+e)), and > A(z).D?
d(wihy)

> 0 for

From (a), the statement on > 0 of (ii)(a) of the proposition is obtained, and from

!
(a)—(c), the statement of (ii)(b) of the proposition is obtained.

[Proof for M < 0] If the expression inside the big parenthesis of (D8) is negative, (1—

sy —oz)sle—a%—ll <0 must hold and thus [(1 s|—asy)e— agl] hﬂ—{(l s — a)se— agl}élm >

F(et)
[(1—sl—asl)e—a%]ﬁrl—[(l—sl — a)sle—a#}élef Hence, % <0if [(l—sl—asl)e—a#}ﬁlF(eJr)
et (s1) et (s1)
ef(e)de ef(e)de h
+[(1—Sl— )3[6 046:|6lf0 ef deSO@M(SZ)E_eOF(eW 2+ ( )O-F(ew—(l—‘—a)g—ll

%—ll <0, & s; < max{0, SE(G)} and s; > syh(e), where syh(e) and sE(e)

et (s1)
h f ef(e)de
— (5—; + JW) +e

are the solutions to (D9) with e™(s;) replaced by F(ele<e™(s;))=
d(wzhl)

et(s
0 (l)ef(e)de
Fet(s1)) -~

Hence, following the same steps as the proof of <0, it is shown that s; h( e)€(0,1) satisfy-

ing (D9) (with e™ (s;) replaced by E(e|e <e™(s;))) ex1sts and is unique when e >« [—l +FE(ele<et(0))
E(ele< e))

[0 =t
and e Z Q(E) = (61 - 5 and when E(€|€ < €+(0)) > H—_ag
1+W[(1_04)E(@’e<€)_(1+04)g—ﬂ
(

and e > Q(e); s?l Y, (e)) satisfying (D9) exists when E(ele < et(0) > 1+°‘ b o <
(

-6

€); s5(e) > 0 does not exist when e > a[%—IH—E( |e<e)] and

Summarizing these results, (a)

d(;U—;ZIZ)<O for s; > 51711(6) when eZa{%—lI+E(e|e <E)} and when
E(e\e<€)§if—g%—;, e€ (a [%—Z’+E(ele<e+(0))},a[g+E(e]e<E)]> ,and e >Q(e); (b) ——=

st < s7(e) and s; > 5% (e) when E(ele<e™(0)) > i+ggl and e€ [Q(E),Q[Q+E(e|e<e+(0))} ; (c)
d(wihy)
ds; a
and e € [Q(E),a[%—f%—E(de <E)D or when E(ele<e™(0)) > i+g [ [%— |e<e+(0))},oz by

and e >Q(e).

<0 for s; < max{0, syl(e)} and s; > syh(e) when E(e|e<e) > L%— E(ele<e™(0) < taly

d(wihy)

From (a), the statement on < 0 of (ii)(a) of the proposition is obtained, and from

!
(a)—(c), the statement of (ii)(b) of the proposition is obtained.
Further, from the equation for M(s;) and (D9), it can be seen that M(s;) < 0 and thus

P2A(e) >o¢(%—;+e+ (0)) holds in the former case.

]esl—{—



oﬂ|la~

s a( E(eye<e+(0)))
e 5 <0 for any s; when e <Q(e™(0))= 5 (real

1+ sy | -9 e |e<e+(0))—(1+a)&}
solutions to M(s;) = 0 do not exist) when F(e|e <e™(0)) < 17%— and e < a[—l +E(e |e<e+(0))}
(the RHS of (D9) at s; = 0 is negative and thus sl?h(e) < 0).

[Proof for syh(e) > sfh(e) > sj(e) and syl(e) < sfl(e) < s7p(e)] syh(e) > sfh(e) > s7(e)
(sF(e) is s; maximizing wy(e™, s;)hy(e, s;) when the return to educational investment for local jobs
is positive and e™ = € and is given by (52) in the proof of Proposition 3) is true, because, for given
e, the RHS of the equation determining sfh(e), (D9), is smaller (greater) than the RHS of the
equation determining sl?h(e) (sj(e)) (this can been seen from the fact that, as shown above, the

RHS decreases with et when the solution is slAh(e)), and the RHSs decrease with e™ and thus s;.

Similarly, Slvl( ) < SlAl( ) < s (e), where s7(e) is s; minimizing wy(e™, s;)hy(e, s;) when the return is
positive and e = €, holds, because the RHS of the equation determining s, l( e), (DY), is greater
(smaller) than the RHS of the equation determining s, (€) (sj(e)) (this can been seen from the

fact that, as shown above, the RHS increases with et when the solution is slAl(e)), and the RHSs
increase with et and thus s;. m

Proof of Claim 1. From (27) of the proof of Proposition 1, the dividing line between et < € and

et =€ when the return to educational investment for local jobs is positive is
b+ slélfoeef(e)de

F@) =1-a T s =l (D18)

For given s;, F(€) satisfying the equation is highest when fOE ef(e)de = 0 and thus the equation
= h
becomes F(e) = 1 — hl+5l6lél —
eF'(e) and thus the equation becomes F(€) =1 — a.
From (29) of the proof of Proposition 1, the dividing line when the return is negative is

QU ITAY () p D19
Fer i Fer Ol .

€
where the LHS increases with F'(€) from the proof of the proposition.
By substituting (D18) into (D19),

aslél[l Q) foef } hll—a
A 0-s)* (=) =
{0t sis|i-az—affef)id} o (u+sffef ()| o () :

@)° [(1—09—L E”é(e)de]

and F'(€) satisfying the equation is lowest when fog ef(e)de =

= A[aén(l—sl)]aslél =1. (DQO)

{(1_a)hl+slél [(1—04)€—Oéf()€ef(e)d }} <1+M> N

The two dividing lines intersect if there exist s; and F'(€) satisfying the above equation. They
h
a@r}—Sz&él—O&)E’

because (D20) when fogef(e)de = 0 is same as the equation for the return being zero when e™ =€

do intersect when F'(e) satisfying (D18) for given s; is highest, i.e. F(e) = 1 —



((23) of the proof of Proposition 1), which implies that the dividing lines intersect on the loci for
zero return. By contrast, they do not intersect when F'(€) satisfying (D18) for given s; is lowest,
i.e. F(€) =1— a, because the LHS of (D20) when [Sef(e)de = €F(€) = (1 — a)e is zero.

From (23), the return when e™ = € equals

adp(1— s)e(s)= ]

(=)l +ér5:9 ] b—1 = Alabn(1=s)) 5160 —0) [(1_a)@l+618l€)] ~-1. (D21)

1-a)A

The LHS of (D20) is smaller than the first term of (D21) when fogef(e)de > 0, because

[(1—@)—@] a
e o oy Ll—a)@lmsma]
{(1—04)&-1—816; [(1_a)5—04f066f(e)de” <1+sl§lfoﬁﬂ>

- = o @ gef(e)de “
PO e e
- (oo _ - tésie) | _ 8101 . (D22)
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Hence, when the dividing lines intersect, the return is positive at the intersection. Further, the
dividing line when the return is positive (D18) intersects with s; = 0 at F'(€) = 1 — «, while the line
when the return is negative (D19) intersects with s; = 0 at F'(€) € (1 — «, 1); the former intersects
with s; = 1 at F(e) € [1 — «,1), while the latter approaches F'(€) = 1 as s; — 1. Therefore,
irrespective of whether the dividing lines intersect or not, the line between et < € and et = €
when the positive return is located below the line when the negative return on the loci for zero
return on the (s;, F'(€)) plane. m



