Appendix C: Analysis of the dynamics and the proof of
Proposition A4

This Appendix analyzes the dynamics of the model and thereby proves Proposition A4, which
examines the relationship between initial conditions and steady states. In this Appendix,
P(Fp,Fon,B) when F’” - > (Ff) hm 1s denoted as P(th+Fmt,B) because P(Fy,Fr,B) depends
on Fy;+F,,, not th and F, individually (from eq. 16).

The following lemmas are used to examine the dynamics.

Lemma C1 When B, SE*(FhO), Btgﬁ*(th) for any t>0.

Proof. Suppose B; SE*(FM) at t>0. Since Fjq1 > Fy, B (Fhit1) ZE*(FM). Thus, when
By is determined by (41) or (43), Bty < B (Fjt) < B (Fhiv1). When By, is determined
by (37) or (39), Biy1 < B (Fjyy) from B*(th,Fmt) < B'(Fy) < B (Fj41), where the first
inequality is from F,; < max{¢(Fp:,By), [(Fm)ml o] '}, (38), (40), (42), and (44). When

By11 is determined by (33) or (35), By < B (Fhit1) from B*(th—i—Fmt) < B*(Fpn,Fl) <
§*<th) § E*(th+1>, Where F?th € ([(F )hm] 1th,max{q§(th,Bt) [( T )ml 9] I}th) and the
first inequality is from (34), (36), (38), and (40). =

( ) When th S ( )ml07 (Fh)hm) and P(th7Fmt7B*(th7Fmt)>ATS o

17f’y—(1+r)em is possible only if Fp; > F Simalarly, when 5—7’: > (&)hm and }Aj(th—k
Fmt,B (Fre + F))Ar < 1= 7fﬂ(}J”")em, P(th+Fmt,B)A > Mem is possible only if
F>F}.

(i4) When £ € | (B0, (Flam) and P(Fip,Frnis B B F)) < 0, P(Fis P, By) > 0 is

Lemma C2 Suppose By <§*(Fh0). Then,
f Meww P(thJFmt7Bt)AT>

Fom

possible only if th>F,I. Stmilarly, when 5—:; > (%)hm and ﬁ(th+Fmt,§*(th+Fmt)) <4,

ﬁ(th+Fmt,B)>9 is possible only if th>F£.

Proof. When B, SE*(F ho)s By §§*(F ne) for any ¢ from Lemma CI1.

(i) Suppose Fj; < F,'i Since By gF*(th), ¢(th,§*(th))th < ¢(th,Bt)E;}kt and thus, for
any Fy, > Fyy, = ¢(Fp,By) F), is located at the right side of F,, = ¢(Fy,B (Fy))F), on the
(Eom, ) plane (see Figure 1). Hence, F}(B;) > F} (see the figure). At given F), and F,,
satisfying = 7€ [(Fm)mlg,( )hm>, the absolute value of the slope of the equi P(Fj,F,,,B)
curve on the (F,,,F}),) plane is strictly greater than that of the equi P(F},F,,,B*(F),Fy))
curve from (16), (29), and wy, >wy,. Hence, P(Fy,,F,,By)Ar 17;—(1”)6,” (b*(wy) = e, when
Fh € [( L) 0 (F ) m)) is located above P(Fy,F,,,B*(Fy,Fy))Ar = #em on the plane.
Therefore, when P(Fiy, P, B* (Fu, Fr)) Ap < 22220506, P(Fy,Frg By Ap > 222285,
possible only if Fj,; > F}. When 5—:; > (%)hm, the slopes of both ﬁ(FhﬁFmt,B)AT = l_wfy—sw)em
and IS(th+Fmt,§*(th+Fmt))AT: 1_7;—1()1”)6,,1 equal —1 from (25) and (30). Hence, when
P(Fp+ Fopt, B* (Fra+ Frn) Ap < 2280 P+ Fpp, B) Ap > =285 e s possible only if
Fy;>F). (ii) Can be proved in a similar way as (i) (see Figure 2). m
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(I) Dynamics when %<%1{17+8mem}

From Proposition 1, when F’“f <( )hm, Ly = Friy, Ly = min{@¢(Epy, By) Fg, Frny } for Fpy <
Fl »(By), and Lmt—mm{[(Fh)mlg] tht, F,.} for th>FT(Bt) where ¢(Fp,By) > [( )mlg] ! for

th<F (By). Since Lhtt _ F < (Fh)mlg, wmt<17’;—g+r)e and thus L, = F}, is constant.

Lmt -
[1] When F,, < F}
Since B, < B (th) < B(F)) from Lemma C1, F, < F! = Fb( (F) < F(B) and thus

wm(¢(Fh1t Bt)) < = Wf’fw)em (see Figure 4). Since B; < B (Fh) < B F,D, Fy < Fl =

FT FB ) < FT (By) and thus LL_:; = min{<z>(Fth§i)th,Fmt}‘ Hence, w,; < 1—72/_571+r)€m and
Fmt decreases over time.

( ) When Fmt<¢(th7 (th))th
Since Fy < ¢(Fu,B (th))th < ¢(Fp,B)Fryy, Ly = Fop and the dynamics equation
of By is (37), whose fixed point is B*(Fj,Fyne). Since F,,,; decreases over time, F,; <
o(F Wi B (F ht)) Fne < qb(F ht,Bt)F e continues to hold, where the second inequality is from
E*(th) B(Epy,(Fi, B (th))th) > B*(Fp,Frn). Eventually, the economy transits to

a case satisfying F—:; > W, " 1"/1;—571"‘7")67_”} and Fj; < F) < F}(By) (case [1](a) i of (II), o
case [1](a)1A of (III), (IV), or (V) below).
(b) When F mt > gb(th, (th))th
i. When F,,; Sgb(th,Bt)th and thus Lmt—Fmt
Since By <§*(th) B(Fy,0(Fpy, B (th))th) < B*(Fyi,Fout), By increases. Since By in-
creases and F,; decreases over time, the economy transits to either F,; > ¢(Fp,By) Fpy

(case ii), Fiut < (Fie, B (Fap)) Fiue (case (a)), or a case satisfying £ht B> Wy, [wem}

and Fy; < F} < F}(B) (case [1](a) i of (II), or case [1](a)iA of (III), (IV), or (V)).

ii. When Fy > ¢(Fh.By) Fiu
Since Ly = ¢(Fpy,By)Fyy and By < E*(th), B, non-decreases. Since F),; decreases
and B; non-decreases over time, the economy transits to either F,,; < ¢(Fp,By)Fhy

(case i), Frut < ¢(Fie, B (Fi)) Fue (case (a)), or a case satisfying £ L > W, [—”Yf’y(l”) Gm}

b
and Iy, < ) < F)(By) (case [1](a)i of (II), or case [1](a)iA of (IH), (IV), or (V)).
The economy does not transrc between this case and case i forever, because, with F},;
decreasing, F,; <¢(Fj,B (th))th does hold at some point.

[2] When Fy,, > F} and thus Fp > ¢(Fp, B- (Fu)) Fie

(a) When Fy, < F2(B))
This case arises only when B, < B (F}) because F} = F!(B'(F})) < F}(B). As shown in
[1], F,; decreases over time.

i. When Fmt §¢(th;Bt)th
Since By < B (Fi) = B (Fht,¢(Fyt, B (Fii)) Fni) < B*(Fiy,Fyy), By increases. Since Fy
decreases and B, increases, the economy transits to either F,,; > ¢(Fp;,B;)Fy (case

i), Fjy > F}(By) (case (b)), or a case satisfying 5—:; > %—1[1—7;;_?#)64 and Fj, > F}

eventually.



it When > 6(Fp,By) Fiu
Since Ly = ¢(Fpe,Bi)Fpe and B, < F*(th), B, increases. Since F),; decreases and B;
increases, the economy transits to either Fy; <é(Fy,B;) Fiu: (case i), Fi > F}(B) (case
(b)), or a case satisfying 7 i >wm 1[177;—8”)6,%} and F; > F}. Note that the economy
does not transit between thls case and case i forever, because, with B; increasing and

th>F,2:Fb( (FD)) > F(B(Fn)), Fue> F?(By) does hold at some point.

(b) When Fj,; > F}(By)

Since Fy > ¢(Fhe,Bi)Fiy and thus Ly, = ¢(Fhi,B;) Fiu, when F > (=)F)(B), wy =
(:) 1—7;5}1-&-7‘)

FTT (um—— e, and F,; increases (is constant). Since B; non-decreases
&(Fhe,Bt)

from B; < E*(th), i Z_F,E(Bt) continues to hold, and the economy converges to
(Fy,Fn,B) = (Fyy,1 — Fy,B" (Fyy)), unless B, = B (Fy;) and Fj,, = F}, in which case
both F},; and B; remain constant.

Summary of the dynamics when g—htz <@;‘1[1‘7;—f+’“)em]

e When Fj; < F 2, Fy, is constant and F,,,; decreases over time, and eventually the economy
transits to a case satlsfymg >wm_1[1 o(L4r) em} and Fy, < F) < F}(By).

e When Fj,; > Fh,

—If Fy, > F; Z(Bt), Fy, is constant and F,; increases, and the economy stays in this case
and Converges to (Fp,Fin,B) = (Fpt,1— —Fy, B (Fry) (Steady state 3), unless B, :§*(th)
and Fy,=F? 1, in which case both F,: and B; are constant.

—1If F; < F}(By) (thus B; < B (F)), Fy is constant and F,,; decreases, and the economy

transits to either the case Fj; > F? L(By) or a case satlsfymg >wm I[I_W’W—Sw)em] and

Fy > Fh eventually.

(II) Dynamlcs when th < [ 1[%‘94 7(5_;)ml,0]

As shown in (I), Ly, = Fj, is constant, and since L,,; < F,,; and 5:;1 Zﬁ)fn_l[kg—fmem} Y

non-decreases over time.
[1] When F, < F}
Since Fyy < F) =F (B (F})) < F/ (B (Fiy)) < F\(By), wy <0 Ar.
(a) When P(Fyy, Fyg, B* (Fpy, Fyng) ) Ap < 222050

Yo
Since Fy < ¢(F,B (th))th < ¢(Fpi,By) Fyy (as for the first inequality, see Figure 5),
Lmt - Fmt-

i. When P(Fy,Fp,B) Ar < 1_%(1+T) e, i.e. b*(wl)§

Since F,y is constant, P(th,Fmt,B (Pt Font) A < =225, and thus P(Fhy, Fyne, B) Ar <

1%—(Nﬂn)em continue to hold. Hence, the economy stays in this case and converges to

(FhaF’maB) (th7Fmt7B (thaFmt))'



ii. When P(Fhy, Fynt, B) Ap > 2220 ¢, and thus Fl, > F}(By)
This case could arise only when Fj; > F} from Lemma C2 (i). Since F,,; increases
and B; decreases (because By > B*(Fy,Fy,)) over time, the economy transits to either

P(Fp,Fon,By)Ar < I_A’z—f”)em (case i), a case satistying P(Fut,Font, B*(Fhe,Fong) ) AT >

1_7;—51“)67” (a case in (b) or (c)), or a case satisfying = i < W, l[kvf/—lfl’%em} and

Fp>F) (a case in [2] of (I)).
(b) When P(Fyy, o, B* (Fe,Foni)) A > 2= %@**) e (thus Fyy > F?) and Fry < ¢(Fe, B (Fng) Fiu

Since Py < ¢(Fie, B (th))th < ¢<th’Bt)th’ Lt = Fo. P(Fpt, Font, B* Byt Fong) A >
L=t %SJ”") e, continues to hold, since F;,,; non-decreases.

i. When P(Fyy, Fynt, By) Ap < 2=220He |
B, increases from B, < B* (th, Fo). Since F,,; is constant, P(Fyy, Fre, B* (Fhe, Fng) Ar >
# em and F,, < ¢(F,B (th))th continue to hold. Thus, the economy transits
t0 P(Fi,Fout, By) Ap > =20 e, (case ii).

ii. When P(Fp,Fon,By) Ap > —2"2 1_%(1”) em (thus Fi, > F)(By))

Since F,,; increases and P(th,Fmt,B (Fre, Fong) A > #em, P(Fyi,Frni,Br)Ar >
1= (1+7)
Yo
Font > &(Fit, B* (Fot, Fond) Fit and P(Fy, Fry, By) Ap > 2280, (case (c) ii or i) or the
case satisfying %<ﬁffn_1 [1_7;—(1%67”} , Fry>F}, and Fy > F)(B;) (case [2](b) of (I)).

b

e continues to hold. Thus, the economy transits to either a case satisfying

( ) When Fmt>¢(th7 (th))th (thus th>F}I;)

Since B,<B~ (Fyy) < B*(Fit,Fyry), By non-decreases over time. Thus, Fy,; > ¢(Fj, B (th))th
continues to be satisfied.

i. When P(Fp,Fyn,B))Ar < 1—”;—21”)%
Fot <@(Fpi, By) Fiy holds, because Fp > ¢(Fy, By) Fpe cannot happen from ¢(Fpy, By) Fpe >
o(F ht,E*(F wt)) Fne (see Figure 4). Thus L,,; = F,,,; is constant, while B, increases from
By < B*(Fpt,Fni). Hence, the economy transits to a case satisfying P(Fjy,Fpn, By) Ar >

1—(1+47) ..
—€ case 11 Oor 111).
o m ( )

ii. When P(th,Fmt,Bt)AT> kwi—gmem (thU.S th>F}2(Bt>> and Fmt§¢<th>Bt)th
Since F,; and B, increase (note B; < B (Fy) < B*(Fnt,Fn)), P(Fi,Fons,By)Ar >

1_’7,13)1—1(;1""7)67” continues to hold and the economy transits to either F,; > ¢(Fp, By)Fpy

(case iii) or case [2](b) of (I) & th <wy ! [#em].

iii. When F,; > ¢(Fit, Br) Fue (thus th > F,E(Bt))

Since Ly = ¢(Fue, By) Fpey, wy = UAJ;L(MF;,BQ) > 1_7;()1”) em and F),, increases. Since

F, increases and B; non-decreases, F,; > ¢(Fpy, Bﬂth continues to be true. Hence,
the economy converges to (Fy,F,,,B) = (th,l—th,B*(th)) in this case or transits to
case [2](b) of (I).




2] When Fy,. > F (> F})

(a) When Fj, <F,I(Bt) (thus Fs = @(Fpe,By) Fyy is effective)
Since B;<B" (Fhe) :B*(th,[(Fh)ml 9]_1th) < B*(th,Fmt), B, increases over time, where
B, < B’ (Fy) is from F](B,)> F,I:FT “EN) > FH(B (F).

i. When P(Fyy, Fynt, By) Ap < =20e
Since F),; is constant and B, increases, the economy transits to a case satisfying
P(Fyt,Frne, Br) Ar > l_ﬁg—f’lmem (case ii or iii) or Fj, > F}(B;) (case (b)).

ii. When P(Fhy, Fynt, By) Ap > 2285 e - (thus Fye> F}(By)) and Fry < ¢(Fi, By) Fye
Since F,,; and By increase, P(Fy;,Fu,Bi)Ar > 1—73_1()1+r)em continues to be satisfied,
and the economy transits to either F; > ¢(Fp,B;)Fpe (case iii), Fj > F,I(Bt) (case
(b)), or the case satisfying Lhe - < Wy, 1[1_7;—51“)67”], Fy > Fﬂ:, and Fj,; > F}(By) (case
[2](b) of (I)).

1il. When Fmt > ¢(th7Bt)th
F,,,; increases from wy = w,, \¢(Fh173t9 > 1_7251“) em. Thus, F,; > ¢(Fpe,By) Fpy continues
to hold, and the economy transits to Fj, > F)l(B;) (case (b)) or case [2](b) of (I).

(b) When Fy,, > F(B,)
Since wy = 0Ar, F,,; increases, and since B; non-decreases, Fj; > F ,(B;) continues to

hold. Thus, the economy converges to (Fj,Fy,,B) = (Fp,1— Fy, B (th)) or transits to
case [2](b) of (I).

Summary of the dynamics when £ b < [N _1[17;—21”)674 ,(%)ml’g]
o When P(Fi,Fyt, B* (Fit, Fon)) Ap < #em

—When Fj; < F} or By < B*(Fyt,Fyni), both Fyy; and F),,; are constant and the economy
converges to (Fy,Fin,B) = (Fyy, Frne, B* (Ept, Frng)) in this case (Steady state 4).

—When Fj,; > F} and By > B*(Fyy, Foni), if P(Fpyg,Fyng, By) Ap < 1_7;—8”)6771, the result is same
as the previous case, otherwise (thus Fj, > F(B;)), Fy; is constant and F,,; increases

and the economy transits to either the case P(Fp,Fpne,Bi)Ar < 17;—(1”)6,,“ the case

P(Fhi,Fone, B* (Fpe, Frn) ) A > 1_Vf’y—sw)em, or a case satisfying th <wy, [Wem} and
Fu>F).
e When P(Fp,Fone, B* (Fpi, Font)) Ar > l—vz_il“)em (thus Fy; > F}), Fjy is constant and F,

increases (could be constant temporarily) over time, and eventually the economy either
converges to (Fj,F,,,B) = (th,l—th,B*(th)) in this case (Steady state 3) or transits

to the case satisfying th <wy, [1—%_(1+7")6m] , Fhy >Fg, and Fj >F,E(Bt).

o

(IIT) Dynamics when F’” - € (( L) ol 0, Win, 1[1_7,’;—21”)%”

As shown in (I), Lj; = Fj; is constant. Since & € ((F )mm,lf m)y Lmi = Fpy from

>>wm( ) Lonlan,
Yo

Proposition 1 (ii)(a). Ly, = F,; non-decreases since wm<



[1] When P(Fyt,Frt, B* (Fpe, Frr)) <0
() When P(Fhy, Fyg, B* (Fup, Font)) Ap < =205

b
i. When P(thaFmt;Bt) <0
A. When P(Fp,Fyp,By)Ap < =008

T
Since Fyy is constant and P(Fhy, Fynt, B* (Fhe, Fnd)Ar < =25, P(Fyy, Frpp, B)AT <

1%—(1”)6,% continues to hold. The economy stays in this case and converges to

(Fh,Fm,B) (s Font, B*(Fpt, Fon) ) -
B. When P(Fy,Font, By) Ap > =250, (thus Fye> F}(By))
This case could arise only when Fj; > F,f: from Lemma C2 (i). Since F),; in-
creases and By decreases (note By > B*(Fpt,Fini)), the economy transits to either
P(Fyy,Frne, By)Ar < 1_A’f’y—ilﬂ)em (case A), P(Fy,Frni,By) > 0 (case ii), a case sat-
isfying P(Fye, Fone, B*(Fpt, Font)) A > 1—7;_(1+7')6m (a case in (b)), a case satisfying
P(Fyy,Frny, B*(Fyy, Frng)) > 0 (a case in [2]), or a case satisfying th < ( )mlg and
Fj > F) (a case of (II), or a case in [2] of (I)).
ii. When P(Fpy,Fppi,B;) >0 (thus Fy, > F(B,))
This case could arise only when Fj,; > F ;{ from Lemma C2 (ii). Since wy=0Ar, F,; in-
creases, and since By > B*(Fj;, Fy), By decreases. The economy transits to either a case
satisfying P (Fp;,Fini, By) <0 (casei A or B), a case satisfying P(Fy, Frne, B* (Fhy, Fong) ) A >
I_WZ—SM em (a case in (b)), a case satisfying P(Fpt,Fint, B* (Fnt,Frng)) >0 (a case in [2]),
or a case satisfying th < (B )i and th>F (a case in [2] of (II) or (I)). Note that
it does not transit between “this case and case i B forever, because, with B*(Fy, F)

increasing, P(Fpy,Frne, B* (FhiyFong) ) Ar > 1J’i’y—l()p”")em eventually.

(b) When P(Fys, Fot, B* (Fhg, Font)) A > =285 e, (thus Fy, > Fy)
P(Fhi,Fone, B* (Fpy, Frng) ) A > k”i—fmem continues to hold, since F},; is constant and F,;
non-decreases.

1. When P(thaFmtaBt) <9
A.When P(Fyy, Fpy,By) Ay < =280,
By increases from By < B*(Fyy,Frny). With constant Fy, P(Eng, Fone, B* (Fhe, Fong) <0
and thus P(Fp,Frne, By) <0 continue to hold, and the economy transits to the case
satisfying P(Fhe,Font, B)Ar > =2 e, and B, < B*(Fy,F) (case B).
B. When P(Fjy,Fpy, By) Ar > MW—(”)em (thus Fy, > F(By))

P(Fpi,Frni, By) A > kwi—éflmem continues to hold, since P(Fy,Fpny, B*(Fye, Fo) A1 >
1—’7b(1+T)

———em and F,,; rises. Thus, the economy transits to P(Fy,Fpn,By) >0 (case

(i), a case satisfying P(Fh, Fynt, B* Fht,Fpg)) > 60 and P(Fyy, Fyy, By) Ap > 2= ’Yb(1+7“) e
(case [2](a)ii or (b)), a case satisfying F’“ < (Fh)mlg, P(Fpt,Frnt, B* (th,Fmt))AT >
wlte | (thus Fi, > Fy), and P(th,Fmt,Bt)A >wlie  (thus Fiy > F}(By))
[case [1](b)ii, case [1](c)ii or iii, or a case in [2], except (a)i and (b)ii, of (II);



case [2](b) of (I)]. A transition to P(Fy,Fy,By) > 0 (case (ii)) occurs only when
B> B*(Fpi, Fon)-
ii. When P(Fjy,Fpny,By) >0 (thus Fy, > F)(B,))
This case arises only when Fj,; > F from Lemma C2 (ii). F,,; increases from wy=0Ar
and By decreases from By > B*(Fpi, Fine). Since P(Fye, Fong, B* (Fy, Fong) A1 > 1= 7”(1”) Em

continues to hold, so as P(E,Fyu,By) Ar > 17;—1()1”)6,,1 Hence, the economy trans1ts to

a case satisfying P (EFy, o, By) <0 and P(Fpy, Fry, B) Ap > lvz—f}J”")em (case iB), a case
satistying P(Fhe,Font, B*(Fut,Fr)) > 0 and P(Fyy, Fry, B) Ap > =285, (case [2(a) ii
or (b)), or a case satisfying th < ( L)t 0, P(Enty Fonty B (Fn mt))AT > 1= 7§£1+T)em,
and P(Fj,Fyne, B) A > = stm em (see 1B for details). Note that it does not transit
between this case and case iB forever, because, with B; decreasing and B*(Fj,Fint)
increasing, B; < B*(Fj,Fy,) holds eventually.

[2] When P(Eys,Fyne, B*(Fot, Fyn)) > 6 and thus Fj, > F) (> F})
P(Fyy, g, B*(Fy, Frng)) > 6 continues to hold, since Fj, is constant and F},,; non-decreases.

(a) When P(Fpy,Frne,By) <0.
Since By < B*(Fy,Fyni), By increases over time.
i. When P(Fyy, Fynt, By) Ap < 2=220He
Since F,,; is constant and B; increases, it transits to either P(Fj,F,By) Ap >
(case ii) or P(Fp,Fpn,Bt) >0 (case (b)).
ii. When P(Fhy, Fynt, By) Ap > =285 e, (thus Fiy > Fp(By))
P(Fp,Fon,By) Ap > l_wz—l(}”)em continues to hold, since F},,; increases and P(Fpy, Fyni, B*(Eng, Frng)) >
0. Thus, the economy transits to P(Fp,F,B;) > 0 (case (b)), a case satisfying
P < ()19, Fye> Ff (> F}), and P(Fyy,Fre, By) Ap > 2285 (thus Fy, > Fp(By))
[case [2](a)ii or iii, or [2](b) of (II); case [2](b) of (I)].
(b) When P(Fy,Fyn,B;) >0 (thus Fy, > F(By))
P(Fy,Frn,By) >0 continues to hold, since F,, increases and P(Fjy,Frni, B* (Fhi, Fong) > 6.
Thus, the economy stays in this case and Converges to (Fhe,1 — Fpy, B*(Fpe,1— Fyy)), or

transits to a case satisfying F’“ft < (F:l)mlg, B> F) W (> E), and P(Fp,Fyni,B;) >0 (case
2](b) of (II) or case [2](b) of (I)).

1=y (1+7) e
o m

— 1

Summary of the dynamics when < s (( L) 1,05 Wi [177;—8%6]1]}

e When P(Fpyy,Foy, B*(Fht, Fon) ) Ap < Mem,

Yo

— When Fy; < F} or By < B*(Fyt,Fyni), both Fy; and F,,; are constant and the economy
converges to (Fy, Fing, B*(Fnt,Frng)) in this case (Steady state 4).

— When Fj; > F} > and B; > B*(Fpt,Fing), Fpe is constant and F),; non-decreases, and
the economy converges to (Fuy,EFpne, B*(Fre,Frng)) (Steady state 4), or it transits to the
case P(Fyy,Fne, B*(Fyi,Frng)) > 0, the case satisfying P(Fpn,Font, B*(Ept,Frng)) < 0 and

P(Fyy,Frg, B*(Fyy, Frng)) A > 1”3—(1”)6”“ or a case satisfying F’“ <(Fh)mlg and Fy, > F}.



o When P(Fhy, Fynt, B* (Fht, Fn)) <0 and P(Fhy, Fynt, B* (Fht, Frn)) Az > =280 e, (thus F, >
F; ,5), Fjy is constant and Fy,; increases (could be constant temporarily), and the economy
converges to (Fj,1— Fpy, B*(Fpy,1— th)) of the next case (Steady state 3), or transits to
a case satisfying a case satisfying th < ( )mlg, P(FptyFrnt, B* (Fhi, Fong) Ar > Il o

b
(thus Fjy>F}), and P(Fpy, Fyy, B) Ap > = ’Y;fj” e (thus Fjy > F?(By))

e When P(Fy,Frn, B*(Fye, Frng) > 6 (thus Fj, > F,I), F}, is constant and F},,; increases (could
be constant temporarily), and eventually the economy converges to (Fj;,1—Fps, B*(Fpy,1—
Ft)) of this case (Steady state 3), or transits to a case satisfying % Fhf < (F )0y Fhe >
Fl(thus P(Fyp,Frut, B* (Fut, Fri) Ar > =280, and F, > FY), and P(th,Fmt,Bt)AT >
Enlie, (thus Fl, > Fp(By)).

t 1 (1= (147
(IV) Dynamics when & (i [ ()

Since wm<tht) > 1wl hy Lt = Fpy (shown in (1)), and Ly, = Fpe (shown in (III)), Fj,

b
increases and Fj+ F: non—decreases over time.

[1] When P(Fy,Fyni, B* (Fyt, Frut)) <0

(a) When P(Fyy,Fy, B*(Fye, Frns)) Ap < 220 e,
i. When P(Fy;,Fp,By) <0
A. When P(Ey,Fyy, B)Ar < H;—fmem
Since Fy,; increases and Fj,,; decreases with Fj+F,,; constant, the economy transits
to either P(Ey,Fone, By) A > 1—72_1(71+7~)6m (case B), P(Fp,Fon,B;) >0 (case ii), a case
satisfying P(Fps, Fone, B* (FheyFong) ) A > 1—7;_(1+r)€m (a case in (b)), one satisfying
P(Fpi,Frne, B*(Fri,Frng)) > 60 (a case in [2]), or a case satisfying F’“f > (£b &) (a case
in (V)). (Transition to a case satisfying P(Fps, e, B* (th,Fmt)) > 6"is possible,
since the slope of P(Fy,Fpy, B*(Fhi,Frny)) =0 is strictly less than —1.) Note that
a transition to a case satisfying either P(Fj,Fyu, B* (Ept,Font) ) Ar < 1%—(1+T)6m and
P(Fyt,Font, B) Az > =225 e or P(Fyy,Fry, B*(Fir, Fr)) < 0 and P(th,Fmt,Bt) >0
(case B, case ii, and case (b)ii below; case [1](a)iB or ii, or [1](b)ii of (V)) is
possible only when By > B*(Fj,Fy), since Byy1 < B*(Epii1,Fmes1) holds when
By < B*(Fpt,Fon)-
B. When P(Fyy, Fruy, B) Ap > =28,

This case could arise only when Fj; > F} from Lemma C2 (i). Fj, and Fj+ Fy
increase, and B; decreases (note B; > B*(Fy,F,)) over time. Eventually, the
economy transits to either P(F;,Fy,By) Ar < k”i—sm (case A), P(Fpi,Frne,By) >
0 (case ii), a case satistying P(Fp,Fon, B* (Fpe,Fog) ) AT > 17*’—(1+T)6m (a case in (b)),

one satisfying P(Fys, Frne, B* (Fhe, Frng)) > 6 (a case in [2]), one satlsfymg Fhf > (Fh)hm

and Fy,; > F} (a case in (V)), or one satisfying 57’;1 <w, ! [Weh} and F>F)
(a case in (IT) or (III), or [2] of (I)).




ii. When P (E,Fyut,By) >0
This case could arise only when Fy; > F) from Lemma C2 (i). Since wy = 0Ar, Fjy
and Fy,+ F,,,; increase, and since B; > B*(Fy;,F.), B decreases over time. Eventu-
ally, the economy transits to either P(Fj;,F,,By) <0 (a case in i), a case satisfying
P(Fyt, Fynt, B* (Fht, Frng) A > =25, (a case in (b)), one satisfying P(Fhs, Fine, B (Ft, Font) >
0 (a case in [2]), one satisfying F“ > (Fh)hm and Fy; > F} (a case in (V)), or one satis-
fying 5—}:; < wy [W h] and F, > F} (a case in (II) or (III), or [2] of (I)). It does

not transit between the cases satisfying P(Fps, Fint, B*(Ent, Font) A7 < l*ny—s”)em forever,

because, with Fj,; increasing and Fj,+F,,; non-decreasing, P(Fp;,Fyu, B* (Fpi,Fong) Ar >
1=y (l+7)
Yo

(b) When P(Fys, Ft, B* (Fg, Font)) A > =285 e, (thus Fy, > F)

P(Fhi,Fone, B* (Fry, Fong) Ar > 1_Vi—sﬂ’)em continues to hold, since Fj; increases and Fj,;+
F,,,; non-decreases over time.
i. When P(Fp,Fp, By) <0
A. When P(Fh,Fop, B)Ap < =204 e,
Fji increases and F,,; decreases with Fj,+ F,,; constant and B; increases (note
By < B*(Fy,Fpny)). The economy transits to either P(Fj, Fy, B) Ar > = 7;51”) Em
(case B), a case satistying P(Fi,Frne, B"(Fpi,Frg)) 2 0 (a case in [2]), or a case
satisfying = th > (Fh)hm and P(th+Fmt,B*(th+Fmt))A > = 73/1(71+7")em (a case in
[1](b) or [2 ] “of (V)) It does not transit to P(Ep,Fu,By) > 0 (case (ii)), because
P(th,Fmt,Bt) < P(th,Fmt,B (th,Fmt)) always holds. A shift to a case satisfying
P(Fpi+ Fyt, B) > 0> P(Fpy+ Fopy, B*(Fy+ Fo)) (case [1](b)ii of (V) occurs only
when B, > B*(Fp, Frn).-
B. When P(Fy,Fyni, B) A > =200,
P(Fpi,Frni, B) A > Mem continue to be satisfied, because Fy; and Fy,+ F),;

increase over time and P(Fy, Frne, B* (Eng, Fong) ) A > 1“’3—21“) . The economy tran-
sits to P(Fyy, Frne,By) >0 (case (ii)), a case satistying P(Fy, Frne, B (th,Fmt)) > ¢ and
P(Fyi, Font, By) A > 1_V,by—s”)em (case [2](a)ii or (b)), a case satisfying th > (£ ) i
P(Fhy+ Fy, B* (Fy + Frn) Ar > 2280 and P(Fyy+ Fp, Br) Ar > 1= %(H%m
(case [1](b)iB or ii, or case [2](a)ii or (b) of (V)), or a case satlsfymg th <
iy, L] | P(Fig, P B (B P Ar > =25, (thus F > F), "and

P(Fye, Fot,By) Ap > 17;—1()1”)6,” (thus Fy; > F)(B;)) [a case in [1](b), except i A, or
a case in [2](a)ii or (b), of (III); case [1](b)1ii, (c)ii, (c)iii, or a case in [2], except
(a)i, of (II); or case [2](b) of (I)]. A shift to a case satisfying P(Fpt,Fyni,Bi) >0 >
P(Fpt,Frne, B*(Fre, Frny)) (case (ii) just below; case [1](b)ii of (V); case [1](b)ii of
(III)) occurs only when By > B*(Ep, Fin)-
ii. When P(Fy,Fy,B) >0
This case could arise only when Fj,; > F, ;{ from Lemma C2 (ii). Since wy=0Ar, Fp; and
Fyi+ Fy increase, and since By > B*(Fyy,Fny), By decreases. Thus, P(Epy,Fone,By) Ar >

en does hold eventually.
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2wl o continues to be satisfied from P(Fyy, g, B*(Fye, Frg) ) A > & . The
Yo

economy shifts to the case satisfying P(Fj,Fpne, By) <6 and P(th,Fmt,Bt)A > 17;—1()1”)6”1
(case iB), one satisfying P(Fp;,Fni, B*(Fpi,Frng)) >0 and P(Fpy, Frpe, By) A > k”:—smem
(case [2](a)ii or (b)), one satisfying = I > ( ) s P(th+Fmt7§*(th+Fmt))AT >
1_7’1;—1()1"!‘7")6”17 and ﬁ(th—l—Fmt,Bt)A > 17;—51“)67” (case [1](b)iB or ii, or case [2](a)ii or
(b) of (V)), or one satisfying £t < @‘1[1‘”;—f+’")eh], Fii> Fl P(Fyt,Fot, B* (Frg, Fo) A >
1ﬂfy—s”)em, and P(Fj,Fon, By) Ar > k”:—fmem [a case in [1](b), except i A, or in [2],
except (a)i, of (II); a case in [2], except (a)i, of (II); or case [2](b) of (I)]. The econ-
omy does not transit between this case and case i B forever, because, with both Fj,
and Fj;+ F,,; increasing, P(Fpy,Fon, B*(Fhe,Fing)) >0 does hold eventually.

(2] When P(Fps,Fpnt, B*(Fii, Fpny)) >0 (thus Fi, > F))
P(Fyt,Frne, B* (Fpe,Frny)) > 0 continues to hold, since Fj; increases and Fp; + F,; non-
decreases.
(a) When P (Epy, Fr,By) <0
Since By < B*(Fy,F ), By increases over time.
i. When P(Fjy,Foy, B)Ar <= ’Y;@W

Since Fj; increases and F},; decreases with F};+ F,,; constant and B; increases, the
economy transits to either P(Fyy,Fp, By) Ar > M em (case (ii)), P(Fue,EFont, Bt) >0

(case (b)), or a case satisfying + F’” > (Fh)hm and P(th+Fmt,B*(th+Fmt)) >0 (a case
n [2] of (V)).
ii. When P(Fiy, Frt, B) Ap > =28,
Since Fy, and Fy, + Fy, increase, P(Fy,Fp,B)Ar > 1*73_(1+r)em continues to hold.
The economy transits to P(Fps,Frne,By) >0 (case (b)), a case satisfying th > (£ ) s
P(Fyi+Font, B* (Fui+ Fr)) > 0, and P(Fy+ Frg, By) Ap > =28, (case [2)(a) ii or (b)
of (V)), or a case satisfying % Lhe - < Wy [kw;_ilw)eh]’ P(Fyy,Frnt, B*(Fyy, Frn)) > 6 (thus
th>FT), and P(th,Fmt,Bt)AT> IVZ—SMem (thus Fj; > F}(B;)) [a case in [2], except
(a)i, of (III); a case in [2], except (a)1i, of (II); or case [2](b) of (I)).
(b) When P(th7Fmt7Bt) 29
Since wy = QAp, Fy, and Fyy+ Fp, increase, and since P(Fy,Fo, B*(En,Frng)) > 0,
P(th,Fmt,Bt) > 0 continues to hold. Hence, the economy transits to either a case
satisfying th > ( )hm, P(th+Fmt,B*(th+Fmt)) >0, and P(Fp+ Fp,B;) > 0 (case
[2](b) of (V)), or a case satisfying F’” < w,, 1[1_7;—51”)6;1], P(Fpn,Font, B*(Fpi, Frng)) > 0
(thus Fy > F), and P(Fh,Fyt,By) > 0 (thus Fy, > F)(B,)) [case [2](b) of (III), (II), or
(D]
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Summary of the dynamics when £ e <wm ! [#eh] ,(%)hm>

1=y (1+7)
Yo

e Fy, increases and Fj; + F,,,; non-decreases. When P(Fy;, Fy, B*(Fhy, Frng) Ar <
and By < B*(Fpt,Fing), Fnt + Finy is constant.
o When P(Fi,Fyut, B* (Pt Frnt)) A < 2220

T
— Eventually, the economy shifts to the case satisfying P(Fp,Frn, B*(Ept,Frng)) < 0 and

P(Fhi,Fone, B* (Fry, Fo) ) A > 1*7;_(1““)6% the case P(Fuy,Fe,B*(Fyi,Frny)) > 0, a case

satisfying th >( )hm, or a case satisfying F’“ <w, ! [Me ] and Fj; > F}.

€m

— A shift to a case satisfying th < wy, ! [%eh} and Fy; > F), one satisfying
P(thA,Fmt,Bt) >0 > P(Fy,Fy, B*(Fre,Fry)), and one P(Fy+ Fp,By) > 0 > P(Fp+
Fot,B*(Epy+ Fy)) occurs only when By > B*(Fjy, ).

o When P(Fyt,Frg, B* (Fut, Fi)) Ar > 22852 and. P(Fye, Font, B* (Fut, Fr)) < 6

— Eventually, the economy shifts to the case P(Fp,Font,B*(Ent,Fint)) > 0, a case satisfy-

ing 5}” > (%)hm and P(Fyy+ Fyt, B* (Fyy + Fon)) Az > —177;(;1”) em, Or a case satisfying

I < wm‘l[H;—“*”) } P(Fpt s B (Fri, Fod) A > =255 (thus Fy, > F}), and
P(Fyi, Font, B) A > =280 e (thus Fiy > Fj(By)).

— A shift to a case satlsfymg P(Ep,Frni,By) > 0 > P(Ep,Fong,B*(Ept, Fong)) o1 IB(th—i—
Fot,By) >0>P(th+Fmt,B*(th+Fmt)) occurs only when By > B*(Fpy, Frny)-

e When P(thFmtaB*(tha mt)) >0

— The economy shifts to a case satisfying th > (F;}:l)hm and P (th+Fmt,§*(th—|—Fmt)) >0,
or a case satisfying th < w, [@ ] P(Fp,Font, B* (Fpi, Frng)) >0 (thus th>Fg),
and P(Epy, Fry, By) Ap > —1"2 _A”’(HT m (thus Fj; > F?(B;)) eventually.

(V) Dynamics when 5—7':; > (1%) .

1 . )
Since Why = Wy > %eh and Ly, + L, = Fy, +F,,, with f—htt = (g—h)hm, F},; increases and
m m

F,+F,,; non-decreases over time.
[1] When P(Fpi4 Fpp, B* (Fye+ Fong)) <0

(a) When P(th—l-Fmt,B (Fpt Fopg)) Ap < 122050 Wl

Yo
i. When P(th—l—FmtaBt) <0
A. When P(Fy+ Fopy, B) Ap < =205
Since Fj;+ Fy, is constant (with Fj,; increasing and F),; decreasing) and I/D\(Fhrl—

Fmt,ﬁ* (Bt Fong) ) Ar < 1_7;—8”)6% ﬁ(th—i—Fmt,Bt)AT < k”i—f“’em continues to be
satisfied, and the economy converges to (Fj,F,,,B) = (th—i—Fmt,O,E*(th—i—Fmt)).
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B. When P(Ejy+ Fp, B) Ap > =20
This case could arise only when Fj,; > F} from Lemma C2 (i). Fj; and Fjy+ Fyy
increase (the direction of motion of F,, is ambiguous), and B, decreases from
B, > B* (Fhi+ Fiy). The economy transits to P(Fy+ Fine, B) Ap < 1_%(1”) —e,, (case
A), ﬁ(th—l—Fmt,Bt) >0 (case ii), a case satlsfymg P(th+Fmt,B (th—l—Fmt))AT >
@i e (a case in (b)), one satisfying P(Fi+ Fy, B* (Fyy -+ Fon) > 60 (a case in

0
[2]), or one satisfying 7~ Lo - < (Fh>hm and F,; > F} (a case of (I1)-(VI) or a case in [2]

of (I)).
ii. When P(Fp+ Fip, B) >0
This case could arise only when Fj,; > F} from Lemma C2 (ii). F; and Fj,-+F,,; increase
from wy =0Ar, and B; decreases from B; > B* (Fri+ Fg). The economy transits to
a case satisfying ﬁ(th+Fmt,Bt) <0 (a case in i), one satlsfylng P(th—i—Fmt,B (Fre+
Fon)Ar > 1—7;_1(71+7“)€m (a case in (b)), one satisfying P(Fi+ Fone, B* (Fre+ Fong)) >0 (a
case in [2]), or a case satisfying £kt <( ), and Fy > F} (a case of (IT)-(VI) or a case

n [2] of (I)). It does not transit between this case and case i B forever, because, with
Fy+F,,; growing, P(th+Fmt,B*(th+Fmt))A > 1=7l4n) 7b(1+r ém holds eventually.
(b) When P(Fyy+ Fyny, B*(Fu+ ) Ap > 22050, (thus th > Fy)
P (F ht—i—Fmt,E *(Ept-Eog) ) A > 1ﬂfy—l()l”)em continues to hold, since F},+F,,; non-decreases.

i. When P(Fj+ Fyu,B) <0
A. When P(Fy+ Fynp, B) Ay < =20,
P(thA—i- Fout,By) < 0 continue to hold, siEce Fyi + F, is constant and P(Fp; +
Fot,B*(Fpi+Fr)) < 0. Hence, since By < B*(Fy;+ F,,,;) and thus B; increases, the
economy transits to P(th+Fmt,Bt)A > 17”—(IJFT)67,L (case B).
B. When P(Fjy+ Fp, B) Ap > =28
Since Fy;+ F,,; increases and P(th+Fmt,B*(th+Fmt))AT > _% 1+T em, (th+
Foi,B)Ar > 17:—21”)67” continues to hold. The economy transits to either P( he
Fout,By) >0 (case ii), a case satisfying P(Fy+ Fpe, B*(Fyi+ Frp)) > 0 and P(Fp+
Fot,B)Ar > l—v;_ilJrr)em (case [2](a)ii or (b)), or a case satisfying % F’” < (F’L)hm7
P(FpiyFrong, B* (Friy Font) ) Ar > 1ﬂfy—sw)em (thus Fy; > F}), and P(th,Fmt,Bt)AT >
l—wz_ilﬂ)em (thus Fj; > F}(B;)) [case [1](b)iB or ii, or [2](a)ii or (b) of (VI); case
[1](b)iB or ii, or a case in [2], except (a)i, of (III); case [1](b)ii, (c)ii, (c)iii, or a
case in [2], except (a) i, of (II); or case [2](b) of (I)]. A transition to a case satisfying
P(Fyi,Fpni,By) > 0 > P(th,Fmt,B*A(th,Fmt)) (case ii below; case [1](b)ii of (III) or
(V)) does not occur unless By > B*(Fj;+ Fyny)-
ii. When P(Fy,+ Fyp,B) >0

Since B; > E*(th—kat) B; decreases over time. ﬁ(th+Fmt,Bt)AT > 177;—1(71”)@,% con-

tinues to hold, since Fy;+F,,; increases and P(th—{—Fmt,B (Fri+Fo) Ar > - 7”(1”) Cm-

Thus, the economy transits to either case iB, a case satisfying P(th—i—Fmt,B (Fre+
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Fo)) > 0 and P(Fjy+ Fyy,B)Ar > 1_7;—21“)6,,1 (case [2](a)il or (b)), or a case sat-
isfying 72 < (55 pm, P(Futs Pt B* o, P Ap > 228¢ - (thus Fi, > F), and

P(th,Fmt,Bt)A > 1= 7;(71”) em (thus Fy; > F(B;)) (see case iB for details). Clearly,
the economy does not transit between this case and case i B forever.

[2] When ﬁ(th—i-Fmt,B\*(th—l—Fmt)) >0 (thus th>F£)
ﬁ(th—{—Fmt,E* (Fre+ Frny)) > 6 continues to be satisfied, since Fj;+ F,,; non-decreases.
(a) When P(Fp+ Fpp, B) <0
Since B, < B (Fri+ Fong), By increases over time.
i. When P(Fy+ Fp, B) Ap < =20
Since Fyi+ Fy,; is constant and B; increases, the economy transits to either P(Fj;+
Fot,B)Ar > 1_'7:—21""7')€m (case ii) or ﬁ(th+Fmt,Bt) >0 (case (b)).
ii. When P(Ejy+ F, B) Ap > =20
Since Fj;+F,,; and B; increase, ﬁ(th+Fmt,Bt)AT > 1_71’—(1+T)6m continues to hold and
the economy transits to P(Fjy+Fyu,B) >0 (case (b)), or a case satisfying it < (F DY s
P(Fyt,Fot, B*(Fpt, i) > 0 (thus Fyy > F)), and P(Fpy,Fopy, B)Ar > 1= ’Y;f}*’” em (thus
Fy > F(By)) [case [2](a)ii or (b) of (VI) or (III); a case in [2], except (a)i, of (II); or
case [2](b) of (I)].
(b) When P(Fyy+ Fyy, ) >0
Since Fj;+F,,; increases and ﬁ(th+Fmt,§*(th+Fmt)) >0, E(th—kat,Bt) > 6 continues

to hold and the economy converges to (Fy,F,B) = (1,0,B*(1)), or transits to a case
Satlsfylng th <( )hm, P(th,Fmt,B*<th,Fmt)) >6 (thus th>F}-lr>, and P(th+Fmtth) >

0 (thus Fj, > F] (By)) [case [2](b) of (VI), (IIT), (II), or (I)].
Summary of the dynamics when £ S >( ) hm
o When P(Fyy+ Fpe, B* (Fe+ Fop)) Ap < 2200

— When Fy; < F} or B; < E*(th—i—Fmt), Fy; increases and Fj; + F),; is constant, and the
economy converges to (Fj,Fy,,B) = (Fp+Fn,0,B*(Fp+Fy,y)) in this case (Steady state
2).

— When Fj,; > F ,2 and By > B*(Fp+Fu), Fre increases and Fj+F,,; non-decreases, and the
economy converges to (Fpy+ Fu,0, B*(th+Fmt)), or it transits to the two cases below,
or a case satisfying F’” < (Fh)hm and Fj, > F).

o When P(Fiy+ Frut, B*(Fu + Fr)) Ar > 22285, and P(Fhy+ Fot, B* (Fu + Foni)) < 0,

F}, and F};+F,,; increase over time (th+Fmt could be constant temporarily), and the
economy transits to the case P(th—i—Fmt,B*(th—i—Fmt)) >0, or a case satisfying th <

(gl)hm, P(Fyt Font, B* (Futy o)) A > _ESH em (thus Fj; > F;E% and P (Fpt, Font, By) Ap >
—1_7:8”) em (thus Fp > F,E(Bt)) A transition to a case satisfying P(Fps,Frne,By) > 60 >
P(Fyt,Fpnt, B*(Fyt, Frny)) does not occur unless By > B* (Fhe+ Fong)-
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e When ID\(th—I—Fmt,E* (Fret+Fmy) >0, Fyy and Fp+F,,; increase over time (Fj+F,,; could
be constant temporarily), and the economy converges to (F},,F,,,B) = (1,0,B%(1)) of this
case (Steady state 1), or transits to a case satisfying % th < (Fh)hm, P(Fyy,Fpt, B* (Fry, Frnr)) >

0 (thus Fy,>F)), and P(Fy,Fyny,B) A > 17;—8*%,” (thus Fo>F(B))).

0.1 Proof of Proposition A4

From the summaries of the dynamics of (I)—(V), Fj; non-decreases and, except when 5—7’:; <
@—1[1—7;—1514@67”] and either Fj; < F} or F}(B) > Fj; > F} hold, Fj,;+ F,,; too non-decreases

over time. Thus, except the two cases, when F},; < [(g—Z)hm]*tht, if B; < E*(th+Fmt), (B <

) But B (PutFon) < B* Pt r+Fonss); when Fon € ([ ] ™ Pty masc{ 6(Foe, Bo) (B mao) ™} )
if B, < B*(th,Fmt), B 1 <B” (th,Fmt) < B*<th+17Fmt+1); when F,,; > max{¢(thaBt)7[(5_:;)ml,0]_1}th7
if By<B (F), Bis1 < B (F) < B (Fp41). Hence, as long as Assumption 4 (B, is smaller

than the fixed point level at Fj, = Fjo,F,,, = Fi,0) is imposed and unless 5—’“()) < @71[1_7;—21%6"4

and either Fjg < F} or F}(Bo) > Fyo > F} hold, B; is smaller than the fixed point level at
(Fhn,Fr) = (FhiyFone) for any t. Therefore, from the summaries of the dynamics and Figure
5 of the paper, the relationship between initial conditions and steady states is summarized
as follows, which is essentially the content of the proposition. (The results for the two
exceptions are explained after the following summary.)

: Fro 77 —1{ 1=+
(4) When 22 <wy, [ o em}

a. If Fyg<F; ,'fb, Fy, is constant and F,,; decreases, and the economy is most likely to converge
to F}, and F,, satisfying F}, = F}y and I% e [@};71[1_7;—51%6,4 R [I_W’—Mehﬂ, and B

b

= B*(Fno,F,) (Steady state 4). If F,; "jumps over” the region

5—7’; € [wm [wem] W [yehﬂ , the economy converges to the other types of

steady states, particularly Steady state 3.

b. If Fiy > F,'Z, when Fjo > F"(BO), Fy,; is constant and F,; increases, and the economy
converges to (B, B) = (Fho,l—Fho,E*(Fho)) (Steady state 2), unless Fjo = F,E and
By = B (Fho), in which case both F,,; and B; are constant. When Fjy < F,E(BO),
Fy; is constant and F),; decreases at first, and the economy could converge to any
of the four types of steady states or could cycle between this case and the region

F =11y (1+n) ~ —1|1—yp(1+7)
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b

F) —1 1+ —~ —1|1—y (147
(4i) When z:c = [wm [ o em} W, [ 2 6hﬂ

a. If P(FhO,FmO,B (Fho,Frmo) ) Ar < 1_7zl(71+r) em, both Fj; and F,,; are constant and the econ-
omy converges to (Fj,F,,B) = (Fro,Fimo,B*(Fro,Fino)) (Steady state 4).

b. If P(Fro,Fno,B* (Fro,Fino)) Ar > 17;—}()1”)6% F; is constant and F,; increases (could be

constant temporarily), and the economy converges to (Fpo,1 — Fpo,B*(Fho,1 — Fo)) if

15’;‘20 Z(FFh>mlg, otherwise, to (Fho,1—Fho,B (Fio)) (Steady state 2).
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— 11—y .
(77i) When 5—:1((’) > Wy, [%eh] , F},; increases and F},;+ F),,; non-decreases at first.

a. If £22 > (£1),,, and P(Fho+ Fono, B*(Fho+ Fino)) Ar < 2286, Fyy+ F,y is constant and
the economy converges to (Fj,F,,,B) = (Fh0+Fm0,O,§*(Fho+Fmo)) (Steady state 3).

b. If 5—;‘; < (l%)hm and P(Fpo,Funo,B* (Fro,Fing) ) Ar < l_vz—f}Jr’")em, the following three scenarios
are possible.

1. The more likely is the same scenario as a.

2. Fiy+F rises from the start or after some period and the final state is (1,0,B*(1)) (Steady
state 1).

3. After Fy;+ F,,; increases for a while, Fj,; becomes constant and F},; increases, and the
economy converges to (F,,F,,,B) described in (ii)(b) (Steady state 2).

The first scenario is more likely to be realized as Fjo and F,,o are lower, and the second one
is more likely than the third one as 5—’“3) is higher.

c. Otherwise, the same scenarios as 2. and 3. of b. are possible. The first scenario is definitely

. 1 {1yt
realized when £ BO— > Wy [Me h] .
hO Yo

1—

When £ < @*1[1‘7;—8”)%] and either o < F? or F2(By) > Fyo > F? are satisfied,

Fp+F,; decreases at least temporarily and B; could exceed the fixed point level at (F),,F},) =
(Ehnt,Font). Thus, the result is complicated.

When 5—;:(’) <u7;n71[1_7f/—£1Mem] and Fjo < F} ((i)(a) of the above result), if F),,; ”jumps” to

the region g—h € <@71[I_7;—Smeh} ,(5—h)hm>, I} increases and Fj,;+F},; non-decreases and the

—1{1—~p
Yo +T)€
i

economy could transit back to the region 5—’”1 < Wy, [ m]. However, it does not tran-

sit to the case satisfying g’z < @—1[1*7;—1()1“")@”1] , By > Fy, and Fy, < F}(B) (a case in [2](a) of

(I)), where F},,; decreases, hence the economy does converge to a steady state (does not cycle).
The proof is as follows. From Figure 1, as long as Fy; < F} and thus B, SB*(FM) <B*(Fg),

P(Fp, Fot, B) Ap < H;—fj*’“)em must hold when P(Fyy, Fny, B* (Fy, Frns)) Ar < 22e, - Thus,

v

when F,y, "jumps” to the region £ € (i, =285y (o)), P(Fiy, P, B) Ar < 222052,

(case [1](a)iA of (IV)) must hold, where Fj, increases and F,,; decreases with Fj;+F,, con-

stant. Hence, in order for the economy to transit back to the region Lkt < Wy ! 1_7”—(1+T)em , it

Fint b
must first transit to a case satisfying either 5—; € (ﬂfl[l_wz—fweh] ,(%)hm> and P(Fy,Fpe, B) Ap >
1—7;_{()1+r)6m or g—h > (g—h)hm and ﬁ(th+Fmt,Bt)AT > 1_%—S+T)em, where F;+ F,,; increases.
From the summaries of the dynamics, eventually the economy could transit to the case sat-

isfying 5—7’:; <@_1[177;—S+T)em] , Fju>F}, and Fj,; < F}(B;) only when the economy first tran-

b F
kw;_lElMGW and P (Epy,Fine, B) Ar > 1ﬂi’y—fﬂ)em (case [IJ(a)iB or ii of (VI)) or one satisfying

5—:; > (%)hm ﬁ(th+Fmt,§*(th+Fmt))ATS Pvz—l(;l-ﬂ-r)em and ﬁ(th+Fmt7Bt)AT> I_WZ—EHT)Gm

sit to either a case satisfying 5—:; S (@/n—l[l—%_(ﬂrr)eh] ,(F—Z)hm), P(Fyt,Fonty, B* (Fry, Fop) ) Ar <
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(case [I](a)iB or ii of (V)), where B; > B*(Fjt,F,,) must hold. Since B*(Fjt,F,) in-

creases over time in the region 5—7’:; € (@_1[177;—Smeh],(£—:q)hm>, B; > B*(Fp,Fy) must
continue to hold and thus B; must continue to decrease after the economy ”jumps” to
this region. The decrease in By, however, implies rightward shifts of F,,; = ¢(Fui, By) Fhe,
P(Ep, Fong, B) Ar = 1_7;—1()1”)6,”, and IS(th—l—Fmt,Bt)ATzl_”;—Smem (see Figure 1), hence the
economy cannot transit to these cases.

By contrast, when 5—:;’) <ﬁ)7n_1[177;—fmem}, Fo > F}, and Fyo < F}(By) ((i)(b) of the re-

sult), a scenario in which the economy cycles among different cases cannot be ruled out. From
the summaries of the dynamics, the economy could cycle between this case and a case sat-

isfying it € [y, [, |, 00 ] DBy, Fyns, B (s, Fo) Ar < 222080,

Fy > F ,';, and B; > B*(Fpt,F ). The economy cannot cycle between this case and a case in

. ~ —1[1—v(1 . . . . .
the region % > Wy, [%eh], since Fj; increases in this region.
m
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